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N Useful vector relations
]

V(ap) = pVa+aVe
Vx(ap) =p(Vxa)—axVop
Vaxb) =b(Vxa)—aVxb)
V x(ax b) = (bV)a- (aV)b + a(Vb) — b(Va)
V(ab) = (bV)a+(@v)b+ax(Vxb)+bx(Vxa)
Vx(Vp) =0
ViVxa)=0
Vx(Vxa)=V(Va) — Aa

albxc) =b(cxa) =c(axb)
ax(bxc) = b(ac) — c(ab)
(ax b)(cxd) = (ac)(bd)—(bc)(ad)
ax(bxc)+bx(cxa)+cx(axh)=0
(axb)x(cxd)=c[(axb)d]-d[(axb)c]
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!ﬂ’[s Coordinate Transformations

cartesian coordinates new coordinates

X(u,v,w), y(u,v,w), z(u, v, w) (u,v,w)
ds? = dx? + dy? + dz? ds? = ‘E'J“zz + 0\'}’22 + ‘i'/vvvj
(d, dy, dz) LA
dr = dx - dy - dz dr=2. 5.

vy = (2,22 vy = (U2 v wo

Va= T+ T va = UW[ () + % (Gw) + o (Gv)
s (Fommomaen) v WEE) R )

b= SE v = UM (3 55) + % (o &) + (o)
where

OO O OO RO OROEE
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!ﬂ’rs Integral Relations

_[undr=§q00d6
V S

_[Vadr= § aldo Gauss' sLaw
V S

_f (V x a)Udo= § ads Sokes Law
S

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA




i)

Primer in Electromagnetism




!ﬂ’[s EM-fields, Maxwell's equations

Maxwell's Equations:

VE=—7Z—p Coulomb's law

VB=0

VxE=- %%—? Faraday's law
_ Ampy €r lr OE '

V x B= e B+ T Ampere's law

Lorentz Force:

F =gE +[c]<[V x B]

(we will derive the Lorentz force equation from the Lagangian later)

Note! Use factors in [..] for MKS system and ignore [...] for cgs system
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m : . .
!S% cgs-mks unit conversion

Cgs mks
potential, electricfield  V,E| s J4meo V,El e
current, charge, densities 1,j,, plg J417 11,9, Plks
TTEQ
. JAr
magnetic inductance Blege > Blimks
magnetic field H|ogs JAmro Hlys
JEOMO = ¢
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m’fs constants

dielectric constant in vacuum

€0 = 19° _© _ 8854187817 x 10-12_C_

Arc®> V m VvV m
vacuum permeability

1o = 4r x 1075 = 1.256637061 x 106 =

Am Am

in material environment  €p€ uou, V2 = 1

velocity of light in matter v = —&
y of light in m T
in vacuum €opoC® =1

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA




Is’rs vector/scalar potentials (cgs)
QirA)

derive magnetic fields from
erive magnetic fie ro } VB = 0

vector potential A

B=VxA

because V(Vx A) =0

VXE=-1B=-1VxA == VxE+1A)=0

< Ez—ﬂa—A—Vgo 7

because V X V@:O

: scalar potential
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m’[s electric field for a charged particle beam

electrical field within and outside a uniformly charged particle beam

/
2P0 r forr<R
E (r) < Eoér
r a PO_R%  forrsR
2eq€ r
A . r
E,
o r
o«
r=R r
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m‘.[s magnetic field of a uniformly charged particle beam

start from  VxB = puoy,] (mks)

use Stokes' theorem and get

PR
210 r forr<R
Bo() =<
@ — .
ZJO R—rz forr>R
| 2H0K,
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m‘.[s Equations of Motion -1

Lorentz force ~ F =qE +[c]<[V x B]

Ap = |F dt

s=vdt_  cpap = AE,
AEy, = | F ds

AE,, = [Flds=[(qE + g-g-[vx B])ds =g Eds+g-¢ | [vx B]vat

=0
no work done by magnetic field!

equation d

_d _ c]
of motion Ep —E(YAITN) = e/E + eZT [V X B]

A atomic humber; Z charge multiplicity
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m’[s Vector and scalar potential for a moving charge (cgs)

derive fields from vector- B=VxA
and scalar potential: E=-1 % - V¢

insert info Maxwell's cur'l—equa’rion (Ampere's law) uirV x B =2L] +€—CrE
1 1
= Vx(VxA) =L | L ~(—<+A-Vp)
with Vx (Vx A) = V(VA) - V2A Lorentz gauge
My T . rnur .
= —%uj -V (VA+

A4

=0
€y
c?

Wave Equation VZA —

A=—"Zpu]
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Is’fs Wave Equation
QLEA

in mks system VZA — € u €opoA = —p1 1]

similarly VZ2p — € €00 = — 6:20

whatif A= ¢ =0?

electro-static fields VA = —LL o] B=VxA
magneto-static fields Vep = — 620 E=-Vop
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m‘.rs potentials for a moving charge

solutions:
_ J(X,y,2)
A(I‘) 47rC2€o -[ ‘ dXdde R distance to
(xy.2) observation point at
p(Xy.Z e
o(r) = 4“0 j . dxdy dz retarded time |
and
q
Al = 4”060 R 1*”'3 Lienard - Wiechert
_ 1 d i
o(N) = =R Tirsp potentials
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m’[s Energy Conservation

Lorentz force F, = eE+[c]c[vxB] = eE +[c|eBB

rate of work: F v=(eE+evxB])v

lvxB].v=0
eE.v=j-.E

with V(axb)=b(Vxa)—a(V xb)

jj - EdV = €g '[czB Vx E —Cc2V(E x B) — EE:|dV with field energy density:
u= -*(E?+[c?]B?)

(EoEZ + ,uoHZ)

8

——| % + c2egV(E x B)J av,

} [JEQV = €0 [(c®V xB - E) - EdV
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Poynting vector

\

%judv +

/

v

change of
field energy

[i-Eav  +
particle energy

loss or gain

§S-nds

radiation loss through

closed surface S

0

Poynting Vector: S =c2eo(E x B) = cegE?n
since (ELn,BLn) and NxE =cB

vectors E,B,S form a right handed orthogonal system
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Primer in Special Relativity
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Is’fs Lorentz transformation:
124 ] |

xA L x*A L*
z z*=
——— 3,
laboratory system moving system
(x ) (100 0\ x
y B 01 0 O y*
Z - 00 ¢y Py A
\a /) \00p v J\ o )
v gy 1R
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Ih"l's Contraction-dilatation
124 ] |

Lorentz contraction:
consider rod in lab system of length Az = 7, — 73

AZ =y (Z5 +VA*) — v (25 +VA*) = y AZ

Time dilatation:
consider two events happening at same place

At=to-ti =y (t5+ 22 )y (1 + L2 ) = yar
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Lorentz transformations of fields

magnetostatic field in lab system

we don't really know velocities | can we express 3,y differently?

[ E

Ey
E;
cBs

y
\ cB:

y

[y 000 —py 0/ E )
O v O py 0 O Ey
} 0O 010 0 O =
| 0 Bro0o y 0 O CBx
-y 0 O O ¢y O cBy
\OOOOOl/\CBZ/
EM field in particle system
Ex = —pycBy
E; =0
Ex=0
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m‘.[s space - time

imagine a light flash to appear at time t = O from the origin of the

lab coordinate system

A A

L

at time t edge of light pulse has expanded to

observing from L* - system, we get from Lorentz transformations

.

velocity of light is Lorentz invariant !
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Iﬂ’[s 4 - vectors
Qira

Minkowski combined space-time to
form a 4-dimensional coordinate system:

space - time 4-vector $= (x%,x,x2,x3) = (ict,x,y,Z) world point
all world points = world
variation of world point = world line

world time is defined by cr = %% which is Lorentz invariant (homework?)

N\

cdr = ‘/cz(dt)z — (dx)° - (dy)® - (d2)°
= JC% = ( +V§ +v2) ot - dr = Lt v: relativistic factor

= yc2—v2 dt = /1- B2 cdt,

24
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Ih"rs length of 4 - vectors
QLAY

length of 4-vectors is Lorentz invariant

examples ¥ = —c272
actually product of any two 4-vectors is Lorentz invariant

how do we know a vector is a 4-vector?

if the length of a vector is Lorentz invariant, it's a 4-vector

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA

25




!3“ invariance of 4-vectors

S = X* 4+ y*? 4 7" — c%t*?

= X% +y° + (yz— Py ct)® — (-By z+yct)?

= X% +y? 4+ 7% — c%t?
_ g2

any product of two 4-vectors is Lorentz invariant

a*b* = ab

homework?
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m’[s 4-velocity

4-velocity: ¥ = j—§ = yi—f = v(IC,X,Y,2)

in moving system (y = 1;)x =y = 2= 0) ¥? = —c? =cond

velocity of light is Lorentz invariant |

c = 299,792,458 nv/s
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i)

4-acceleration

- £-13(%)

~) =Y6{32—[BX3]2} =

28




m’fs 4-momentum

energy - momentum 4-vector: CP = (IE, Cpx, CPy,CPz)
with Eg = Amc?

c’p%=— E2 + c?pZ + c2p? + c?p3

total energy E2 — C2p2 + A2méc?

Relativistic factor depends on particle velocity, but generally we don't
know velocities.

look for different expression
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Is’fs relativistic factor
QLA

(iE,cp) } — 2 = c%p? + A’m?c? (1)

y(ic,1) -  —CyE + cyfp = —CAMc?

yE-AMc? )
7 since p||p

—yE + cyBp = —~AMC? — cp =

2
insert into (1) E2 = (YE;A;“"Z) + (Amc2)?

with B%y?2 =y2-1 weget E—yAmc2 =0 or

relativistic E

factor 7/ — Amc2
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!g"] Examples of 4-Vectors

space-time 4-vector: S = (I’, iCt)
energy-momentum 4-vector (Cp, i E)
EM field 4-vector (A, I¢)

derived 4-vectors

velocity 4-vector: \Y% =% = y(f,IC)
T
acceleration 4-vector 5= & — i( @)
a dt v dt v dt

g2 = Y6{32 _[B Xa]Z} = g*2
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Iuh"fs conventions

particles: electrons, protons, ions

energy: €V, keV, MeV, GeV

1 eV = kin.energy gained while traveling through
potential difference of 1 Volt

momentum:  €V/c, keV/c, MeV/c, GeV/c

mostly we use CP for the momentum

profon rest mass:  m,c*=938.272 MeV
electron rest mass: m,c? = 0.510999 MeV
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momentum

examples

cp ~ ‘/ZAmczEkin = Amc2f ~ CAMV

20keV A+ : A =140
Amc? = 37531 MeV> 0.020MeV

_ 2:0.02 _
V=CJ5ar = 0.00103c

400 keV Het : A =2
Amc? = 1876.56 MeV> 0.4MeV

_ 2.04 _
V=c/ZRt =0.02065¢

20 MeV electrons. A = 1
mc?2 = 0.511 MeV < 20 MeV

Vv = C‘/l— 05112 _ ) 99967c

202

honrelativistic
case

non
relativistic

starting to
become
relativistic

highly
relativistic
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I’q‘n summary of formulas
QLEA

relativistic _ 1 or y=-E- =1+ Ekin2
factor J1-p2 ATC Amc
total energy E? = c?p? + A?m?c?
momentum  cp = PE
\/Eiin+2Amc2Ekin

2

Amc
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was Emission of Radiation, spectral and spatial distribution
QLEA

consider EM wave in particle system  E* = Ete'

phase of the wave is:  @* = @*[t* — F(NFX* + NJy* + nN3z*)]

Phase is product of two 4-vectors! (| %E, p)(ict,r) = —tE+rp

with E =hAw and p =Ak =Akn

< (iLE,p)(ict,r) = tE+rp =—tho + Aknr = —tho +A-<nr

Radiation phase is Lorentz invariant:

w*[Ct* — N¥X* — NJy* — N3Z*] = w[Ct — NyX — Nyy — N Z]

Now apply Lorentz transformation and collect coefficients of (t,X,Y,2)

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA

35




Is’rs Doppler effect
QLEA

o*[(=Pyz+yct) —ngx—nJy—n;(yz— Byct)] = o[ct — NyX — nyy — N;Z]

coefficients must be zero !

example Ct-term: w*y(1+ nif) = o

o = y(1+n;p)o*

relativistic Doppler effect

example: Undulator Radiation

3= 2% (1+1y%0%)
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Collimation

from coefficients of spatial terms, we geft:

_ Ny

p+nz

Gnd nz —

My = S@nip)

(1+nzp)

n is a unit vector and therefore:

y4 « Ny = 9NO9N@
] Ny = 9NHCOSyp
0 n, = cosH
9n6 =~ 0 ~ y(lfﬂ”fgse*) or for —/2 < 0* < 7/2

o]

JA
I+
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radiation emission in particle system

i)

38



radiation emission in laboratory system

direction of

Ly

particle path

acceleration

/

\
i

i)

7
to observer
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Lagrange function
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Iﬂ’l's Lagrange Function or Lagrangian

for any mechanical system, a functionL = L((;i, Qi,t) exists with the

property 5_[:1 Ldt =0
0

The action det assumes a minimum for any real path

formulating the Lagrangian L is a creative act to describe a
physical phenomenon
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S% Lagrange Equations - 1

the Lagrange principle is valid in all reference systems and we write:

6] Lrdr =0

where L * is the Lagrange function in the system £ * and T the world time

For simplicity we use t as the general time for any reference system

JoLdt = |3 Lsidt + [ 3 L6t
second term: | |

J & st = [ 2 —ogidt =2 5q.

\

d oL <.
-[dt 8_Qi§q'dt

—O
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m’[s Lagrange Equations - 2

oL d oL L .
— agrange equations
< oq; dt dq; 0 o
generalized momenta: [Dj = oL Lagrange function has dimension
oq; of energy

how do we get a Lagrangian ?
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!wrs how do we formulate a Lagrange function?

example: particle at rest

use a quantity which is Lorentz invariant !

2929222997

4-Vector ?
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!s’[s how do we formulate a Lagrange function?

example: particle at rest

use a quantity which is Lorentz invariant !

energy-momentum 4-vector for particle at rest:

L (cps, cps, cps,iE*) = (0,0,0,imc)
X

space-time 4-vector (dX*, dy* ,dz*, iCdt*) here, particle
system is most
convenient

product of both
(0,0,0,imc)(dx*, dy*,dz*,icdt*) = —-mc?dt* = —-mc?,/1 — B2 dt

and

L = -mc?,/1 - B2

45
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!,S”'s how do we formulate a Lagrange function?

example: charged particle plus EM field

interaction depends only on field, charge and relative velocity

product of the EM-field and velocity 4-vectors:
(Ax,Ay,Az, |¢)(V,Bx’ Vﬂy, 7/182’ IJ/) — (AB - d))y

with dr = %dt

the Lagrangian | = —|T|C2‘/1 — ﬁz + eAB _e¢

canonical momentum P of a charged particle in an EM-field:

P = 32 +SA =ymi+ SA =p+ A
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mj's Charged particle in an EM Field

Lagrange Equations: 0 T aoq 0

from % = VL = €V(Av) -eV¢ and with V(@) = (bV)a+@v)b+ax(Vxb)+bx(V x a)

L = E(W)A+Evx(VxA)—eVy

or

. : d dP d
insertinto — - = — = —(P+¢A) = (VWA +EV x(Vx A) - eVy

and get with Z—? = 2+ (W)A

dp
E:—%%—?+%VX(VXA)—9V¢
finally with:
E=-1% -V}
ot _ Gdp _ e
VA € |F =+ =eE+fvxB

Lorentz force

| USPAS 74N 19-30, 2004, College of William & Mary, Williamsburg, VA | 4




!H“ Acceleration

energy change due to Lorentz force:

Ae= [F ds=e|(E+[BxB])ds

Ae = e[ Eds+e [Bx B]ds

— e[ Eds+e [Bx B]v dt

use electrical fields for
particle acceleration

no acceleration due to
magnetic fields
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Hamiltonian
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!s"s Hamiltonian

use canonical variables: (i, Pi

introduce coordinate transformation: (Qi, Ji,t) = (d;i, Pi,t)

Hamiltonian function:

H(@i,pi) = 2 Gipi — L(ai,Gi)

OH _ D,
Hamiltonian equations: oq

oH _ +q

op; |

50




!,q“ Hamiltonian from Lagrangian

use canonical coordinates in Lagrangian:

with L =-mc? [1— B2 + eAB —ep

Hamiltonian becomes: H(Qi,pi) = Z gipi — L(qi,qi)

= D Gipi+mc? /1 B2 — eAB +ef

with canonical momentum

P ==+ A=Y +2

H(Qi, pi) = D yma? + me? [1 - B2 +ep
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m"s Hamiltonian for charged particle in EM-field

H(q.,p)—Z%ﬂi+mc2 A 52 + e
i (H - ep)? = 5

and after some manipulation

(cp - €A)* - (H—ep)® = —m*c*

equal to length of 4-vector: [CP,I(E —€p)]|, where H = E

and P =yM{ the ordinary
momentum

@ Particle mass m is Lorentz invariant
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!H“ Hamiltonian for particle in EM field

from  (cp - €A)” — (H - eg)* = -m?c?

the more familiar form

H = ep + J(cp—eA)2+m2c4

where we use the cartesian coordinate system: (X,V,2)

and P = yM(J +<A are the conjugate momenta [ =(X,Y,2)] .
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Is‘“ Cyclic Variables - 1
QLAY

Assume the Hamiltonian does not depend on the coordinate

H=H(Jgs,... gi-1,9+1... ,P1,P2...,Pi,...)

thenn < =-p =0 or |p =cong

constant of motion !




Ih"[s Cyclic Variables - 2
Qi)

Example:

assume that Hamiltonian does not depend explicitly on the time t

ike (H—e)” = o8 or H = ymc?+ e

1-B2

then 2H — g and the momentum conjugate to the time is

ot a constant of motion

from the second Hamiltonian equation

oH _ 9+ _1q
opt ot

and the momentum conjugate to the time is

which is the total energy of the system.

p: = H =cond

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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Is’fs Canonical Transformations - 1

finding cyclical variables is highly desirable and we use canonical
coordinate transformations to find them

transformation of coordinates: (Qi,Pi,t) = (Gi,Pi,1)

Ok = Tk(Qi, pi, 1) :> 5](; APk — H>dt =0

N — i, Di, t o .
Pic = 9i(di, pi. 5j<2 G P — H>dt =0
integrants can differ only by total time derivative of arbitrary function

—— Y Gx—H ZZkEI_kI@k—ﬁer—G

dt
G is called the generating function

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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|’ m Generating Function - 1
i)

G = G(9k, Ok, Pk, P, 1) 0<k<N

only 2N variables are independent, others define transformation

possible generating functions | G1 = G1(q,0,t), Gs = Gs(p,q,t),
GZ — GZ(q1 p’t), G4 — G4(p1 p1t)

use, for example, G;: G = G1(Qy, Ok, 1)
] -— _ — d
2o Pk —H =2 Gp—H+ d—?

dGl _ 5G1 GCIk 5G1 Gf]k
dt k oqx ot k o0k ot ot

USPAS TAN 1930, 2008, ol of Wil &y, Willosur, V.| o



!;,q]'] Generating Function - 2

>l (p— ) -3, Ge(pu+ 22 ) - (H-H+
_ 06y
Pk 0
N
pk T aqk
B G
H=H-+ 8t1

£)-0
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!s"s Generating Function - 3

Vi = =2 G(x, X, 1),
Xk

general equations:

- — 0 _

yk =+ 6)—(k G(X1 Xit)i
o 0 G(x %
H=H-+ pr G(X, X,1).

X and Y are mutually conjugate variables

use upper signs if derivation is with respect to coordinates and
lower signs if derivative with respect to momenta




m’[s Generating Function - 4

How do we know that the new coordinates are canonical?

Poisson brackets:

n
[f (q’ P, t)’g(q! P, t)] - §)< aaqfk ;F?k B 88[:;( 5aqgk )

transformations are canonical if and only if
[Qi,Qil,, =0 [Pi,Pil, =0 and [Qi,Pjlgp = A0ij
for i,j=0,1,2....,n

M\ is scale factor. We consider only scale preserving transformations A = 1

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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Iy Ut Harmonic Oscillator
It

Find coordinates that makes phase space motion circular

H= -p?+ 2q2 =congt.

use transformation: Q = ‘/gq; P = /Z_%n o @ H = Q2 + P2
[Q, |:> \/ \/_ —0.0= %\/% + 1 not scale preserving !

scale preserving transformation:

N =

ao

We’“‘YQ=\/§aOI; P= = N =l§a2=2\/§
_ . _ 1
or Q= ¥mkq; P_ﬁp = H:%‘/%(QZ-I—PZ)

[Q.Pl,, =
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Curvilinear Coordinates - 1

example: curvilinear coordinate system of beam dynamics (X,Y¥,2) — (X,Y,2)

/Uz(z) = %fo(z)

r(X,¥,2) = ro(2 + xux(2) + yuy(2)  with< %ux(‘z) = Ky Uz(2)

Uy(2) = Uz(2) x ux(2)

find canonical momenta from contact transformation defined by
generating function: G(z Xy, P, P, P,) = —(CP - eA) [ro(2) + xux(2) + yuy(2)]

new
canonical

momenta:

Cpz — €A, = %Cz; = (P — €A) (1 + kxX+ kyY) Uz,
Cpx — €Ax = %S(; = (cp — eA) ux(2)
cpy — @Ay = —Z2 = (cP — ) Uy (D)

1

Px.y

with curvatures Kxy =
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!s"s Curvilinear Coordinates - 2

cartesian coordinates

Hamiltonian in H = ep + ‘/(Cp B eA)Z + m2ch

Hamiltonian in beam dynamics coordinates:

1-+rcy X

H=ep+ \/ P ) * L (cpe— €A + (cpy — €Ay)* + m2c?

for a flat beam transport system with only horizontally bending fields:

A =(0,0,A,) = (0,0,~ByX)

T+xy X

and | H(xy,2,t) = e+ [ (252) "+ (op.)? + (opy)? + mic?
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!s"s Extended Hamiltonian - 1

start with Hamiltonian H = H(ql,qz, ..., P1, P2, - ..pf,t>
introduce independent variables as coordinates:

Qo =t and Po = —H

and formulate new Hamiltonian:

H(90,91,92.-.df, Po, P1,P2-..Pr) = H+po =0

or in cartesian coordinates:

H(t,X,y, Z1 .. -Qf,_H,px, py1p21 - . pf) — O

Hamilton's equations:

D@ _ on. D _ _H- for | =012
dr op '’ dr oq ’ e

64




I.H"] Extended Hamiltonian - 2

for | =0
d
P -1 = q=1+Cy=t
dr
dpo OH oH oH dH
and -~ 200 200 at at Po 2

H+H(r) = ddpo =0 = H = cons.

T
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mj[s Change of Independent Variable

we want to change the independent variable from 1 to, say Z or, generally,
from Q; o ()

to define, say (3, as new independent variable, go backward by solving

H(do,91,92---Gs, Po, P1,P2---Ps) = 0

for pP3 = —K(qo,q1,92. -9, Po, P1, P2, P4- - -Pt)

and define new extended Hamiltonian I = p3+ K =10
Equations:

oz _ oK _ dps _ oK _ _ K
_ 1 _ _
dgs op3 dgs 003 03
ddizs _ _ok _ _oK dpis _ oK _ __oK
dgs OPi+3 OPi=3 dps 0Qi=3 0Qi=3
are in Hamiltonian form with the new Hamiltonian K = —p3
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m’[s Independent Variable z

switch to zZ as independent variable

from H(X,y,zt) = e + ‘/ (@reh)” | c’p? + m?c?

(1+xX)?

we solve for CPz = €Az + (1 + kX) 1/(H — ep)” — c2p2 — mc?

= eAz+ (1+KX) T2 - m2c? - c2p?

= eA; + (1+Kkx) /c?p? — c?p?

we also divide by the momentum and use slopes rather than momenta

and the new Hamiltonian is with H(X,X',y,Y',2) = — CC%Z

oo H(XX,Y,Y,2) = —%& — (L+xX) [1- X2 —y?

cp
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!ﬂ’rs Hamiltonian for Beam Dynamics

from HXX,y,Y,2) = -

we get with % =

1
CPo(1+6)

I

~ %(1—5) ,where 6 = % and Kk = L

22— (1+xX) J1-x2-yP?

Po

the Hamiltonian for beam dynamics

HXX,Y,Y,2) =

_eA;
CPo

(1+x)(1-6)— (L+kx) J1-x2-y?

note, we used here! A,(X,Y,2) = (1+ kX)) A,(X,V,2)

where A;(X,V,2)is the vector potential in cartesian coordinates (straight magnets)

for many specific examples consult:
Derivation of Hamiltonians for Accelerators, K.R. Symon

available on: http://www.aps.anl.gov/APS/frame_search.html
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!ﬂ’rs Longitudinal Motion

| s Y =Y+ @ phase
o | Vs - synchronous phase
. 5 = 3@ relative momentum
per furn: cp deviation
O = O 77C5 M. momentum compaction
5 = TOESﬁZ [sn(ws + q0> Slnl// :I @Wo revolution frequency

these equations of motion can be der'ived from Hamiltonian:

H=Lon.0?- ToE [32 [cos(ys+9) + @sny — cosy, |

. cos(y .+ @
= %¢+Q2|:1 (<IOSSI//S > gotanl//S:|

5 Nch eV cosy
0 2zBcp
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|5|'l'l

Magnetic Fields

71




|' I Vector Potential
It

general vector potential
= Qg + a1X + Aoy + azX? + asxy + asy? +...

A,
B=VxA E Ay = bo + biX + boy + bax? + baxy + bsy? +. ..
Ay = Co + C1X+ C2Y + C3X% + C4Xy + C5Y? +...

Maxwell's Equations:

VB =0 imposes nho restriction on A
VxB=0 = Vx(VxA)=0
asz . aZAx . 82AX 4 82Az _ O
oxXoy  oy? 0z OX0zZ
etc.

too complicated for most situations (see K. Symon)
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!H“ Magnet Fields

invacuum Vx B = 0 & field can be derived from a scalar potential

%B::g A } V.(VxA)=0 for any vector potential

VB=0 & A[// — O Laplace Equation

in cylindrical coordinates
Py | 1 0% | 1 %y | v _
2+T5r+r—25(p+822_0

Ay =

with solution:

y(r,0,2) = —F Y LA (e
n>0
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W Multipole Field Expansion

use cartesian coordinates:

v(%Y,2) = =5 2 An(@(x+ iy)" = ——ZZ i Anjj (2%

n>0 n>0 j=0

real and imaginary terms represent two basic field orientations:

in beam dynamics horizontal focusing should be the same for Y or -y

this is called the "mid-plane symmetry

electric field:  Ex(X,y) = Ex(X,-y) <<= E;:ner:lfr!i::n?ns;be

use only real terms

magnetic field: By(X,y) = By(X,—y) e==— potential must be
anti-symmetric in 'y
use only imaginary terms

(n=)! J'
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)

Magnetic Multipole Fields

dipole —5 V1
quadrupole —5 2
sextupole  — Y3
octupole  —Fy4

vector potentials

dipole w Az

quadrupole & Az
sextupole 5 Az
octupole - Az

rotated magnets

ordinary beam dynamics magnets

+ny

+kxy
+5M3x%y - y?)
+5 10y = xy°)

ordinary beam dynamics magnets rotated magnets

= -5 K0 -y?)

= —5m0e-3xy%)

= ——- I (x* - 6x%y? + y*)
-3 b

= —5 k(- y?)

= — M - 3xy?)

= ——1 (X4 — 6x%y? + y*)

1
—ZKyY

_ny
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|5|'J'l

Beam deflection

76




i pending -1

}W\/ :

\ =
p \ upiforrq electrodes
\ dipole field

Lorentz force = centrifugal force

vAme? 32

F, = ¢E +[c]efB = F,= 3




o pending - 2

_ _ _ yAMCp?
F.=eE+[c|efB =F; = —
curvature of trajectory 1 _ _ €| [c]eB

for constant electric and/or magnetic field
trajectory is a segment of a circle, an arc

radius of circle = bending radius: p

(
deflection angle: ¢ = Tb l,, arc length of bending magnet

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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!.'% electro-static dipole

1 elE| [c]eB
general curvature: o AT 32 W
electro-static dipole (real terms) n=1
e N EX
5 V1(XY,2 = AwoX E—
equipotential (2G aperture): > | — An = _ 1
- 5 =K = —
X = +G =congt — 10 px
V 0
1 _ ev _ ev 7 1
P 26AM%yp2 By 7+l 2G

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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il

magneto-static field

magneto-static dipole (imaginary terms)

-5 v1(XY,2 = Aoy

\

ZGTTTTTX

equipotential (2G aperture): \ | . Aol = K p_lx
Yeq = iGaperture = cond ! ‘ | | By ‘
’ /
ferromagnetic surface =
equipotential surface
1 [cleBy [c]eBy
P ARy 2
Py JATC?E, [y +1
80
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was numerical expressions for dipoles
QirA)

electrical dipole:

1 eV e Y 1 _ 50 v eV

p 2GyANc?f2  Eg, v+l 26 Ggem) 7+l Ey,

magnetic dipole:

By /(T
1 _ 0By _ 4 y99702458 211
P Amc?By cp(GeV)
B,(T
_ [c]eBy _ 310.6209 y(D)

JAMCE, fy +1 JAEn(keV) fy +1

note: Agectron =

1
1822.9
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!ﬂ’[s bending -non relativistic beam

non relativistic beams y=1 and E,, < Amc?
electric fieldonly: + = —EL — S with E,. = L Amc2p2
Y: P AMc2 B2 2E, . Kin 2

%(m—l> - 05 |E<V/m)|

Ekin<v>
magnetic field only: % = E:; = [CQSB with Cp = CAnV
cleB
1= 1 ~ 219 64—20
AT Ey; JAE . (keV)
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m’[s bending magnet-coils

V x B = An excitation ¥ % P 4 )
T s R f
coi ® ) 2
l mks returnyoke | 4 5 G' t 118, .
B — ai
v u. = Hol pole gap
.KV « %) dA — (jﬁ B s - #Ojj dA magnet pole integration path
. Icoil [A] = o By[T]G[m]
for n,windings per coil, the power supply current is: |pS[A] = |, [Al/n,

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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!,'“ bending magnet-photo

C-magnet

H-magnet
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|5|'J'l

Beam focusing

85




il

principle of focusing

| —a=xf
X :
| focal point
| L
. - focal length, f - -
focusing lens
def] ; 0, elEll, [c]eBl,
tion of trajectory o = 4 = ———
eflection of trajectory 5 AMCZ ATC2p
need field like Ex = gX or By = g,X
which gives desired deflection ( K — e
egl, e yAMCp?
o = D X = kaX < [cleg,,
Km = 2
yAMCp

\
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electric quadrupole

real n=2 terms:

~ SV 2(%Y,2) = A $X2 — Aoz 3y = Ao (2~ y?) = k5 (2 - y?)

X2 —

ipotential:
equipotentia eq

electro-static
quadrupole

electrode potential

more practical rendition: 4 round rods

V = +2R%g gy r=R
-V R - homework?
field gradient S .
g = OEx
o W
87
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!ﬂ“ magnetic quadrupole

use imaginary term: —%l/lz(X,y, Z) = A xy = kxy

magnetic quadrupole: y definition of kK
Py v
S R e " oxdy
ferromagnetic_ .- X
surfaces = > _ B _ B
| OX oy
ole profile: Xy = +1R2 _ B _ B
pole profile: -2 ox 5 Y

g field gradient

88




!ﬂ’[s quadrupole magnet

focal length: % = qu Qq: length of quadrupole

electrostatic quadrupole

K, = —=
e yAmc?p? k = =7 V. _ 92,1048 7 1
> e E..(r+1) R2 Egn 741 R(cm)2
.Y
ge — ?
. [c]eg [c]leg
magnet drupole strength: K = =
agnhetic quadrupole streng D AnZE, i1
T/ T/
k = 0.299792458 X1 _ 310 209%™
cp(GeV) \/AEkin(keV) Jr+1

. 1
note: Agectron = 1822.9
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m’[s quadrupole -coils

similar o bending magnet, integrate

integration path

- y
j(vx%>dA:§%ds:uondA

R 0

f%ds =[Dedr + [ Bar + [ dx = 1igR? X
0 iron iron g

lV 5 | — | — ) )
-1gR <0 (s1,—0) 0 (By.1ck) excitation
coil

total current per coil

| oailA] = 2o T/m] R[M]° = 39.789g[T/m]R[cm]’
for n,windings per coil, the power supply current is:
| o[A] = 1o [ALn,
90
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il

photo of quadrupole

91




|'l’"l'l
QIR

real quadrupole - 1

92




!!S”[s Solenoid

integration path

J

B y4 0O0OCOO00OOB00OOCONOCOOAPOOICOONPOOOCOOOA0D

[(VvxB)da=p,[jda
I(Vx B)da=§BdS=BzAz > C pojjda=yojAz

Bz = o]
B,(T) = 471077 (A/m)
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|5|'J'l

Equations of Motion

94




)

Equations of Motion

Curvilinear coordinate system of
beam dynamics (x.v,z)

Origin of coordinate system moves with
reference particle
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!w] Equations of Motion -1

individual particle trajectory

with K = 5 dpo = Kodz
dp = kds
ds = (1 + icox)dz
flat ring
" C l{_.-F(I{_.-'} 0

= —k(] + kox) + K9

dz

kx = 2By = %[By[] +gv+ Ls(x? -2+ ]

cp
Ky = —%Bx = —%[Bm + v+ sxv+.. ]
£ = ¢ = -L (1+6+8%+...

P cpo(l+0) Do ( )




!w] Equations of Motion - 2

equations of motion up to 2" order and horizontal deflection only:

X"-|—(ko + K‘)Z(O)X = K‘o5(1 — 5) + (ko + K)Z(O)X5 — koK‘XoX2
— Z=Mo(X% —y?) +...

y' —Kox = +koy5 — koK‘xoy2 + Mp XY +...

K>2<o - terms occur for sector magnets only
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!!S”ls Hamiltonian Eq of M - 1

Hamiltonian in curvilinear coordinates of beam dynamics

H(Px, Y, Py D) = —gpeh(1 = 8) — JhZ — h2xZ —hZy2
= S0rh-o) - A2 pZ-pF  [h= (L+x%)]

vector potential for bending magnet only
. A = A -2y2 "+ e s |
K.R. Symon:  5Azn KX+ S KX I don't think this is correct!

: € — (L L 2y2
shouldbe:  SAxn = —( £ + KX+ Sk2X?)
— 1 tiex+Lk2x?
e _ 2 2 — ——1
or & An = T 5> (1 + kX)

vector potential for common beam dynamics

& An = -5 (1 +xx) - k(X2 —y?) - =m(x3 - 3xy?)

USPAS TAN 193,200, ol of Wil  ar, Wi, VA | 2



!ﬂ’[s Hamiltonian Eq of M - 2

first Hamiltonian equation X = & - B _X ~ X

oPx Jh2—p? 1-x2

second Hamiltonian equation

o _ —(1 + kX)) X" —Kk X2

OX
o0A A
- —25s (L k0)(L-5) - ?;poz k(1= 8) —ky1—x?2
&2 = —Lie—kx— 2m(x2 - y?)

collect everything

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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!ﬂ’ra Hamiltonian Eq of M - 3

— (AL +3X K2 = [ Tk +kx— M2 - y?) [(1+kx)(1- )
+ [ 2@ +xx) + k(- y?) + Tm(x® - 3xy?) Jx(1-5)

— k41— X"?

= 2K+ FK2X— 3K — 5k 2X5 + kx — kxé + K2 — 2m(x2 —y?)

1 1.2y 1 1.2 I (%2 _ 2 2
+ 5K+ SKX— 5K6— 5K X6+1<\4<k(x —y)—:<+%)<{< +...

equation of motion:

X" +(K+ k2) X = K5M+(k+1<2)x5\%m(x2—y2) +...

dispersion chromatic aberration

focusing of
sector magnet

y'—Ky = kx& + mxy +...

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 100




!,S"'s Perturbation Hamiltonian

formulating the Hamiltonian with perturbations:

H=2(kk-x)x2+ Ix2 - kx5 — (k- x2)x25 + L mx3

comparison with the equation of motion

X'+(k+ k2)x = k6 + (K+ k2) 6x — Sm(X2 — y2) +...= pPr(DX"Y!

gives the more common form of the Hamiltonian

r~

H = L(k+Kk2)x2+ Lx2 - [ pri(2xTy'dz




I,q“ Linear solution
QLERN

X" +kox =0

linear equations of motion V' —koX = 0 with Ko = Ko(2)
—KoX =
solution u=a,/p(z) codw(z) — wo]
where
betatron function  [(Z2)
Z
d
betatron phase y(z) = . ﬁ(z) + Vo

betatron function is solution of %ﬁﬁ" —%,3'2 + B%k(z) = 1
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I' Ut Basic Beam Dynamics
1) Y

Use: bending magnets, quadrupoles, sextupoles and octupoles

Equation of motion: x" + k(S)X - P(X, Y, S)

Perturbation terms:

P(X,y,8) = 46 + k6 x— 5m(x? —y?) — <r(x® - 3xy?) +....

dispersion sextupole octupole

General solution: X = Xpg + Xo + X5 +.....
/ . \ . .
betatron oscillations / dispersion function

chromatic
aberration

orbit distortion
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m’fs Basic Beam Dynamics (cont.)

use uncoupled motion only:

orbit distortion:  xg + K(S)Xo = A+ — FMX3....

dispersion:

Xs + K(S)Xs = 46 — 562+ K Xs. .. where x5 = n(s)d

)

betatron oscillations:

Xg + K(S)xg = (K +mn)dxg — 3mMx3....

chromatic aberrations, | | chromaticity correction geometric
hatural chromaticity by sextupoles aberrations
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!{H"] Normalized Coordinates

Equation of motion:

" 1 1 2 2 _ 1yv,0-1
X'"+kx = 56 + KoX — 5m(X2 —y*) +....= Ppg(2) xPy4—,
normalized coordinates: \\W = %; O = _f% (no coupling)

W+ v2w = v(2),33/2<%5 + [BKSW— = B32mx? +.. >
o on/2 n—1
— _pn((P)n 2 W

Vo

; order of perturbation
n = 1 :dipole
n = 2 : quadrupole, linear perturbation
n = 3 : sextupole, quadratic terms




!ﬂ’rs Action Angle variables

action-angle variables
Liouville's theorem
hon-linear tune shift

goal: find cyclic variable

constants of motion
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&m Action-Angle Variables - 1

For oscillators use action-angle variables (W, W, ¢) = (yv,J, 0)

generating functionn G = — % Vo W? tan(y — 9)
0G ;
' = W = —VOWtan(l// — \9)
G _ _J— _1_ vow
oy 2 cos?(y—9)
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!,q"s Action-Angle Variables - 2

transformation equations:

W= —J2vod sn(y — 3)
w = /35 cos(y — 9)

Hamiltonian in action-angle variables: H = Vo J

108




waa Courant-Snyder Invariant

% =\ =V & v = vp = CcoNst oscillation frequency is constant

H_0-J == J=cond. J= Fvow?+ 14 —cong.

2 Vo

go back to practical coordinates:

J= Zvo(yu?+2auu’ + pu?) = L vee

Courant-Snyder Invariant or emittance is a constant of motion

Liouville's Theorem
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Is"s Hamiltonian in action-angle variables - 1
QLEA

equation of motion in curvilinear coordinates X" + kx = P(X,Y, 2)

in normalized coordinates

W+ VAW = V3B¥2P(x,y,2) = V3B Y T\ (p) BT Wi
k=2

Hamiltonian in normalized coordinates

° v k/
H= 2w+ 2v2w2+ Y pu(p) (22) W
2

k+2 1

with pk(¢)<v_20>k/2 = V%Uk((P)ﬁT K

in action-angle coordinates while keeping only n-th order perturbations:

H = voJ+ pn(e)JV2cos (v — 0)




m’[s Hamiltonian in action-angle variables - 2

equation of motion gives oscillator frequency including the effects of perturbations

=y =v =vo+ 5pn(p) I cos'(y - 0)

recall unperturbed Hamiltonian

H =vpJ coordinate yis cyclic ! or Jis constant of motion
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I’q“ Non-linear tune shift
QLEA

general expression for tune: v =vo+ 5Pn(p) JV2-1cos(y — 0)
perturbations are periodic with o:
Pn(@) = 2_ Prg€' N
q

cos"y = > Com€™
ImKn

N : superperiodicity

with this Pn(¢@) COS"y = CnoPno + _ 2Cnm Png COS(My — qN¢)
>0
O<m<n

and Hamiltonian is

H = voJ+ CroProd™? +JV2 > 2CnmPng COS(My — gNo)
>0
Ogmsn




Is’fs General, nonlinear tune shift
CIraY

H = voJ+ CroProJd™? +J3V2 > 2CnmPng COS(My — gNo)

>0
O<m<n

mostly oscillatory terms

Note ! a coherent tune shift for the whole beam exists only for N=2
for N > 3the tune shift is amplitude dependent and we get therefore a
tune spread within the beam

third term on r.h.s. looks oscillatory and therefore ignorable ! ?

not all |

what if Myo ~ N !
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I% Resonances
Qi)

resonances

resonance patterns

3rd-order resonance

phase space motion

resonance extraction/injection
stop bands and stop band widths
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IH’ | Resonances
QIR

look for slowly varying terms in

H = vod + Cnopnan/2 + Jn2 Z 2Cnm Pnq COS(ml// — QN§D)

>0
O<m<n

mryr =~ QN orwithy = vop : mvo = N

H = voJ+ CroProd™? +JV2 > 2Cnm, Prr COS(Mryyr)
r

O<mr<n

canonical transformation (J,y) to (J1,v1)

Gi=Jd1(y — 7o)
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Is"s Resonances (cont.)
Qi)

n/2 n/2

N ~
Hi = (vo— 5 )J1+CroPrody” + PnrJ1 - COS(Mry1)
resonance, when o ~ LN M; is order of resonance

all resonances

Hi= AvoJi+ ), CnoPro I+ 3 P I cos(mey)
n r

O<mr<n

consider only resonances of order n

Start with amplitude J, and divide Hamiltonian by 2 Cnmy Prr 38/2

)
R=5- € |A-R+QR?+R"cos(ny;) = congt




Resonances (cont.)

)

detuning: A = Avy
o n/2-1
2 Cnmy Pnr Jg
tune spread parameter
O — C40P40
n/2-2
2 Cnmy Prr Jg

on resonance A=0 and

R?Q + RY2cosny =

resonance width

some Landau damping
due to octupole field

const
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featur es of r esonance patter ns

/ I avtrix
@2

A=—6.0; Q=1

island
sfp

i




i)

3rd Order Resonance Pattern
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i)

Phase Space Motion in INDUS2

oscillation slope, mr

-50

-40

particle tracking

on‘.-.‘......-.-
P® e oo
o o oy

T 0% ©© © 0 B 00 Moo m—. cmammcd, .o .,'...

-30 -20 -10 0 10 20 30 40

oscillation amplitude, mm

RO >
L A SR
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!S"[s Phase Space Motion in ALS

particle tracking

oscillation slope, mr

-30 -25 -20 -15 -10 -5 0 5 10 15 20 25 30 35
oscillation amplitude, mm

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 121




FODO Lattice

Betatron Functions

e

SN
N

beta_x,y (m), eta*10 (m)

0 1 2 3 4 5
z-axis (m)
beta_x (red); beta_y (green); dispersion* 10 (blue)




!ﬂ’[s Third-order Resonance-I

Hamiltonian: Hi= AvyzJi+ Py 3?2 cos(3y1)
use normalized coordinates:

3/2
1 2 W2 Vo 3 W2
Hi = /ZAVysvo(W + = > + Py 3z <W - 3W— >

Vo Vo

divide by: P, v§/4 and subtract VAW

T

L= %W0<W2+ W > - <W3— 3WW—22> - W3

2 2
Vo Vo

= (wW-2Wo) (W- V3L +Wo) (W+ /3L +Wp)

equations of sepam’rri/
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!ﬂ’[s Third-order Resonance-IT

particle tracking

oscillation slope, mr

-2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36
oscillation amplitude, mm
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m’[s Resonance Extraction

particle tracking

oscillation slope, mr

-10 -5 0 5 10 15 20 25 30 35
oscillation amplitude, mm
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!ﬂ’rs Stop band width

we set W=0

next we follow two extreme particles starting at v,=0 and ending atny1 = 2x
or starting at ny1 = 7 and going o ny; = 37

starting amplitude R=1

RA+RY cosnyi = A+1
solving both equations for A we get stability for
A+Z—Rn/2_1:—ﬂ and A_S%

R-1 2

total STOP band width: Avggp == Zn |Cnr‘nr pnr |J8/2_1

or Avsop = — 2r7]r ( 7 >n/2_1X8_2U(2)ﬂ Pnp) & dq)‘
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!H“ Stop Band Width - graph

| | | | | | |
0.0 0.1 0.2 0.3 0.4 05 V 06

particles are unstable between boundaries of stop bands
(perturbation |2c., p,,[=0.02)




o
I




)

Hamiltonian and Coupling
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!ﬂ’[s Hamiltonian and Coupling - 1

X" +kx = —p(s)y
y" —ky = —p(s)x

derived from Hamiltonian H = %X'Z + %y’z + %kx2 — %ky2 + p(S)Xy

equations of linearly coupled motion

H = Ho + H1 where perturbation Hamiltonianis  Hi1 = p(S) Xy

uncoupled U = CuyfBu coyu(9) + 9],
soldtion(9) = ——C4 {ay(9) costyu(®) + ¢ + Sl u(®) + 61},

/pe

variation of integration constants:
u(s) = J2a(9) JBu costyu(s) + $(9)],

J2a(s)
JBu

u'(s) = -

{au(s) cogy u(s) + ¢(s)] +9n[yu(s) + ¢(s)]}
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Iy L Hamiltonian and Coupling - 2
J

new variables (u,u’) - (¢,a)

are they canonical?

oH _ OHo  OHi _ du _ ou . ouda , ou 99
ou’ ou’ ou’ ds oS oa 0s o9 0S
oH _ OHo . oHi __d _ au  ou sa _ ou 09
ou ou ou ds oS oa OS op 0S
for uncoupled oscillator @ = CONd and ¢ = cond
ou o0Ho ou _  OHo
or —=— —= LU —
oS ou’ and 0S ou
_aHl f— —8H1 au —_ aHl au, — a—a —_— E
o¢ ou  O¢ ou ¢ os ds
oa ou oda ou  oa oS ds

coordinates (a,$) are indeed canonical and
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Iy L Hamiltonian and Coupling - 3
J

us) = 2a(s) JBu cosyu(s) + ¢(9)],

J2a(s)
JBu

are canohical transformations

u'(s) = -

{au(s) cogy u(s) + ¢(s)] +9n[yu(s) + ¢(s)]}

insert into perturbation Hamiltonian gives
Hi1 = 2p(8) BxBy Jaxy COXYx + ¢x) COyy + ¢y)
and with cos(y, + ¢u) = %(ei("’““’s“) + e_i("’“+¢“))

I[x (wx+dx )+ y(wy+dy)]
Hi = 3p() BxPy Ja@y 2, e

with Ix,ly = £1  and a coupling term like P(S) =K(S)
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I' I Hamiltonian and Coupling - 4
]|

separate slow and fast varying terms

ﬁl _ % Z p(s) [))x[))y ei[lxl//x+|yl//y—|xV0x(P—|yV0y(P]

ol
5 Jmel [l XVOX¢X+I yV0y¢y+|X(DX+|yq)y] .

Ly s+ ywy—lxvoxo—|
factors periodic with lattice: A(@) = p(S) J/PxPBy e'[ VxHyyy—lxvoxp-lyvoyp]

—igN T
Fourier expand %A(qo) = quq|x|ye e ngperpemodncu’ry
L circumference

and define coupling coefficient

1 (¥ L igN
Kady = 5], EA((P)e "dp

oL i —(Ixv Voy— =
= 5 | BBy k(O /Lty roctyvorar: ] g
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!h"[s Hamiltonian and Coupling - 5

or with | = £1 the coupling coefficient is

L i[ vy Hyry— (Vo Hvo—aN) 27 =
4 = & J1 JBT Kol onhoravin g

the coupling Hamiltonian becomes now

H= LLH; = Zqicq| Ja@y cos(px + gy + Ag)

with A = voy + 1 voy — N and the new independent variable @ = ZTE

we keep only slowly varying terms g=r: TN = vox +1voy or Ar = 0

one more canonical transformation: (&;,¢;) — (ﬁi,aﬁi)

from generating function G = éx<¢x + %Ar q0> + éy<¢y + |%Ar §0>
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|' i Hamiltonian and Coupling - 6
]|

p oG 1 oG x
_ (,bX: oA :¢x+7Ar§D, dx = 26 = dx,
new variables X X
Y _ G _ 1 _ G _ =
¢y—a—éy—¢y+7Ar€0’ Ay = 250 =

resonance Hamiltonian:

a4

H =H+ Go = FAc(ax+lay) +xn [ady cos(¢x + | py)

equations of motion:

N

pax  OHr R od oH 3 ..
S0 = g, = KA SNt 1y). ;g - = Ak \/a—i co(Px + 1 By),
aay 8’Izllr .S ~ agzy Gﬁr 1 ' a ~ ~
W = - 8q~5y = IKH ‘/Taysn((]ﬁx*‘ I(ﬁy), a(p == aay = I?Ar +Kr| a_;(/ Congxﬁ‘ I¢y)
| = +1 sum resonance
| = -1 difference resonance
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m’[s Linear difference and sum resonance

| = -1 and VX—VyZmrN @ %(ax‘Fay):O

since dy oC €y it follows that €Ex + Ey = cond

no loss of beam!

stop band width Vi = Vxy F %Ar + %\/ArZ Y.

for sum resonance di(ax —ay) =0 or ex—€y= cond
¢

beam size can grow indefinitely, leading to beam loss !
stability criterion: Ay > K
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|5|'J'l

Beam Filamentation
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!s"s Filamentation -1

phase space motion under the influence of non-linear terms

72
action for unperturbed motion J = %vow2 + % Vv"—o

variation of action: AJdy = VyoWAW + V—io\iVAV'V = v—iOV'VAV'V
Ady = VyVAV + 5-VAV = FL-VAV
with AW = Av =0 and AW = vxo /fx %mQ(XZ -y
AV: —Vyo‘/ﬂy mQX}/

increase of action due to one sextupole

2J . .
AJX: mQ V);gx XBX - 2Jy ﬂy“j_));)snl//)( + JxﬂxsnBV/X

=3y By SNy + 2pry) + SNy — 2yy)] )

Ady= 1L [ 2P 3 B [Sin(yy + 2py) — SN(yx — 2yy)]




I' Ut Filamentation - 2
1)

now we need to sum over all sextupoles and over all turns

from these expressions we can evaluate
the variation of the action (beam emittance)

for the moment we assume that there is only one sextupole
summation over turns n gives sums like

Z::O SN[(yx + 27vxon) + 2(yyj + 27vyoN) ]
Vxj:Vyj are the phases at sextupole locations j

. oy o0 i 2 _ ei(l//Xj+21//yj)
_’Z'ml:el(l//x1+ Vi) ano @l 2 (vxo+ Vyo)n:l =7m

1_e|27T(VXo+2Vy0)

m eWxitary)  CoS[(yx—mvxo)+2(yyi—7mVyo)]
1_ei27T(V)(O+2VyO) 29 n[ﬂ' (V)(O+2Vy0)]
resonance if Vyo + 2vyo = P ( p integer)
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I' Ut Filamentation - 3
1)

there are 4 resonant terms:  Vx0=P1 Vx0+2Vy0: P3
3vyxo=P3 Vx0—2 Vyo= P4

summation over all sextupoles

_ milj | 2dxPy; VX G | |

to minimize perturbations and emittance dilution distribute sextupoles such
that certain harmonics are minimized:

harmonic correction :

> mil eV - 0

) BY2 p Alyx+2yy)
. m 2y
> m(ip32e%x > 0 and 2 MiljBx“Pye - 0
1/2 i L :
. Ml e'(V/XJ 2yyi) 0
> Ml B Byes ~ 0 24y MUBBy
140
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m’[s Filamentation - graphs

..............
BLELL AP Ll

Filamentation of phase space after passage through an increasing
number of FODO cells
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|5|'l'l

Vlasov Equation

142




H’[s Beam Motion in Phase Space

S ——)
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!H“ Phase space motion

startat: | p (y, D) P3(w+ Aw,p+ Ap)
Po(W+ Aw, p) Ps(W,p+ Ap)

motion: W= f(w,p, 1)

p=gWwp,t)
at time t =ty + At
Q1(W+ foAt, p+ goAt)
Q2(W+ AW+ f(w+ Aw, p,to)At, p + goAt)
Qs(W+ Aw+ f(w+ Aw, p + Ap,to)At, p + Ap+ g(W+ Aw, p + Ap, tp)At)
Qa(W+ foAt,p+ Ap + g(W+ Aw, p + Ap, to)AL)




il

Wronskian

conservation of particles

AA :phase space area

AAQ — |q1’Q2| =

l//(W, p,t)AAQ = l//(Wo,po,to)AAp

AAp = [p1,P,| = AWAp

of
AW + WAWA'[

%Awm
W

of
Ap + g—gApAt

~ AWAp[1+ (% + 2—2)&]

oW

1+ <a—f + g-g)m

Wronskian of system
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SI'h Vlasov Equation

l//(W—I— foAt, P + goAt, 1o + At)l:l—l— <— + —)At] (Wo,po,to)

use Taylor expansion:

[l//0 + Z—%foAt+ aa_l/FjQOAt-l- aTl/t/At][1+ (a e )At] v,

and keep only linear terms

0
Vlasov equation é/t/ +f 9 = aa_va + 2—2)‘/10
(aw p= ) damping | if (— +2) =
dd—‘/t/ = %’tj + fa—w +g— l// = 0| Liouville's Theorem
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!ﬂ’[s VE - example-1

harmonic oscillator W= X 0= [
. . , 77 e
in normalized coordinates
W+v2w=0 or W yw=0

. | f=W=v

with momentum: p= - Sy . "
g=p=-vw

A g

?g . no damping ! and

9 _

op )

C oy oy oy
Vlasov equation is 20 TVP By T VW5 = 0
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m’[s VE - example-1 cont.

o TP T W =0
W = r cost
with coordinate transformation 0 =rsind
oy VW _
we get %o Ve =0

with solution W w,p,0) = F(r,0 + vo)

any function of I and 0 + v is a solution

arbitrary particle distribution rotates with frequency v
in phase space
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!,q“ VE - example-1 cont.

amplitude r of particle is a constant of motion

\
2 = w? 4+ p? = cond.
W= X
JP > X2+ 2axx' + yx? =cond.
= [BX + a2
p=JB 5

Courant - Snyder Invariant




!ﬂ’[s tune shift

equation of motion W+ v%w = v%ﬁ% Z pnﬁ%W”
with perturbation terms: =0
first, use only n=1 or quadrupole terms : P1 = —AK

W+ vaw = —v3B2Akw or W+ v3(1+ B2Ak)w = 0
W= vo/1+ B2Ak p

p= —vo\/1+ﬂ2Akw§ v = vo 1+ B?Ak ~ vo(1l+ 3B%Ak)

tune shift due to quadrupole field error: Av = vo%ﬁZAk

B and Ak are periodic functions in a circular ring and the lowest order

Fourier component is: Av = <vo %ﬂzAk> 0= o jgﬂZAkdgo = 4—1ﬂ f,BAde

tune shift due to quadrupole field error: | AV = ﬁ ffﬁAde

150
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m’[s tune spread

, 3 n
general perturbation terms: W+ V%W = VCZ),B 2 Z Pn B 2 W
n>0
with same procedure we find tune shifts/spread given by:

Vv = VOJ1_ 'BSIZanﬁnIZWn—l

n>0

for small oscillation amplitudes: W(@) = WoIn(ve + o)

and tune variation is:| Ay = _ﬁ Zjﬁ Py B WS tan™(vop(s) + 6)ds
n>0

note! tune variation is amplitude dependent for n>1
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!ﬂ’fs Damping - 1

consider damped harmonic oscillator

W: fW — a)OpW

W+ 2awW+ 0w =0 or :
Pw = Qw = —@oW — 2awPw

. 51// l// o A 89)
Vlasov equation = + = +g o (aw + op Wo

b :
seomest V4 wopw 2o — (oW + 2auwPu) - = 20

for weak damping we try the solution of a damped harmonic oscillator:

—owt —o i
w = woe " cos,/o3 - adt =re " cosh

0oPwtawW —owt - 2 24 _ —awt
O — —woe “sn Jof - ot = —re

Wo—0w

qano
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!H“ Damping - 2

keeping only linear damping terms, we get a quasi invariant:
2ot y
re ™" = w2 + pg + 22wy

solution for the phase space density is now

(W, pw,t) = e F(r,¢)

with ¢ = 0+ \/a)% — a3t and F(r,¢) an arbitrary function of r and ¢




il

adiabatic damping

consider particle dynamics within a bunch
distance of a particle from bunch center be W=7
conjugate momentum Py = € = E— Eg

. — — 1 €
f=17= -ncpoL& : ‘ poy® Es
|:{>
g=¢=2[eVi(rs+1) —U(Es+€)] linac g = ¢ = teVqi(ts + 1)
. f 0 : : . .
damping ? —- + 8_2 = —2aw = 0 no? where did adiabatic damping go ?
: . _ € E-Es _
must consider relative energy spread Pw = I O
g . i c E_S_E_O . 5 E \
E A - Y ES ;
L JE g gffa ik
of o9 E 1 ds 0 : 0
+ =—= = — 20y = — 2+ —
ow op = w S ot
or 0 =00 Eo
Eo+Et
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m’[s longitudinal damping

g=¢=F[eVi(rs+ 1) — UEs +€)]

V
eVii(ts+ 7)= eV (rs) + ea—:’[,

Taylor expansion

, € = %[evrf(rs)r— o Ee}
UEs+o- ~UE) -] e S

@ damping decrement 0t = + %%g—u

1 3

c .[ PVdG oU U : L_ n(%ﬂ%)ds
. > —_— = S W|1'h \9* — i
integrate along E |E, Es j‘ 1 4s
actual path J L p2
damping decrement |1 . = 2TE 2+ 9) = 2TE Je = 2Ey> Je

155
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)

vertical damping

4 Pyt
accelerating cavity cp, :/
/
I CPo 0 /
Yo = PEs Xyl i
e P 1 7 As >
— ~ — E BE, + P At
Y1 PEstP, 22 ﬁES ( BEs C PEs f
Ap JBy Ap By o Y70 | 3 T E, 27 Y 2r
dwy  dwg Py > ’ .
_ Ap o a0 APy s AYotF(Y) As rev
9= % vAp vAp ) peae 2
g — P
TS
S
156



!s’[s Robinson Criterion - 1

3-dim Vlasov equation %—T +fVi¥Y +9gVp¥ = — (Vi f +Vpg)¥

total damping decrement V.f + Vg = — 2(ax+ ay + ac)

we observe particle trajectory along segment Asincluding synchrotron
radiation and acceleration in rf-cavity

yé)’_PV + I:)rf)

N

X= Xo + XpAS,

Y= Yo + YoAS ; f=r =,3C(X6,Y6,77c

7= T0+ Uc%%.
)

P As )
_ / _ T AS /
=X~ £, 5%,

y'= yé—P—:&yB- > 9=P =(_

€
Es

Prf
Es

Prf
Es

/
X0y —
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)

Robinson Criterion - 2

P=f =IBC(XIO’Y6’770

€ ) Vrfzo
Es

P P Prf F)rf P P
9= =(—E XLV Py P ) | Vo9 - g2 =4
J
P
Vit + Vpg = — 2(ax + Oy + Ac) = _4FZ
@ horizontal damping decrement (f, — P, (1 o 9)
2E«
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!,q“ Damping times

B (Py> _ <PY> 1 ok
1
o - <2Pé> _ <F>y>Jy J, s

ac = 5 (2+9) = 523 | (Py) = gremei(By) <i>

Je=2+ G,
damping partition numbers: Jy=1, or Z‘Ji — 4
J=1-39
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Fokker-Planck equation

160




m’[s statistical processes

Vlasov equation includes only differentiable functions, but no statistical processes
we introduce the modification:

W= fw(W,pu, ) + Y & 8t — 1) Awi= [ E8(t—ti)dt = &,
Pu= G (W, Pu,t) + D i 3(t — 1) Apui= | mid(t—ti)dt = 7i.
where & and 7 are statistical processes occurring at fimest = {;

look at evolution of phase space

+00 400

— AAp j j P(W— & pw — 7, t)Pw(&)Pp()dédr.
Pw(&),Pp(r) are the probabilities that amplitude (w— &) or momentum (pw — 7)
be changed by a statistical process to become W O Py
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!h"[s Evolution of phase space

statistical processes can change amplitude and momentum by arbitrary large
values, probability is large only for small changes

=——  quadratic Taylor's expansion
\IJ(W_ g,pw — ﬂ,t) =

L0V, 0V L1002, 1 ,0%%, 029,
Fo éaw ﬂapw +2§ owe 27 opa, +§ﬂ8wapw’
and j j PW— & pw — 7, )Pu(E)Pp(r)dédr =
1 0°¥ 1 0°¥
L | e2Pu(@dz + 5 5 | 72Py(m)dr.

with N statistical processes per unit time:

3/ $7Pu(&)0s = F(NED)A
%jnsz(ﬂ)dn = 2 (Nzm2)At
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!ﬂ’rs Fokker - Planck equation

oY oY oY
similar o derivation ~ 5 T fw 5, T Ow 8p\,: =
of Vlasov equation
ofw OOQw 0¥ 1 0¥
t _ 2 0 4 - 2 0
we 9 (aw+apw)\y°+ 2N G T 2N
with diffusion De= %<N¢§2>,
coefficients D.— %(Mﬂfz),
we get the general Fokker - Planck equation
o d oY oh S o2y ok 4
— +fw 5 + Ow oy 2aw Y+ D, T D _ o
or for damped oscillator
2 2
Z- + 0oPw S — (@oW+ 2awPw) - ‘N’ = 20w'¥ + Ds <=2 + D;, gp‘*’
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I' Ut Solution of F-P equation -1
i q

W = I COSH

use cylindrical coordinates (W, Pyw) — (r,0) with Dw = SNG

define total diffusion D = %(Dg +D,)

S— I = 20w + (awl + F )5‘P+D%2f'

try separation of variables ‘W(r,t) = Zn Fr(H)Gn(r)
|.:nGn = ZOKWFnGn + (awr + R)F G/ n DFnG/r;

Fn Gn _
Fn Gn + D n an

S Fa(t) = cong. et
P(r,t) = D_cnGn(r)eont

n>0

= 20w + (ol + —)
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m’[s Solution of F-P equation - 2

initial particle distribution: Wo(r,t = 0) = > CnGno(r)

n>0

02G 1 oG
=+ (F 4 SN+ 52+ 4-)Gr =0

assumeawallat ' = R
all terms with oo, > O vanish after a while because of damping
on < O define instabilities which we do not consider here

for stationary solution only terms with a; = O contribute

for R - o

solution is a Gaussian: W (I,t) = Z CnGn(r) o« exp (—g—gﬂ)

n>0
an=0

12202

with standard width |0 = % and W(r) = 1

21 Oy
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m’[a Solution of F-P equation - 3

distribution in (W, Pw) space with 2 = W? + p2, and Ow = Op, = %
_ 1 ~W2/20% a—P&l203
\{J(W1 pW) ZﬂGWGpW € € W
one step more to real space: U= XO0ru =Yy
U= ﬂu W
W= By U p W(u,u) oc exp( — ru

Pw = v =/pul - —=U ’ 203

JBu W
integrating over all U , for example, gives with j ge—pzxziqxdx = %eqz/(dfpz)

the spatial particle distribution:

_ 1 —U?/2635 - _ _ 1
Y(u) = o ﬂuawe Weou with oy = \/FGW— \/ﬁ |5 7uDu
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m’[s finite aperture

Gaussian is infinitely wide, but real vacuum chamber is not !
Gaussian tails get cut of f

cutting of f the tails will not alter core particle distribution much

try W(r,t) = e_z_\rgvrzc\:](r)e—“t with W(A,1) = O at aperture
lifetime T = /oo due to limited Gaussian

@ g”+<%_#>g/+ ¢ _q=0

aWGZ

g(r) = 1+ 3., Cex* with x= -

202

_ 1 p=k - (k-1)!
Ck = W7 [ap-1-X~ - T

¢

_ 1 vk ~ e’ 2
g(r) = 1- 5, Zkzlmx ~ 1= g for X:$>>1
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!ﬂ’rﬁ quantum lifetime

imposing condition g(A) = 0

we get from g(r) ~ 1— 5= € =0 with X=2A—22>>1
w (o}

quantum lifetime with 7¢ = 1/a

_ 1 e*
Tg= 5 Twx

for good lifetime, apertures should be 7-8 sigma's: A~ (7-8)c

76w =——= X=245 —= €&/x=18.10° == T > 10h
86y == X=232 —= ex=247x102=— 7 2> 10,000h
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!ﬂ’rs no damping

consider very high energy electron beam lines (linear collider final focus lines)

we have potential synchrotron radiation, but no acceleration in rf-cavities aw = 0

0%Gp,

108G
or? r

n
T or

0°Gn 1 o 0Gn a an _ %n _
?+(T+ [;Vr)ar+t;v(2+a—W)Gn—O§ +DGn 0

look for solutions Wn(r,t) = chGn(r)e " with GL(r) = e 1265 gnd o(t = 0) = o¢

_ 2D D (2
=— o=7-7:" and

.0 - Ao -2 e (-25)(1- 29)]

particle distribution is an expanding Gaussian

with 70
0% = o§ = eufu  we find a beam emittance increasing linearly with time

2D de _ 2D _ 1
€y = €o + ﬁut at a rate df— 5 —E(D5+Dﬂ)
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!ﬂ’fs Diffusion Coefficient

particles with different energies travel along different paths:
AX = 77(3) CP1—CPo

CPo
ns) e : .
o AW=¢= - % negative signs
emission of a photon :

A ‘/EU’(S)Q e g because] of .
Eo /B Eo energy loss €y

emission of photon occurs N = N = N, per unit time, and

c2m = (&) |+ (B + ] = (&)

total diffusion coefficient: D = % (N(E2+12))s = LA N(e2)H),

2E2
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!s"s Photon Emission

emission probability of photon with energy ho

dn(w) 1  dP(w) P, 9)/3 .
do  ho do wy 87 jK5/3(X)dX with = olo.

h(l)c

h
total photon flux N = £ 25 jK5,3(x)dxd§ 145 P
0 ¢

photon energy  Afe2) = hzfa)z N(w) dw = % [ 2 [Kea( dxdl = —3-P, o
0 0

. 24,3
total diffusion _ 1 2 2 _ 55 (PyhowcH)s
coefficient D = 2 (N(EZ+7%))s = 483 E?

P, = 2r mc2 Cy e
with e D- 5 . 5< N >
ho . = 3hcy 483 mc? Y he




m‘.[a Equilibrium emittances

3 . ope . .
Gy = \/ﬁﬁw _ ‘/ﬁ /%TuDu horizontal equilibrium beam emittance

> > 0')2( C 2 <H/|P3|>Z

D o 55 rChC Cr)/5<i
183 mc2 e

with Cq = 325% S = 3.84-10m

GX == ﬂx — qy -Jx<1//?2>2

vertical emittance seems to vanish because H = 0 !? (if ny = 0)

in this case, we cannot ignore anymore recoil from photon emission

photons are emitted within rms angle +1/y =—— 0y’ = %E—g and oy =0

B Byllo®Ds _ an 1
69/ )2. @ Ey = Cq —Jy<1/p2>s ~ 10 m
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!s"s Energy spread and bunch length - 1

longitudinal dynamics is expresses by the coordinates:

W= — %CS T Nec = % — 0. momentum compaction
p = EL synchrotron oscillation frequency
0 0?2 2 1 .neVpcose,
s = W05,
A= £ — _1 0 _oU | = _ _
P = B~ ToEs I:eEV(gDS + COT)T e E:I = —QW Zaep

in circular accelerator T = —UCELO = __ W=Qgp

f=wW= Qsp expressions are similar Oc __ \/i,[ D
. - eUe
g=1p = —QW— 2a€p to transverse case géi Eo 2

173



m’[a Energy spread and bunch length - 2

photon emission does not change position & = 0

similar to transverse case with H = 0
_ LA(E2 4 72))e — 55 (Prhoc):
De 2<N(§ aa/ )>S 48J§ E(z)
@ equilibrium 0f _ ., y2 {UpPDs
energy spread E3 — Y Je (Up?)s
|nC| Oc¢

bunch length from energy spread: Os = Q. Eo

_ n .heVg coso
with synchrotron frequency Q2 = a)(z) - -
27Z'E0

21 Cyq ncE3R? (U p3)s

bunch length ag =

(mc?)? JcheVocosys (1/p?)s
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m’[s Particle-Photon Interaction

particle-photon interaction
Cherenkov radiation
Compton effect

Poynting vector

energy transmission
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m’[s Photon Absorption and Emission

electron photon
energy, E/mc? Y holme?
momentum, cp/mc® Sy hk/mc

we plot energy vs momentum for both el ectron and photon:
dispersion relation
for electron: y2 = (By)* +1
for photon: Lo = ik - 5 k

mc

Compton wavelength: 1. = 3.86 10 °m

.~ photon

Spontaneous emission or absor ption

By

INn vacuum violates
energy and/or momentum conservation

176
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!,q“ E-cp graph

photon emission

~ photon
By AlL photon creation By
Ay=Ay
a) b.)

177



Cherenkov Radiation

il

consider medium with refractiveindex: n>1

c—c/n

from phase of EM wave: ¢ = ot — kz
weget ¢ = o = KV,

and phasevelocity: v, = & = £

with: E = ho,0 =<k andp = 7K

photon emission

Y

particle -

n>1
B<1
dE. _ dE dw dk _ g c 1 _ 1
dop  do dk dop e =+ <1 |
//y> photon creation By
ABy>Ay a)
178
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!ﬂ’rs Cherenkov Condition

energy conservation: Ayp = Ay = APy = %A([S’y)p

momentum conservation:

from symmetry: A(,B)/)LZO M
S e ]

APy = A(Py) g = A(Py), COSO.

npcosd =1

Cherenkov angle, 6

An electron can spontaneously emit photons
In a material environment wheren>1

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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W But, SR is emitted in vacuum 122

To meet momentum conservation we need 3 body event

Compton Effect:
electron absorbs photon then emits another photon

< photon sbsorption Incoming photon can be:

static electric fields
4 photon emisson static magnetic fields
EM field, laser
—— photon creation
e photon | photon absorption
& By
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m’[s Examples of Cherenkov/Compton Effects

Cherenkov Effect
Cherenkov Radiation
Particle Acceleration

Compton Effect
Synchrotron Radiation
Undulator/wiggler Radiation
Free Electron Laser
Thomson Scattering
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!,s”“q Energy Conservation

AEyy = [ Fds

kinetic energy change:

Al i = fEde—e f [\xB]wdf
work done by EM-fields: =0
L = vFL = j pvEd]” = [jEdI’
from Maxwell's eq. Arj = ¢V x B - dr )
[jEdI= <[ B VxE -V(ExB)-LEE |ar
el |

field energy: i = gl_ﬁ[Ej -+ B:"]




)

Poynting Vector

%jud\{ +

changeof

field energy

[JEdV  +

particle energy

loss or gain

Poynting Vector: S =*[E x B]

¢ Snds

H_J

radiation loss through

closed surface S

radiation per unit surface area

S|In
SIE
Si1B

0
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IH]'I EM Field Vectors

from Maxwell's equation: VxE+= ;1; O('j? 0

E = Eoel(a)t knr)
B = Boei(wt—knr)

V(iknr) x E +XigB = 0

V(nr) = V(nxX+nyy +nzz2) = (Ny,Ny,Nz) = N

(hxE)=B ==> EJB

S =[4ﬂ€o]ﬁE2n

EM waves:

S




Iuh”fs Examples

1.) crossed static electric and magnetic field

fnSdS = 4—Cﬂ _[V[E x B]dV = 0 : no radiation

2.) charge at rest: E+0
} B =0

3.) charge in uniform motion:
in charge rest frame: see 2.)
Lorentz transformation to lab system:
X* B ‘x
7* <

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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!w] uniformly moving charge

2
Lorentz transformation E =vE*—-1L— E*
of fields: = B*(B )
B=—-y(BxE")
B=(0,0,-p) ° Ex = yEX Bx = "'VﬁE;(/
E*+0  Ey=yE; By=+ypE;
B*:O ) EZ — E; Bz — O

S =4 [4neo] [~y PEXE;,~y BESE:, 2 B(ESZ + Ej)]
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m’[a Energy transmission

moving line charge, current: )’Z,y — %; E; =0
__c 20
S =2 [4r€0][ 0,0, y2pL |

this "radiation” is confined to vicinity of electric current

responsible for transmission of electrical energy
along wires
transmission lines

resistor m B
T E;y E* — ¢

z [

l ] —— ] —— E+0
S =S, = y?B(E;? + E}?) S=[<0,<0,> 0] .
losses
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|5|'J'l

Synchrotron Radiation

188




!,q“ Accelerated Charges

charge moving uniformly at velocity 3

electric field lines

B

189




il

Longitudinal acceleration

* reference system continues to move with velocity f
- accelerate charge for a time AT

?

\ electrical | field
lines

/ charge > 0

fPoyming vector: S

long. electric field
component E,

\
\
|
|
/
/
Umagnetic field Btp
—-

acceleration

acceleration causes
perturbation of

electric field lines E,
because C is finite

motion of charge
generates current

<= mag. field B,

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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l,s”] Transverse acceleration

K electrica field
lines

‘ Yo _- A
acceleration (\charge, q>0
_>

o Poynting vector, S
magnetic field, B, long electrica
field, E,




m’fs Poynting vector

Poynting Vector E

X

S Bi>8r

¢

observer

E,=E, cosO
E =N
X 0 Z

H
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Poynting vector

i)

radiation lobe

\ ,,&0»@.«]
v

acceleration

193



!ﬂ’[s Electric field

formulate expression for field:

quantities available:
q: charge
a: acceleration
r: distance from source

Eocqa%

all radiation within spherical layer of thickness CAT
total radiation energy is constant, ~ E2V

V~rr & E~Ur
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Is"s Expression for Poynting vector

with correct dimensions, E — _ ga
radiation field becomes: o o2y
Poynting vector:
2 2 .2
a
S :i(qT) cos?On =-22— cos?O n
An \ c?r AncSr

radiation power in electron system:

P = §>S*n*d6 = 2.6 (%2

2
3 C

(use " for electron reference system)




!,q“ Radiation power

radiation power in electron system

x _ 2 e° Q2
P—3C

in laboratory system?

196




i)

4-acceleration

recall invariance properties of 4-vectors |

42 =y%{a?—[p xal*} =

evaluate 4-acceleration in particle system:

B=0 and y=1

197




!s"s Radiation power in lab system

2 e’a™ _ 2 e%.,6
3 3 _Eg {a Bxa]}

p* = p

parallel vs transverse acceleration

a, IsLtof
a’—[B xal]* = a7 + aZ — B%al
_ 2 e°,.,6(Q2
P 3¢/ 3
2 .
PJ_:%%'Y43J2_
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m]'] Radiation power cont.
QLEA

find more practical formulation by introducing forces:

dep = Bme?dy + yme>dp

= ymc? (yZBZ $ l)dﬁ =v3mc?dp

radiation power for long. acceleration:

P|| — ;iyﬁ L (d“l])2 o 2. Te (d‘l‘-ll)j
y e ﬁ,fs{ 3212 de /| ; Jp de /|

linear accelerator: (—) — ecE
[

very smalll
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IH’] Radiation Power transverse acceleration
QLA

transverse acceleration:

_ 2
dy =0 @ deJ__y mc dB 1
radiation power for transverse acceleration:

P = 28y L ()" - 2L y2( k)’
3 C yz(mcz)Z dt /| 3 me3




!,q“ Final radiation power

F, = (dgtl) = V”;VZ = [c]epB

dep,
dt

= [c]ecpB

instantaneous radiation power from one electron

=
with o p2
C, =2 e _gg5.105_m
mg 2 3 GeV?




!3% Transverse acceleration

Lorentz force from magnetic fields

centrifugal force = Lorentz force

bending radius: % [ m_1 :I — [(;:|§_||3E = 0.3 E'?(gg\)/)
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!H’,g Energy loss

energy loss per fturn:

AE = §P,dt = C, £

P
avg. radiation power (isomagnetic ring)

| circulating current

do protons radiate?

Pp _ (me)4 ~ 10°13

Pe mp




i)

Synchrotron Light Source

204




atic
- schem

e

on light sourc

hrotr

1Y Sync

net
wiggler mag

et

magn

! ’ ’
Y'
= O




doughnut

i)
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m{s Transformation of doughnut to lab. system

direction of

particle path
R

7
to observer

acceleration

207



)

Radiation swath

-

\\\“

208




W CAMD

T

Inj ection system \ \

[ ] o\
| insertion straight._\
section
pbending magnet / /
beam lines | \ /
= = 71
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!s"s Radiation effects

synchrotron radiation power

cC, E*(GeV
P, (GeV/sec) = — pé(nf))

C, =" = 8.8575.10°mGeV°

3 (mc?)?

energy loss per turn

Uo = §P,dt = $P,dsc

Uo(GeV) = C, ECV)

p(m)




!s"s Synchrotron radiation spectrum

+1/y

/ ot
: AN
P P, ——
2psin: t. = 2p
2 2pSing
ot = te—t, = 22 — =
T 37 YS
Omax = 55 = =, Cp
3

3 Y critical photon
WD = ) C N frequency/energy
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!!S”ls Differential photon flux

Spectral and spatial photon flux:

ANy, = C,E2| 4o o K 2,(E)F(E,0) AO Ay

_ 20232 y202 Kis(©

C, = —3¢ __ — 1 3255. 102 Photons

4t e(mc?)? secrad? GeV2 A

5 _ %%(14_7/292)3/2

O: vertical observation angle
V: horizontal observation angle




!ﬂ"s Angle integrated photon flux

dN
ph A Ron
_ photons
Cy, = emc2 = 3.9614 . 10%° p——y oy
Swloc) = _[ Ksz(X) dx

wloc
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!3“ Universal function

H

— 0.1

(&
£
2
» 0.01

| \
0001 | | | | \HHH‘ T TTTTTI
00001 0001 001 0.1 1 X=olog
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)

c—n Intensity

215




)

c-mode

oc-moderadiation

216



m’fs o—mode (magnified)

i i
i \ I\;‘\\h \'\'.i

b W’b \"'i 1'::.; 1‘:}*%

#w“

q. \.;u

#
*h #

'q.
\m “M
i, iy A "
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n-mode

i)

nt-mode radiation

218



m’[a Compare o—r mode radiation

——— e o
———. ——— N
— —_ '_'-I.—'é:
e e
e S
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iy

relative photon flux for c— and n-mode radiation

1.0
08 —
06—
04—
| | | 6 § w10
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|5|'l'l

Coherent Radiation

221




i)

Spatial coherence

222




!s“ Fraunhofer diffraction integral

spurce

image plane

Fraunhofer diffraction integral:

U(P) = C[?] 5 exp[—i kowcos(® — y)]de pdp




|ﬂll solution of Fraunhofer integral
QirA)

weset o = ©® —y  and get with Jo(X) = 2—1 Ién exp[—I Xcosa] da
UP) = ZRCIzJo(ka)pdp Jo(X) O"- order Bessel’s function

with jZJo(y)ydy = XJ1(X) and 1(P) =U%(P)

432(kpw)
I((P) = lo (kl vf)Z
P lo = I(w > 0)
.
-+ L (P)
0.8 —
0.6 —_
0.4 —:
0.2 —_ XlO\/\ _xlo /
0 1|0 | | OI 1|0 kalw
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IH’ | Gaussian source
QLAY

for Gaussian source distribution: Ug(P) = CI;O eXp<_ 2;;22 > Jo(kpw) pdp

with X = ,/ipo and kpw = J2xko,w = 2x/Z

Us(P) = C| :e‘xszo(Zxﬁ) dx = Cexp[ -2 (ko w)? ]

ho ring structure !

Gaussian distribution with W = 0,/ = —=
r
"1,
0s 2 diffraction limited source emittance
0.6 —
i A

0.4 —_ G G / _

02 r r 277,'

0 I | ' \ ' | ! |

-20 -10 0 10 kcyrw 20




I’q“ diffraction limited source emittance
QLERN

_ A _ A
010y = G E=P OxyOxy = &

electron beam with emittance

€X<L

is source of spatially coherent radiation

for wavelengths A and longer
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i)

Temporal coherence




Ih"l's coherent radiation - 1
QLA

temporal coherence properties of radiation depends on the
temporal distribution of electrons

each electron emits a field at frequency o given by: E; = Egei(@t-0i)

v

@i O
total radiation field is: E = Z Eo e (@t-¢i)
i

total radiation power:

N N N N
P oc E% Z gi(ot-¢i) Z giot-¢;) — E(Z) Z eilpi—9)) — E(z) N + Z el(@i-¢;)
i j

) I+
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m’fs short bunches

v

N
3

@i O

if bunch length S << A then @i — @j < 27 for alli]

N
P o Eg<N+ 3 ei<<0i—<oi>> = E2[N+N(N-1)]

i+
radiation power of coherent radiation is proportional to N2 or
proportional to the square of beam intensity

P oc N2 coherent radiation
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!.H“ TR intensity scaling

Transition Radiation vs. N_e N

35 — August 1995

3 _

2.5

> | TR from short
——— > electron bunches

15 - is coherent

bolometer signal (V)

linear
0.5

]
OE+000 5E+009 1E+010 2E+010
SQRT[sum(N"2)]




I’q“ long bunch
QLIRS

if bunch length S>> A then @i — @j > 21 foralli,|

4 A

N
Poc B3| N+ e@o) |=EZN
i+

\ 5/

P o N incoherent radiation




)

coherence

every time we have radiation from bunched electron beam,
we have some coherent radiation

1E+14
1E+13
1E+12
1E+11
1E+10
1E+9
1E+8
1E+7
1E+46 &
1E+5 =
1E+4 =
1E+3
1E+2

——

Pohton flux (Photons/sec/bunch/
mrad (bending)/100% BW)

Lol g

WETTI ARt

— o —
S — —

Incoherent

I EIrdim

o R, Rectangular

L
. e
i
L)

Coocnd Yy e

1E+9 1E+10

1E+11 1E+12 1E-

Frequency (Hz)

113 1E+14 1E+15

A=3

Oum
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U] Form Factor - 1
I8

X.=r+R
o observer

v

N N
E.(0) = D _Eo(w)e kX = > Eg(w)ecniligcniR R> |
j=1 j=1

. . 2
intensity 1,,(0) « |[Eq(@)]| =

2N | N |
= Eo(@e " Y Efw)e ™
ji=1 k=1

N
Y Eo@)e "
=1

N N
= 2 _Eo(@)f + 3 Eo(w) e "
j=1

j.k=1
j#k
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Iy Ut Form factor - 2
I

N L0 A (r
| oiq (@) o To(@) N+ lo(w) Z e"T”J(rJ re)

j k=1
j#k
incoherent coherent radiation

S(r) be the probability to find a particle at I' with jS(r) dir =1
coherent radiation intensity:
| (@) ~ lo(@)N(N - 1) j d°r j d’r e " grygr)
— lo(@) N(N — 1)‘ [d’re™ gy ‘ i
~ 1o(@)N(N= 1) F(@,n)

3. —i%nr 2
F(o,n) = “d re ° S(r)‘ bunch form factor
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m’fs Form factor - 3

for a Gaussian particle distribution in z: Sr) =h(2 = J_ _ 1 iz?l203
T Oz

and the formfactor is:

F(w,n) = ‘ [ e"***"h(z)dz

2 2
‘ _ e—((OGz cos6/c)

0 : observation direction with respect to electron beam direction

similarly, for a uniform particle distribution

h(Z) _ {1/(262) for |z|I<o;
O otherwise

and

B 2J1(wo; sinf/c) sin(wo ; cosb/c) ]
F(a),H) o [ wo, Sind/c wo, cosh/c
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!s“ form factor

Gaussian form factor

F(a), 0) —e(0o; coso/c)?

form factor or intensity drops off when o, = 2—;;

or for wavelength A < 270,




IH“ coherence length
QLIRS

can broad spectrum be coherent ?

1E+14

1E+13 E:—//)
1E+12 =

1E+11
1E+10
1E+9
1E+8
1E+7
1E+6
1E+5
1E+4 =

. —

Pohton flux (Photons/sec/bunch/
mrad (bending)/100% BW)

Incoherent
1E+3 :
1E+2 [ A L1 HJ_.HLL_ Ll ||I:I|I| I B Irdin [ IIIIIIl 11 .J.lJ.J_IJ
1E+9 1E+10 1E+11 1E+12 1E+13 1E+14 1E+15
Frequency (Hz)
. A%
yes, with coherence length QC = g = A




i)

Insertion Device Radiation

238




!ﬂ’rﬁ introduction

Insertion devices do not change the shape of the storage ring!
+00
j_oo By(y = 0,2dz= 0

Wavelength shifter
Wiggler magnet
Undulators

Super bends

Purpose: harden radiation
Increase intensity
high brightness monochromatic radiation
elliptically polarized radiation
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|',q)'l Wave Length Shifter

z

................

central pole
compensating poles

[ 7By(y =0,2dz=0




)

Phaton fluxes (ph/s/mr) for ALS(400 mA)

1E+15; ——
1 — 74 polewiggler, 1.5/GeV N

3EHA \

1Ekl4-
S
5 \
= FB 5T-super-bends, 1.5GeV L9-GeV
= /
= —| —\
= . |
6 3E+12: N >
e
= 4T wavetength shif 1.5Ge

. ¢ S ,i
3EH11

1.27T bend, 1.5GeV

i
» 1

1EH01  2E+01 SEH0L  1EHR 2B SEHR 1IEHB  2EHRB SEH3  1EH4 2B+ 5EHO4
photon energy, eV




!s"s Periodically deflecting magnets

north pole magnetiC field:

111t it it8td By(2) = By coskpz

south pole

A

P

Wiggler magnets, strong field
Undulators, weak field

Wiggler magnets produce ordinary, broad band
synchrotron radiation;

Intensity increased by factor N, (# of poles)
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!H’,g K-value

deflection angle per half-pole

By(2) = By cosk,z

dp/4

_ dz _ eB BoA
do=%-2dz = 0-[&-2 | coskpzdz— £
0
= eZBOC};:)p = yﬁ K: undulator/wiggler strength parameter
T

K = 2% — 0,934By(T)Ap(cm)

21 me 2B




!H“ Undulator

assume amagneticfield  By(2) = By coskyz
north pole

k _2m
1tititi181 P = 5

south pole

A

_ WEEEEE
SET

electron performs sinusoidal oscillations

@ sinusoidal perturbation of field lines

244




!,q“ Sinc-function

sinusoidal perturbation of field lines

N,undulator periods &= N, field oscillations

E(r) = Eo smwgt for — “2NyTo < wot < %2NpT

0 elsewhere

spectrum

E(m) IE e df = J':E 0 Sin®gte™dt = E,

YN, To

EG j 1_3-.;;? —lifﬂn—{ﬂ}ﬁ‘dr — E{} =

i{og-0} =Ny Ty _,-i{wg-0)} T

1 —m)

s {@g—m ) =N Iy

E( (ﬂ.) = Eo P\-"Tp T(}

- s mg—m A, Iy
= EgNpTo = :
i¥pL 0

(O — {ﬂ]'lﬂNPTD



i) il

What is ®,?

undulator period: A

. ok _ M
in electron rest system: Ap = —=
in lab system (Doppler effect): ® = wpy(1+nzp) or A = — s -
Yy (@+n;B)
: B"‘n* A n A

with — z = 2 z_ — 2P _ oS0

nZ 1+n>ZkB @ 7\‘ yz B+n; y2 1+cos0”

sng = —318 ___ ~ —Sn®"

y(A+pcos6”) 0 v (1+B cos0*)
or
202 — sin%Q* _ 1-cos@’ — « _ 1-y20°
y (1_|_B coSs 9* )2 1+cos 6* COSG o 1_|_,y 292
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!ﬁ’[ﬁ sinc-function

Sinc-function: f()() — SinzwNX

TtNX
. f(x)
* N=5 f(0)=1 and
0.8 1 N:100
| f(y) =0 for y=1/N
- or for (0o — ®)¥2NpTg =
-0-4_0.5 | -0‘.3 | -0‘.1 | O.‘l | oﬁa | oﬁ5 X
line width: S0 _ 4 ®® _ 2z 1 1 _ 1
®o I (VT TO Np % Np
S0 _ 41
M0 Np
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!,q“ Fundamental Wavelength

A A A
— ; cos®  _ ; 12 — = p2 (1+Y292)
y2 1+cos@” YOI 2y

1+y202

62 — (eund + eobs)2 — 62 nd T 26undeobs + 9
Ound = & coskpz = (Bua) =0 and (6fy) =

fundamental undulator wavelength:

A = 2’:’ (1+ LK? +7260%, )




I’q“ REC - Undulator
QLAY

permanent magnet undulator

' t | gap, g

undulator period, A,

ho= L (1+%K2+y262 )

2y 2 obs
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)

permanent wiggler magnet

vary field strength by varying gap. For hybrid undulator:

BT) = 33exp[——(5 74-1.89 p)]

250




i)

ACO

251




!ﬂ’rﬁ Stronger undulator field

X X
. A,
K<<1 K>N

relativistic effect on
transverse motion

transverse motion
completely
hon-relativistic

source of higher harmonics
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!3)'] fundamental wavelength

Ai = —2[1+ > K2+ y2(0% +y?)]

21y

I: harmonic number, 1=1,3,5,7...

Li(A) = 1305. 6 2 (1+ +K?)

ei(eV) = 9.4963 . —E

1
12
oo — 1 L+5K
0 Y A 2N,

=K ?2
hp(1+5K?)
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!s"s wiggler field

By(Z) = By COSkpZ this is what we want

Maxwell tells us what we can get! By(Y,2) = Bob(y)coskpz

0B oB i

VxB=0 & > = — = —Bo b(y)kp sink,z
and By = —Bob(y)(1 - cosk,2)
V.-B=0 OB, ob(y)
= B cosk,z
B2Bx) T o2 0"y P
form f;gzz —> ;S’) = k2 b(y) &= b(y) = a; coshkpy + a, sinbkpy
BX — O

By = By coshk,y coskyz
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!’qj] trajectory

beam dynamics 4 Bo d
X — _ €50 dz
dSZ p rmzy v d_ZZ —I— eBO % COSk Z
dt2 o MCy  dt P

% drift velocity
d2:+Cl3(1—K—23i”2kpZ) < p =B(l_ f*)

X(t) = aCOS(kpCBt) K
2(t) = cpt+ +kpa®sin2kpcpt) = T
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PEP-Undulator, 77 mm, 27 periods, 7.1 GeV

16
12
0.8
04

o N B O

O L N W b~ o

E K=0.515

— //
T /
] /

| /

/|
0 10.94
/

o / /
| K=0.775 : K

-] /
] /

] , /
o / s

/
/] /]
Y /
0 AT /954 /1431
/ / /

] / / ' / .

] K=1580 ) ,
] / / v
_ / / /
1 / / p ’
_ / / v

. A A / ‘ AN /‘/\A

] i A | |
0 2.76 5.52 8.28 11.04 13.8
1 st- 2 nd- 3 rd- 4th- 5th-harmonic
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m’[s Undulator-wiggler

transition from undulator to wiggler radiation
K=01 K=05 K=10 K

intensity

2.0

critical photon energy from wiggler magnet at angle y with axis

ec(y) = &c(0) \/1_ (%)2

homework |

Wp

|

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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!H"g increase undulator strength K

X(t) = a cos(kpcpt)
Z(t) = cPt + ~kpa? sin(2k pcpt)

X <3

J,
ﬂ\/m\//\v/\UA\/A\//\\//\\//\\/ﬂ\/A\/\Uﬂ\/\\/\\/ﬂ\/ B

laboratory system "electron” system

longitudinal oscillation generates even harmonics: | = 2,4,6,8...




!,S”'s energy loss per undulator/wiggler pass

AE y = % remec?y?K2k3Ly

AE(eV) = 0.07257 EKZ |,

2
}”p

tot. radiation power

2K 2
P(W) = 0.07257 EXCN
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!ﬂ“ undulator photon flux

dN ph () 2 N2 Ao | © 2 Qi 2 2
SQ = ay NPT(DE X Zizll SInC(FG + Fn)
- o SinanA(oi/o)l 2
Sinc = ( tNpA®i/oq )
L 2y02 1 cosp—K 25 27921 S P
Fo = 1+1K 24202 Fr = 112,202
TRy 1+5K“+y<0
o0
21 = Z m= J_m(u)Ji_am (V)
o0
22i = 2 m J-m(W[Jirom-1(V) + Jicomia (V)]
U= -© BK? V= © 2BK2v0 cose
Pl 4(1+2K24y202) Pl 141K 24202
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)

pin hole radiation

dN (@)

dQ

N2 Ao | 1PK?[3)

= qQ
FPom e 1K)
1.7466 - 1023 E2(GeV 2)I (A)N2 AL f,(K),

fi(K) =

[JJ] =

X =

i°K2[3J]?

(1+1K2)°

[J%(X) — J%(X)}

iK2
4+2K?
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|, harmonic

\\\H‘ \\\\\H‘ ]

0.1 1.0 100 K




m’[a Tuning range

tuning range: A = Mo (1-|— %KZ -I—'}(Ze2 )

2y2

obs

comparetwo undulatorsin SIAM: A, =20 mm and = 50 mm

flux density, ph/sec/mm” 2

[ Undlator linespectrum| | Undulator line spectrum |
14E+16, o
12E+6, « 8E+157
1E+16, <E TE+157
é 6E+157
£=i %__ 5E+157
>
% 3E+157
4EH15 =3
= 2E+15]
azily 1E+15 ‘ ‘ ‘
OB 00— OEHO e e e e e e e e e
500 1,000 1500 2000 2500 3000 3500 4,000 4500 5000 5500 6,000 6500 7,000 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200 210
photon energy (€V) photon energy (eV)
A,= 20 mm, 100 periods A,= 50 mm, 40 periods
0.32<K <0.63 1.1<K <56
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!s"s Mini-undulator

ho= L (1+%K2+y262 )

2y 2 obs

make A, very short > toget x-rays I?

does not work well |

short A, leads generally to small value of K'!

intensity is low
tuning range is narrow
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!,S”'s Spectral-tuning

SIAM - 1.2 GeV, undul ator spectrum for period |length of 20 mm

A,=20 mm, 100 periods
o 0.33<K <0.63
s A 10 mm < gap < 30 mm

3E+13 \

1E+13 \\
3E+12 \

1E+12 \

flux density, ph/sec/mm” 2

3E+11- \

1E+11
1,000 2,000

photon energy, eV

SIAM - 1.2GeV, undul ator spectrum for period | ength of 50 mm

A,= 50 mm, 40 periods

1E+16

N 10 mm < gap <30 mm

o I
T

o )
)

1E+13
10 20 50 100 200 500 1,000 2,000

photon energy, eV

.J)}l /

5E+14:

flux density, ph/sec/mm”2




)

SUBARU : 2.3 m undulator, A, = 7.6 cm, 30 periods




!,q“ Subaru_10m

SUBARU : 10.8 m undulator, A, = 5.4 cm, 200 periods




IH’ | another “"undulator”
QLAY

to electron: undulator field looks like EM-wave

so does a laser field |

how about colliding an electron beam with a laser beam ?




!H“ Laser backscattering

A
ﬂ,y = 4;2 (1-|— %’}/292) K is very small |
Photon flux Nsc = O 4, L
Scattering cross section O = %"rz = 6.65 x 107%°cm?
Luminosi’ry L: _ |\Iel\.lph
dncxoy

Effective laser photon flux Nph = P'—aier CTint
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Is’ | Thompson scattering
QLIRS

fs-electron bunch laser pulse

4no,o,

‘interaction length '
C’[:int

example:
P acer = 100 KW )
gogn=1.24 €V
ct=1m > Ng. = 3.4 109 photong/fs-pulse
N, = 10°
4noo, = 102 cm?

J




)

Reaction Rate
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m’[s Undulator radiation as Compton effect - 1

for electron undulator field looks just like EM field or photon

we treat the collision of an electron with a photon in the electron rest system

energy conservation: i + Mc? = ho' + ‘/(Cp)z + (mc?)

momentum conservation:
ho'lc D
ha)’/ 9
hwlc 9 Tl

P

2 I\ 2 2
p2 = (£2)"+ (£ )" - 222 w0’ cosd

or p? = 'Z—j[(a)—a)’)erZa)a)’(l—COSS)}
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!ﬂ’[s Undulator radiation as Compton effect - 2

combine with energy conservation and eliminate electron momentum

h_(1-cos9d) = ﬁ—% = —(A'-1)=0

mc2

with 2% =2.4.10"%m
in electron system no change in photon energy |

.y A
undulator period in electron system: ) — 7'0

observed radiation from moving source:

A = == (1+ 1K?2)

2)/2
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!s"s Photon Beam Brightness

Brightness is:

photon density in 6-dimensional phase space

B = N
— A
Anoxo, GyO, e

diffraction limited brightness Gx,ny’,y’:%GrGr/ = j_n
B gitr=—
T 2 A®
A




!s"s reality strikes

we have not only one electron, but many
finite beam size Cexy
finite beam divergence o,

B = N

A®
4TCGt,XGt,X/ OtyOiy/ o

Ot x = %Grz + Gé,x, elc.




|5|'l'l

Transition Radiation
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m’[s generate Transition Radiation

electron begm

back-ward forward
radiation

in onveniefrilrarfoag.é?)*d’rrcﬂji’% é‘l%%’rron beam from TR

now, TR can be extracted normal to electron beam through window

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 27t




Iy T

Al foil

\ A2 electron beam
back-ward forward
radiation

inconvenient to separate electron beam from TR




!h"[s 90 degree TR

electron begm

tilt radiator by 450
now, TR can be extracted normal to electron beam through window
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!s"s TR theory - 1
Poynting vector S, = &= ,UoC ]Bret

radiation power  —- = SN RZAQ = 2| 7% |R2,B2,AQ

need some tools:

Fourier transforms

Parceval's theorem

ret 4 ret — ret

B(t) = = | " Bo)e ' do
B(o) = | OO B(t) e dt

| B2 dt= 3| B2(0)dw
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!!S”ls TR theory - 2

=~ = SNRZ AQ = & 2% |R2 B2 AQ

dt ret A ret— ret

de(t) = £ [uoc |R2, AQ B2 (t)dt

ds(w) = 2 |R2, AQ 1 B (0)2do
I

.UoC
B(w) ? use only ®>0 !

spectrum: 0 < @ < O pjasma B0 2 0 e o |
our interest is in ® < O g, (t) # uring Time T only
_ eotxl

00 : 7/2
Bret(a)) - _[_oo Bret(t) elwt dt ~ I—T/Z Bret(t) dt for' OIS

plasma
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m’fs TR theory - 3

5 _ _ Jon _ Ohy.
r

oA, _ OA; o, 2 2 2
oy ot oyt R? = <X_Xr> +<Y—yr> +<Z_Zr>
ﬁ . _i y_yr . ny
dy C R c n is unit vector from observer
oAy _ OA _ 1 A iﬁn to electron
oy 0z c ot Y Coat 4

d
B () =VxA, = %(n Y %) - 14 (nxA),
r r

ot

7/2

C Be®dt= M xA) |

Bu(0) = j

final
initial

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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!H“ TR theory - 4

final
(mxA), ‘ 9

initial
Lienard - Wiechert Potentials A =— i

R(1+Pn ) | et
fields:
e- .
- metal foil

field and metal foil can be replaced by
head-on moving electron and positron
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Is’fs TR theory - 5
QLAY

e e’
| _ (~e)(-B)
field A= R g T RPN |
e’ e

ds(0) = -=| 2% |R2,AQ --B2 (0)dw

ret

/2 final
Bia(@) = [* Ba®di=1(MxA)|

initial
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sl‘.[h TR theory - 6

de ]Ré 2/ ez I: an
dodQ .UOC et 2r ¢ )7é(1+[3n)
with P =Pz B
d8 . e
dodQ  4r2c ﬂoc] (nxz)
S|n20 |

0 observation angle with respect to z

nxp

2p

1-p?(nz)*

-

c0320 —

2
Ifé(l_ﬁn) ] ret

2

ret

spectral and spatial radiation power distribution of transition radiation

2 .
de F.mc B2sin?0

dewd(2 T°C (1-p2 cos20)?

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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o
I

TR radiation distribution

theoretical
radiation distribution

measured
spatial distribution

C. Settakorn, 1998

e(0)
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Iﬂ’rs TR total radiation power
QLIRS

. . 2 2 n 2qn3
with dQ = Infdodod dz _ r;r(r;c j #___psSn0 -do
daw 0 (1- p?cos?h)
r 2 2(1 _ 2
_ rMme et pEA-XT) o
nC 1 (1—ﬂ2X2)2
r mc? (1+ B?)arctanf
= —7c |1+ B
r.mc? 2r .mc?
= ——(1+2In2+2Iny) ~ ——Iny
spectral TR disribution
de 2r .mc?
— = Iny for 0 < @yam
0
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i) STR

Stimulated Transition Radiation




!ﬂ“ optical cavity

1.R 6 R
z/( /4\7 electrons /. // electrons
P1 P1
/ \6 A \57 A C. Settakorn
5‘“< 2/4 2‘”( 5/‘13
B <’\ijl\5 ~ <"\ij¢\8 flat mirror (M) > PV 45° reflector (F)
M M = : B -
C) ' ! -

(b) \ 1 ;

\.‘1\ : A "; ;_‘ "

parabolic P -_ _
mirror P2 ‘ ' S parabolic
b \\ mirror P1

- e

| R
]

beam divider (BD)
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W scan

1.5 — 3 3

normalized intensity
N

|
|

05 | I | I | I | I | I | I | I | I | I | I | I
7 71 72 73 74 75 76 17 18 79 8 8.1
cavity length (unit of L)

Recorded radiation intensity as afunction of optical cavity length
(C. Settakorn)

290

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA




!,s”] maximum enhancement

°7 x 9

Bolometer signal
N
|

18 19 20 21 22 23
Variation of cavity length (mm)

Max. enhancement of STR achieved so far (C.Settakorn)




m‘.[s new STR cavity ?

try this one ?

radiator
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il

Free Electron Laser, Optical Klystron and SASE
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m’[s principle

stimulate the emission of EM radiation from relativistic electron beam
by the interaction with an external EM field.

make electrons move against the EM field
to loose energy intfo EM wave

how ?
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m’fs how?

energy gain/loss of electron from/to EM field

AW = —e[Ed8 = —e[VE, dt = 0
because VJ_E_L)
how do we get better coupling ?

need particle motion in the direction of electric field from EM wave

@ undulator
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Ia’“‘} trajectory

d°x _ _ €Bo dz
prea T cosKpz
d’z _ |, eBo dx
o = e o coskpz
dx K drift velocit
E —_— _CB— Slnkp @ _ y K2
@ _ 1ol 1- X sirPkpz B:B( _?)
dt 2'Y2 p
_ g = _K_
X(t) = a cos(kpCpt) vKp

2(t) = cft + —kpa® sin2kpcpt)




Ih"[s synchronicity condition
QLEA

AW = —ejvx E, dt = —ej [c%s’n(kus> }[Exho cos(k S— @ t+¢o) ]t
KE
__= ny,o j{sin[ <k|_ + ku>s— o t+ q)o]

get continuous energy transfer if V. = <kL + ku>‘§ — o t+ ¢o =cond.

D= (k +k) L —0 ~ 0= (kL+ku>ﬁ( —%)—kL

condition for continuous energy transfer

ku — %<1+ %K2> or )“L =

;y“z (1+1K2)

297
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Ih"rs energy gain/loss per unit path length
Qira

do_ W 3 o (k, >
e M e sn (k_+k,)s- a)t+goo]
d f. K2 d K eEXL,O

efine 1= g7~ an LT e

and the energy gain becomes

&~ S8 30t — Jum)]sin] (k +k, )5 oyt + go]

the phase varies slowly for .k .
particles off the resonance energy 7. = N <1 + 3K2>

ay e k.
ds = k (1— 7) = 27,—rA7/ where A)’ =Y =7
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IH“ Pendulum equation
QLIRS

dAy dy dy, kK K

— T o T = 2 () = Jdi(m]sn¥

d*y Ky dAy k2K, K

T [Jo(n) = J1(m)] In¥

Pendulum equation d™ +029n¥ = 0
ds? L
. 2 kﬁKLK
with  QF = —=—[Jo(n) — J1(n)]
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m’rs Gain

gain of laser field: AW, = —mCc?Ay

stored energy in laser field W = ZeoE2 V

gain of laser field per electron

AW, 2 mc2y
Gi= v =2 Ay =———AY'
W €oE? \V €oE? VK,
or for all electrons G = A [Jo(n) = J1(1m)]° (AY")
 eom? y3 ot v O

where Nyis the electron density

the average variation of (AW') can be calculated from the phase equation
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Is’fs Gain curve
QLIRS

re?K2N A2

. uu n d 1 2
FEL gain per pass G = — p— yi [Jo(n) — J1(m)]? » ()
) 2nN, kLK2
with W = 7 <7/0 — yl’) and 1 = 87/2ku
. d : 2 -
gain curve  — (20 : __ G
for finite gain: Ay = 0 A
adjust beam energy s\ [ s IAy
slightly higher than +
resonance energy -

_ G
laser energy W = WL,oe " N number of passes
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Igh"fs phase space motion

d°y

ds?

Pendulum equation + Qﬁsin\P =0 ‘ ¥’ and integrate

%\P’Z — QE cos¥ =cong

no net energy transfer !
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!h"rs phase space motion

energy spread

phase /

<@

separatrices

o

laser

for Yo >7, @ energy transfer to laser field |

NN,

electron

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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Iy Ut FEL schematic
I

radiation field

AT AN AN AV A VYA NI A U AN AU 4.
] U T A o W O L \u,f |
undulator

f deflection magnets \
gleciron beam
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Ih”l's field-electron motion
124 ] |

velocity of wave: C

average drift velocity of electron: [ = B( - K—Zz)

4y
. . A’U /IU
time for electron to travel one period: 7 = — =
T o)
47/2

: .. AC
distance wave propagates in time 7 : = >
cﬂ(l—r—z

/4

A, 2 A,
G o5 e A (1K) 1] = 25 (1 1K)
(a-52)
or 5s= A, EM wave propagates one waveleng’rh
ahead of electron per period
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m"g FEL dynamics

ANV ANV
il i

electron move constantly against external field




il

Optical Klystron

M M U U E{:;gfm

this works, but is not very efficient
bunched beam would be better

energy spread

N\m

[ £y T4 phase

beam

separatrices

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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beam bunching

i)

energy spread

Ep ic U electron

beam




!s"s Optical klystron

FEL action results in a bunched beam
but the bunches are not at the right point

energy spread

A separatrices
ase

| | | |

we heed bunches here

need time delay section
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!h"[s Principle of optical klystron

mirror mirror

* A | A A 7y oS | A | A | A | A A A /\
|

v v v v v v v v v y v v v y v

A
|

|
v

A
|

v

energy modulator  Time delay amplifier N
section

2

electron
beam
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!ﬁ"rﬁ SASE

FEL works only for wavelength where mirrors exist

mostly visible, IR, FIR and microwaves

how about an x-ray free electron laser ?

amplification can occur only in one pass !

it can work |

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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!,q“ 53 um SASE

0.5
0.4
3 i
G
= 03
5
= i
8
g 02
o
)
O |
0.1
0.0
1 11 21

number of undulator periods (77 mm each)




Iﬂ’fs how does that work?
QLA

consider bunch
there is always a density fluctuation

fluctuation acts like a bunch, emitting coherent radiation

coherent radiation propagates faster than electrons

field acts back on bunch generating periodic energy variation
energy variation transforms into bunching at desired wavelength

generating even more radiation growing exponentially

need long undulator: ~ 100 m (SLAC)

for 1A radiation: need electron energy about 15 GeV

need high quality, high intensity, low emittance beam

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA
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)

X-rays from Low Energy Electron Beams

314




m’[s types of radiation

Thomson/Compton Scattering
Channeling Radiation
Parametric x-rays
Smith-Purcell Radiation
Crystalline Undulator

Resonant Transition Radiation
Stimulated Transition Radiation
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)

Compton scattering
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s[h Thomson backscattering

€ ph (eV) 4,959 ——

AL (Mm)
For 25 MeV electrons:
Incoming radiation backscattered radiation
coherent FIR, 100 - 1000 um 12-120 eV
CO, Laser, 10um 1200 eV
YagLaser, 1um 12.0 keV
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Channeling radiation

- ICIYS

wh
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Iq’ljs Channeling - 1
J

|||||||||||

Channeling-radiation spectra . Py 40 om e(JOO)_'
from 8.0-MeV €lectrons ' 0o = %
along the (100) and (110)

planes of ruby, obtained at the
superconducting linac at
Darmstadt [ Freudenberger et
al. NIM B119 (1996) 123].

Counts x ‘IOS
@)
m

05

l Ruby 40 pm (110)
O O 1 " 1 L 1

~0 10 20 30
Photon Energy (keV)

USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 319




!h"[s Channeling - 2

Channeling radiation spectra
obtained from diamond crystals
after substraction of
bremsstrahlung background

(H. Genz)

10" Photons / (¢ sr eV)

Diamond (110) 1-0 |
L=42 pm
E,=10.0 MeV

Diamond (110) 1-0

> L =204 ym
5 E,=10.0 MeV
‘0
< 2f
2
Q
=)
=
A 1}
e
0 R 1 N 1 1
5 10 15
Photon Energy E, (keV)
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L

—PXR
PXR asdiffraction of
virtual photons ]
assoclated with oY =
relativistic charged =D SR Q?
particles 0,
(A. Shchagin) N
.\\\‘\ .
&y
PXR reflection
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!H“ Photon energy of PXR

PXR is emitted under the Bragg reflection rule

Bragg reflection
2d9nf = nA
() @ (©) () @ @ () (©)
«—>
d
example
forS d=18A L=14A or 88keV
0 =22.5deg




Si crystal

Silicon Crystal Structure

(&
- e

The above dlustration shows the

o c : arrangement of the siicon atoms m a
_ P et unit cell, with the munbers indicating the
0 height of the atom abowve the baze of
fer Fittel t'hta t:ub.e as a fraction of the cell
dimension.

Sllicon crystallizes in the same pattern as diamond, i a structure which Asheroft and
Iermin call "two mterpenetrating face-centered cubic” prirmitive lathices. The lines
between silicon atoms in the lattice flustration indicate nearest-neighbor bonds. The
cube side for silicon 12 0943 nm. Germanm has the same diamond structure with a

cell dimension of 566 nm.




PXR

‘D‘:'l'l'l'l'l'l_'l'l'l'l'l'l':
4 baam srergy=T0 Mal
- Datecinr-Crysial Distanre=100 ¢m
e Dataciar-a" baam angles9 deg.

[faca] / (PXA Plarm)
[111]4{111)
[111]76111) A
[111]7=A11) ]
[111]44111)
[0D2] 7 {002)
[100] / <220

o
“
2l

o
*
1

Intengity [photnsfe/mm’

10*

Fig. 1. Calculated X-ray intensities for several 500 gm thick crys-
lal targets for several reflection planes and crystal face
planes. The upper energy limit of each case was limited
by a requirement of an angle of more than 9 deg between
the detector and the electron beam axis.
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Crystalline undulator
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led by

). Vertical
104 (Krause et.al.)

Crystalline undulator

(schemati
scale magn
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Resonant TR-theory

use stack of layered low-Z/high-Z material

Ni
/

v

d

resonance condition in electron frame: d* = % — NA*

radiation observed in lab frame: A1 = % (1+ y26?)
Y

for L, = 1A and E =20 MeV, weneed d =320 nm
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Resonant TR-Ispirian

1435 mm '

Luminescent
X-ray detector | position monitors

:
|
. |
RTR experlmental \ jCollimating pinhole ~ Target | / \
Setup at the Yerevan To PHA<— —— - i \ /
Physics I nstitute pastorage | AT & T T o

fing

Steer

¢-2¢ stage
Electron trajectory

Faraday cup .. Current integrator

Vacuum chamber Q-

Target region

1.0-um-thick SiN membrane

ww 0z

Multi layer radiator

10 pairs

TF _____________ ' o
Carbon: 221.0£7.4 m K.A. Ispirian

Si substrate  Nickel: 175.6 + 5.8 nm
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Resonant TR-Ispirian

10.0 T T 1 T u
| (b) 6 =25.5 mrad

@
{ P AN
?s":@u

0 3000 (eV) 7000
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i) STR

radiator
Sy S,

A

FIR radiation: 50 <A <1000 um

VUV-radiation: 150 eV <g,, <7 eV




