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 Equations

 Definitions

 Processes

 Reflection and Transmissions Coefficients

 Complex Plane (Conformal Mapping) and Smith Chart

- Coaxial Line
 Arbitrary Impedance

 Short Circuit

 Arbitrary Impedance

 Open Circuit

 Matched Impedance
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Transmission Line Equations

Apply Kirchhoff’s voltage and current laws:
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Traveling Wave Solutions
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Traveling Wave Solutions
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The Lossless Line

 In many practical cases, the loss of the line is very small and so
can be ignored.
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Field Analysis of T.L.
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C1and C2 are line integration contours, 
S is the cross-sectional surface.

Field lines on an arbitrary TEM transmission line.
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Field Analysis of T.L.
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C1and C2 are line integration contours, 
S is the cross-sectional surface.

Field lines on an arbitrary TEM transmission line
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Example

Geometry of a coaxial line with surface resistance RS on the inner and
outer conductors.

γ is the propagation constant of the line.

RS is the surface resistivity.

ε ′′−ε′=ε j.

rµµ=µ 0

( ) ρ
ρ

= γ− ˆ
ln

ze
ab

V
E 0

φ
πρ

= γ− ˆze
I

H
2

0

ρ

ab

µ,ε

RS

θ

y

x



Massachusetts Institute of Technology                   RF Cavities and Components for Accelerators                 USPAS 2010 10

Example – Calculation of L
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Example – Calculation of R
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Parameters for Some Common TLs
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Problem : Find characteristic impedance of Coax, with a=0.4cm, b=1.14cm 
and εr=1.5
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Lossless Coaxial Line

 Propagation Constant

Wave Impedance

 Characteristic Impedance

 Power Flow

 The flow of power in a transmission line takes place entirely via the electric and 
magnetic fields between the two conductors; power is not transmitted through the 
conductors themselves.

 For the case of finite conductivity, power may enter the conductors, but this 
power is then lost as heat and is not delivered to the load.
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When coaxial cable is terminated by characteristic impedance, the line is perfectly matched and the voltage is 
constant along the line. The VSWR=1

Coaxial line terminated by characteristic impedance.

E-field in coaxial line. Orientation depends on phase - position along the line.

Coaxial cable as a transmission line with TEM mode
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H-field in coaxial line. Orientation depends on phase - position along the line

Surface charge density induced in coaxial line. The sign depends on phase - position along 
the line.
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Surface current in coaxial line. Orientation depends on phase - position along the line.
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Voltage on coaxial line does not depend on time and position, because the load is matched.
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Voltage on coaxial line does not depend on time and position, because the load is matched.
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Coaxial line terminated by an impedance different than the characteristic impedance. 

E-field in coaxial line. Orientation depends on phase - position along the line. The VSWR depends on 
reflection coefficient.
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Voltage on coaxial line depends on time and position.

Voltage on coaxial line depends on time and position, but does not go to zero.
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Coaxial line terminated by open circuit. The VSWR=indefinitely large.

Coaxial line terminated by short circuit. The VSWR=indefinitely large.
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Voltage on coaxial line depends on time and position. The VSWR=indefinitely large.

E-field in coaxial line. Orientation depends on phase - position along the line.
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Voltage on coaxial line depends on time and position, and at nodes, goes to zero .
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Line length L
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Smith Chart

Smith Chart was developed in 1939 by P. Smith at the Bell
Telephone Laboratory.

One can develop intuition about transmission line and 
impedance-matching problems by learning to think in terms of 
the Smith Chart.

Smith Chart is essentially a plot of the voltage reflection
coefficient, Γ, inthe complex plane.

It can be used to convert from voltage reflection coefficient ( Γ )
to normalized impedances (z=Z/Z0) and admittances (y=Y/Y0), 
and vice versa.
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Smith Chart
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Complex Γ Plane with z Circles

The Smith Chart is  a plot of the voltage reflection coefficient, Γ, on  
the complex plane superimposed with impedance circles.

The complex Γ plane.

The impedance circles.
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Conformal Mapping - Γand Z

If a lossless line of characteristic impedance Z0 is terminated with a load
impedance ZL, the reflection coefficient at the load can be written as:
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The real and imaginary part of the above equation can be found by 
multiplying the numerator and denominator by the complex conjugate of the
denominator to give:
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The rL Circles

( ) 22

22

1
1

ir

ir
Lr

Γ+Γ−

Γ−Γ−
=

2222 12 iriLrLrLL rrrr Γ−Γ−=Γ+Γ+Γ−

1
1
2

1
22 =Γ+Γ+

Γ+
Γ

−
Γ+ ir

r

rL

r

L rr

1
1
2

111
22

22

=Γ+Γ+
Γ+
Γ

−







Γ+

+







Γ+

−
Γ+ ir

r

rL

r

L

r

L

r

L rrrr

2
2

2

1
1

1 







Γ+

=Γ+







Γ+

−Γ
r

i
r

L
r

r



Massachusetts Institute of Technology                   RF Cavities and Components for Accelerators                 USPAS 2010 44

The rL Circles
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The xL Circles
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The xL Circles
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The rL xL Circles
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Features of the Smith Chart

All resistance circles have centers on the horizontal Γi=0 axis and all 
pass through the point Γ=1.

The reactance circles have centers on the vertical  Γr=1 line, and pass 
through the point Γ=1.

The resistance and reactance circles are orthogonal. 

Smith Chart can be used to compute the normalized input impedance at 
a distance l away from the load.

 Plot the reflection coefficient ( Γ )at the load

 Rotate the point cw an amount 2βl around the center of the chart (toward the 
generator)

One full rotation around the center of S.C. corresponding to a phase
shift of 0.5λ . A 180°rotation corresponding to λ/4 transformation; this
facilitate the impedance circles to be used as admittance circles.
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Features of the Smith Chart

Γ plotted directly in magnitude and phase

Outside of chart (r =0  circle) is Γ=1

Center pf chart is Γ=0 (i.e.: Z = Z0 )

Top half – inductive x or capacitive b circles

Bottom half – capacitive x or inductive b circles

Left side is short – right side is open

Position on TL? – Rotation, λ toward generator or load
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Nomograph

VSWR

Voltage Reflection Coefficient

Power Reflected (%)

Return Loss (dB)

Power Transmitted (%)

Transmission Loss (dB)
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The Z Smith Chart

Only impedance circles are plotted 
on the Γ-plane.

The chart looks quite “clean” but 
conversion between Y and Z must 
be done by a          rotation.λ/4
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The ZY Smith Chart

Impedance and admittance
circles are both plotted 
on the Γ-plane.

The chart looks confusing
but conversion between
Y and z is automatic.



Massachusetts Institute of Technology                   RF Cavities and Components for Accelerators                 USPAS 2010 66

standing waves result when a voltage generator of output
voltage (VG = 1sinωt) and source impedance ZG drive a load
impedance ZL through a transmission line having characteristic
impedance Z0, where ZG = Z0/ZL and where angular frequency
ω corresponds to wavelength l (b). The values shown in Figure
a result from a reflection coefficient of 0.5.

Here, probe A is located at a point at which peak voltage
magnitude is greatest—the peak equals the 1-V peak of the
generator output, or incident voltage, plus the in-phase peak
reflected voltage of 0.5 V, so on your oscilloscope you would
see a time-varying sine wave of 1.5-V peak amplitude (trace
c). At point C, however, which is located one-quarter of a
wavelength (l/4) closer to the load, the reflected voltage is
180° out of phase with the incident voltage and subtracts from
the incident voltage, so peak magnitude is the 1-V incident
voltage minus the 0.5-V reflected voltage, or 0.5 V, and you
would see the red trace. At intermediate points, you’ll see
peak values between 0.5 and 1.5 V; at B (offset l/8 from the
first peak) in c, for example, you’ll find a peak magnitude of
1 V. Note that the standing wave repeats every half
wavelength (l/2) along the transmission line. The ratio of the
maximum to minimum values of peak voltage amplitude
measured along a standing wave is the standing wave
ratio,SWR, SWR=3.

Figure  1
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Here, point L represents a normalized
load impedance zL = 2.5 – j1 = 0.5/18°
(I chose that particular angle primarily
to avoid the need for you to interpolate
between resistance and reactance
circles to verify the results). The
relationship of reflection coefficient and
SWR depends only on the reflection
coefficient magnitude and not on its
phase. If point L corresponds to | G | =
0.5 and SWR = 3, then any point in the
complex reflection-coefficient plane
equidistant from the origin must also
correspond to | G | = 0.5 and SWR = 3,
and a circle centered at the origin and
whose radius is the length of line
segment OL represents a locus of
constant-SWR points. (Note that the
SWR = 3 circle here shares a tangent
line with the rL = 3 circle at the real
axis; this relationship between SWR
and rL circles holds for all values of
SWR.)
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Using the standing-wave circle, you can determine input
impedances looking into any portion of a transmission line
such as Figure 1’s if you know the load impedance. Figure
1, for instance, shows an input impedance Zin to be
measured at a distance l0 from the load (toward the
generator). Assume that the load impedance is as given by
point L in Figure 2. Then, assume that l0 is 0.139
wavelengths. (Again, I chose this value to avoid
interpolation.) One trip around the Smith chart is
equivalent to traversing one-half wavelength along a
standing wave, and Smith charts often include 0- to 0.5-
wavelength scales around their circumferences (usually
lying outside the reflection-coefficient angle scale
previously discussed).
Such a scale is show in yellow in Figure 2, where
clockwise movement corresponds to movement away from
the load and toward the generator (some charts also include
a counter-clockwise scale for movement toward the load).
Using that scale, you can rotate the red vector intersecting
point L clockwise for 0.139 wavelengths, ending up at the
blue vector. That vector intersects the SWR = 3 circle at
point I, at which you can read Figure 1’s input impedance
Zin. Point I lies at the intersection of the 0.45 resistance
circle and –0.5 reactance circle, so Zin = 0.45 – j0.5.

Figure 2
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A 100-Ω transmission line with an air dielectric is terminated by a load 50-j80Ω. Determine the
values of the VSWR, the reflection coefficient, and the percentage of the reflected power. If the
power incident at the load is 100 mW, calculate the power in the load. If the generator frequency
is 3 GHz and the line is 73 cm long, find the input impedance at the generator. What are the
values of the maximum and minimum impedances existing on the line?

TL

ZR=50-j80Ω

73 cm

VG
100 Ω
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N M

L

• •

•

•

•

ZLN

ZGN

• G

P=0.56

1.68dBS=3.6

Solution

Step 1: Normalize ZLN

89050
100

8050 .. j
j

Z LN −=
−

=

Step 2: Plot ZLN and draw VSWR   
circle thru ZLN.

Step 3: Mark off a length equal to the
circles’ radius on the H scale. The
reflection coefficient is P=0.56. Same
on the G scale for reflected power,
P2×100=0.32×100=32%. The reflected
power is (32/100) × 100=32 mW and
the power in the load is 100-32=68
mW.
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1.68dBS=3.6

Solution cont..

Notice that the reflected power is 10
log(32/100)=-4.95dB w.r.t the incident
power while the load power when
compared with the incident power is 10
log(68/100)=-1.68dB

Step 4: From the center of the chart
draw a line thru ZLN and extend the line
to the peripheral scales.

cm
cm

f
c 10

103
103

9

10
=

×
×

==λ
sec/

sec/

Therefore, 73 cm is equivalent to 
7.3 λ.
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P=0.56

1.68dBS=3.6

Solution cont..

Identical impedance values on a
mismatched line repeat every half-wave
length, which is the distance covered by
one complete revolution on the Smith
chart. A distance of will require
14 complete revolution together with
additional rotation of in the CW
direction toward the generator.

7.3 λ.

0.3 λ.

On the inner peripheral wavelength
scale, the distance from ZLN position to
the null position, N, is 0.118λ. We must
then travel toward the generator a
further 0.3λ-0.118λ= 0.182λon the
outmost peripheral scale and arrive at
G.
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P=0.56

1.68dBS=3.6

Solution cont..

Step 5: Draw a line from G to the center
of chart. Point ZGN of intersection
between this line and the VSWR circle
represent the normalized input
impedance at the generator; therefore,
ZGN =1.18+j1.43 and the de-normalized
value is 118+j143Ω. The min. and max.
impedance values on the line,
respectively occur at N and M. At N the
normalized value is 0.28+j0 so min.
impedance is 28 Ω (Z0/S) and the M is
3.6+j0 so max. impedance is 360 Ω or
(S×Z0).
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