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Unit 3 - Lecture 5
RF-accelerators:
Synchronism conditions

William A. Barletta

Director, United States Particle Accelerator School
Dept. of Physics, MIT
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Final Exam schedule:

8.277 Introduction to Particle Accelerators
Room 4-145 Thursday, May 22 9:00AM - 12:00NOON

You may use your lecture notes
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|I|i|- Will this work? e

g RE-cavity
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I"li]’ Wecanvary B in an RF cavity . }
* %

Note that inside the cavity
dB/dt # 0

g RF-cavity
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pagp— ) ) i * ®
|I |" RF-cativties for acceleration * *
** **

V. Veksler

. N\

Microtron £A Synchrotron
i iunac
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- . i i *
I§] Linacsize is set by E,,; why not one gap? o

Note that in cavity
dB/dt #0

g RF-cavity
Synchronism condition:
At = N/f;

rev

US Particle Accelerator School




|||i|- RF accelerators
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II I- = The synchrotron introduces two new ideas: * %
& change o, « e,

change B

dipole

* For low energy ions, f.,,
Increases as E, , Increases

% ==> Increase w,; to maintain
synchronism

* For any E,; , circumference
must be an integral number
of rf wavelengths

L=hA,
* h is the harmonic number
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|| |i|- Ideal closed orbit in the synchrotron . }
** 4

% Beam particles will not have
Identical orbital positions &
velocities

* In practice, they will have
transverse oscillatory
motion (betatron
oscillations) set by radial
restoring forces

% An ideal particle has zero
amplitude motion on a

closed orbit along the axis \\,g\( "
g ™

of the synchrotron
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|| |i|- Ideal closed orbit & synchronous particle e Sy

% The ideal synchronous
particle always passes
through the rf-cavity when
the field is at the same phase
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Illil- Synchrotron acceleration e
** **

% The rf cavity maintains an electric field at w,=h w,,, = h 2zv/ L

rev
% Around the ring, describe the field as E(z,t)=E,(z)E,(t)
% E,(z) is periodic with a period of L

t
E,(t) = EoSin(fwrf at + ‘Jﬁo)
t

o

t
% The particle position is  2(t)= z,+ [ vt
tO

I E(2)

| | |
-L -g/2 g/2 L
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I§1 Energy gain o2 =
*ﬁ' **

% The energy gain for a particle that moves from 0 to L is given by:

L +g/2

W =q[ E(zt)-dz=q [ E,(9E,(t)dz=

0 -g/2

t
- ngZ(t) - quSi r{fa)rf dt + (po = qV
tO

% V is the voltage gain for the particle.
= depends only on the particle trajectory
= includes contributions from all electric fields present
* (RF, space charge, interaction with the vacuum chamber, ...)

% Particles can experience energy variations U(E) that depend on energy
= synchrotron radiation emitted by a particle under acceleration

AE 1y =0V +U(E)
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Ili1 Energy gain -1l o2 =
*ﬁ' **

% The synchronism conditions for the synchronous particle
= condition on rf- frequency,
= relation between rf voltage & field ramp rate

% The rate of energy gain for the synchronous particle is

dE, _ AL evVsing, = LeVsingpS
dt L hA,

* Its rate of change of momentum is

dp . eV .
>=ek_dgngp.=—9n
dt 0] (pS L (pS
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|||i|- Beam rigidity links B, p and p ki o

* Recall that p, = epB,

% Therefore, _
dB, _Vsing,

dt pL
* If the ramp rate is uniform then Vsing, = constant

* In rapid cycling machines like the Tevatron booster

B()=B_ + B ; Brin (1— cos2af t)

cycle

* Therefore Vsing, varies sinusoidally
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Phase stability
&
Longitudinal phase space
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Hhir Phase stability: Will bunch of finite length +* *a;
stay together & be accelerated? « M

é % Let’s say that the synchronous particle

V
makes the it" revolution in time: T,

O—F)]

Will particles close to the synchronous
particle in phase stay close in phase?

Discovered by MacMillan & by Veksler
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II I- = What do we mean by phase? * P+
'l Let’s consider non-relativistic ions o, %
Synchrotron
F - A AE

_ gging

. ; Synhronous
b —
. \
A.ép B '....\
/| i 3
'.\.. J,\I” ! I ..\-.." e t
\'-\ ‘.4'.'. ¢5 ‘."- q)
. g
N

From E. J. N. Wilson CAS lecture
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How does the ellipse
change as B lags
further behind A?




II I.- How does the ellipse change as * P *
B lags further behind A? o,

N

R

How does the size
of the bucket

R \ h h
/ / change with ¢, ?
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II I.- This behavior can be though of as phase ~ *"
I or longitudinal focusing

% Stationary bucket: A special case obtains when ¢, =0

= The synchronous particle does not change energy
— All phases are trapped

* We can expect an equation of motion in ¢ of the form

d .
_czp +Q°sing=0 Pendulum equation

ds
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o w x
I| |" Length of orbits in a bending magnet * *
** **
_ b _pBymgc
"T, qB,

L, = Trajectory length between A and B
L = Trajectory length between Aand C

=g 22 where « Is constant
Py

For y >>1 :A—L:aAp ocAE

L, P, E,

IR

In the sector bending magnet L > L,sothata>0
Higher energy particles will leave the magnet later.
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|||i|- Definition: Momentum compaction xS
** **
AL A
AL _ Ap
L p
AE/E >0 Lo
o = f&ds
o P

where dispersion, D,, Is the change in the
closed orbit as a function of energy

Momentum compaction, ¢, Is the change In the
closed orbit length as a function of momentum.
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1§ Phase stability: Basics T
®
* Distance along the particle orbit between rf-stations is L

% Time between stations for a particle with velocity v is

Tt=LN
* Then At _AL Av
T L Vv
% Note that
Av_1Ap (Exercise)
v y'p

% For circular machines, L can vary with p

* For linacs L is independent of p
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1§ Phase stability: Slip factor & transition *

% Introduce vy, such that

AL 1 Ap

L 7' p

% Define a slip factor 1 1
ns—-—-

YooV

% At some transition energy n changes sign

% Now consider a particle with energy E, and phase y, w.r.t. the rf that
enters station n at time T,

Station n Station n+1
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Il Iil- Equation of motion for particle phase *

% The phase at station n+1 is

wn+1 = wn + a)rf (T + AT)n+l

_ At
- wn + wrf Tn+1 + wrf Tn+1
T n+1

% By definition the synchronous particle stays in phase (mod 2m)
* Refine the phase mod 2n

* AT A
¢n+1 = ¢n + W rn+1(_) = ¢n + N, rn+1(_p)
T n+1 \TJ p n+1

harmonic number = 2xN
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N - . o . = %
II II I Equatlon of motion in cenergy » -
* ®*

* %

(E) ..=(E;) +eVsing, andingeneral E,, =E,+€eVsing,

Define AE=E - E, inwsmp- | AE . =AE_ +eV(sing, -sing,)

_ > AE
Exercise: Show that AP = C2
p v° E
Then
e’
¢n+1 p— ¢n + ©n T AE

E V2 n+1

S
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1§ Longitudinal phase space of beam { *

AE/E

i 8

Solving the difference equations will show if there are areas of
stability in the (AE/E, ¢) longitudinal phase space of the beam
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* x
|||" Phase stability, AE/E = 0.03, ¢,=¢. x %
* *
* %
0.30
Ww 0.10
~
w
S - : —
T) 0.00 0.05 0.10 0.15 0.20 0.25 0.30
Q 0.0
-0.30
Phase space tracking through 1000 turns in the accelerator

-0.50

Phi
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1§ Phase stability, AE/E = 0.05, ¢,=¢, AL

0.50

0.30

w 0.10
S~
w
o <:‘:.§._'f‘““ ‘
"T'; 0.00 0.05 0.10 TS 020 ) 0.30 0.35
Q .10

-0.30

-0.50

Phi
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||||| Phase stability, AE/E = 0.1, ¢.=¢ o o
n S ** **
§ T 0.80

Phi
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||||| Phase stability, AE/E = 0.2, ¢.=¢ o o
n S ** **

E-l!oo 1.00 1‘50

8 | .

-0.30

-0:50

Phi
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II Iir Phase stability, AE/E = 0.3, ¢,=¢,

050

-1/50

Delta E/E

-0.30

-0:50




Il |ii' Phase stability, AE/E = 0.4, ¢,=¢,

0:50—

Delta E/E

-0:50—

3.00

4.00



1§ Phase stability, AE/E = 0.405, ¢,=¢, o o
| 0.50 — * . **
-:"; 4.00 6.00 8.00 T

/

Phi
Regions of stability and instability are sharply divided
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||||| Phase stability, AE/E = 0.45, ¢,,=¢, ot o St
* 7 Fr
g -4/00 6.00 8.00 10.00 12.00 14.00

Phi
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I1]j| Phase stability, AE/E = 0.5, ¢, =9 AL,

1.00

-8.00

Delta E/E

-0:50—

Phi
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0:50—

0.30

0.10

-9.00 0.00 1.00

Delta E/E

-0.10 -

-0.30

-0:50—



- . ** *
IliI” Phase stability, AE/E = 0.6, ¢ =¢ "
| n—Ps
** **
w 0.10 -
w
- |
g -10.00 -9.00 -1.00 -0'100.90 1.00

Phi
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Here we’ve picked the case in which
we are above the transition energy

(typically the case for electrons)
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I N . . . " e
I I" Consider this case for a proton accelerator * *
* *

* %

0:10

Transition crossing

AE/E

-0:10—

¢
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II I- == Case of favorable transition crossing * P *
Il in an electron ring o, *
0.40 -
0.30 -
Transition
w
~ |
w
< -2.00 -1.00 5.00
: : -0:20—
Injection
-0:30—
| Synchrotron
-0.40- oscillations
-0.50 -

q;s )
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% Phase-energy oscillations mix particles longitudinally within
the beam

% What Is the time scale over which this mixing takes place?

* If AE and ¢ change slowly, approximate difference equations
by differential equations with n as independent variable
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- . *
Il I- = Two first order equations ==> :* *:
"I one second order equation o
. T
d_@ — lerf AE
dn B E,
and
dA—E=eV(Sinqo—Sinqps)
dn
yield
dch nwrfT . .
= eV(shp-9n i
dn? ﬁzEs (Sng @) (Pendulum equation)
If

V =constant and ddEnS Is sufficiently small
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Ilj1" Multiply by d¢/dn & integrate X

d? c0 dg erf‘f c0
dn = eV SNy —sSnhe.)dn

S

1(0'90)2 _ N0yt

——s > eV (cosp — Sing,) + const

Rearranging

dCP nw;t -
+ eV (cosp — Sin = const
4 dn) o eV (cosg - sing.)
\_

— o

“p.E” = Total
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IHi1 “Energy” diagram for cos ¢ + ¢sin ¢ { *

Stable /
Unstable /\ \/

Particle on separatrix /
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H . w ¢
|I |" Stable contours in phase space 1L
** **
dfp nw;T
& - AE
: 1(de ? N T :
Into ==X | + " aV(cosp - sing.) = const
2( dn) E. (Cosg - sing;)

2
(AE)2 + 2eV PE, (cosp - sing,) = const
nwrf T

for all parameters held constant
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IliI’ For¢,=0 we have DES
NG NG N\
NN =T

We’ve seen this behavior for the pendulum

0/2n
Now [et’s return to the question ot frequency
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«== FOr small phase differences, A -, , *
'l ; R
we can linearize our equatlons o
d? d°A nwr’v
d—n(g - dn—z(p =~ &V(Eng-sing,)
Nw; T _ :
= e eV(sn(p,+ Ag)-sin,)
4 Nw,T
~ 47 4n?p°E. eV cosg, [Ap
(harmonic oscillator in A¢) \ j
\

- V52 Synchrotron tune

_ S — na)rf _
Q. = = = eV cosp, = synchrotron angular frequency

S
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|| |i i' Choice of stable phase depends onn *

Q. = |- m;)” eV cosp,
T6°E,

% Below transition (y <vy,),
=> 1 <0, therefore cos ¢, must be >0

% Above transition (y >1,),
=> 1 > 0, therefore cos ¢, must be <0

* At transition Q = 0; there is no phase stability

% Circular accelerators that must cross transition shift the
synchronous phase at y >y,

% Linacs have no path length difference, n = 1/y2; particles
stay locked in phase and Q. =0
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I' I- = Momentum acceptance: maximum * P *
1 momentum of any particle on a stable orbit«,  »

Ap 2qv ( Ap ) _FQ_ 2av
Po )ace 7 hmc|BC P, Po Jpce  2Q whinc|Bep,
1 Q= 1 q\7
FQ)= 2(,/Q2 -1 —arccosa) Csing, U,
Over voltage factor
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Illil- How can particles be lost ol o Bi
** **

% Scattering out of the rf-bucket

— Particles scatter off the collective field of the beam
— L_arge angle particle-particle scattering

* RF-voltage too low for radiation losses

AE s =GV +U(E)

@
&
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IHiI” Matching the beam on injection o2
*ﬁ **

% Beam injection from another rf-accelerator is typically
“bucket-to-bucket”
= rf systems of machines are phase-locked

= pbunches are transferred directly from the buckets of one machine
Into the buckets of the other

* This process Is efficient for matched beams
= [njected beam hits the middle of the receiving rf-bucket

= Two machines are longitudinally matched.
» They have the same aspect ratio of the longitudinal phase ellipse
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ll Ii |- Dugan simulations of CESR injection e Sy
* * **

Matched transfer - first hundred turns

del E}iMeV)
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II I- = Example of mismatched CESR transfer: ~+ *
1 phase error 60° D,
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