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"H-s Dispersion
QILUA

First, consider a very simple sinusoidal electromagnetic wave
propagating along along the x-axis, with electric field

E = Acos(wt — kx)

ol

Vo zco/]{

V, Is the phase velocity. The phase velocity is the velocity at which
the crest of the sinusoidal wave move through space. If one moves

the observation point from 0 to x, the wave will arrive ¢, = —
p
Later and t, Is referred to as the phase delay.
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I""[a Disgersion
) ||

In vacuum (free space) the wave vector is given by k = a/c and the
phase velocity is just the vacuum velocity of light. In a material the
wave vector Is given by k = wn/c so that the phase velocity Is the
vacuum velocity of light divided by the refractive index n.

Lets consider the a superposition of two waves at slightly different
frequency, that is:

E = Acos(wyt — kyx)+ Acos(wot — kox)
=2Acos(mr — kx)cos(Ams — Akx)
| have defined four new guantities as:
o =0+Aw, i =k+Ak
Wy =0—A®, kp = k—Ak
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I'(H.s Dispersion
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Iq.ll.a Dispersion
) | —_—

V, Is the group velocity and v, is the phase velocity. The crests of the
wave still move at the phase velocity but the modulations move at the
group velocity. As before the group delay Is defined by: t, = x/v,

There s another, slightly different, definition of the phase and
group delay. When a wave travels over a certain distance x, through
some medium, it will accumulate phase. In complex notation, the
output field is related by the input field by

Lour = Efnej(l)
¢ = kx
Referring to these equations, it can be seen that the phase and

roup delay can also be expressed as:
group y P 0 @

L, =—,[, =
P o
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Ih"[s Dispersion

QILUA

How fast do signals travel?

When an electromagnetic wave travels through a medium, it
accumulates phase. Naturally, the question arises what the velocity
IS at which a signal propagates. This in not the phase velocity. The
phase velocity is the velocity of the waves or, put in other words, it
IS the velocity at which the zero crossings of the field propagate.
Thus, the phase velocity at frequency «, is the velocity at which
the wave E(t,x)oc cos(ayt-kx) propagates. A perfect cosine repeats
itself every 27 radians and cannot therefore transport any
Information. Information is, for example, a series of bits that can
only be encoded on a electromagnetic wave by modulating it. The

modulations propagates with the group velocity. Right ?
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Iq.'[a Dispersion
I —_—

Unfortunately, things are not that simple. Consider a wave guide,
consisting of a hollow metal tube filled with air.

It can be shown that an electromagnetic O
wave traveling through this wave guide )\
will accumulate the phase /

2
<|>((D)=®CL ((Dj -1
¢ We . Assuming

that the electric field vector Is
everywhere perpendicular to the metal-

air interface (TE mode).
_ 2x.c

We = J . X.=1.841.Using ¢=KL,
we can write:
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Dispersion

0 ]{C/(ZTE X 1012) !
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Ih"fa Dispersion
CoLPAY

®» The frequency scale ~1THz (A~1mm)
®» The “light line” corresponds to light propagating in free space
B At very large k, the dispersion curve becomes the light line

®» Thus, the wavelength of the light (k=2r/A) becomes much shorter than the
diameter of the wave guide.

» \When the wavelength becomes of the order of the diameter of the wave guide
(k—0), the dispersion curve flattens. At k=0, the frequency has finite value,
therefore the phase velocity, which is w/k, is infinite! An infinite velocity means

the electromagnetic wave travels the distance L through the wave guide in zero

time.

0w
®» On the other hand, the group velocity, given by Ve = ok 1s zero at k=0!Thus, in

a wave guide at cut-off the phase velocity is infinite and the group velocity is
zero. If signals travel with the group velocity then at cut-off signals do not travel

atall. This a good example where the group velocity does not represent the signal
velocity.
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I('"[g Dispersion
I

What happens to electromagnetic waves that have frequencies
below cutoff frequency?

These waves are in a “forbidden region,” much like the bad gap
In a semiconductor.

wnetof 0 o2

Therefore, below cutoff the electromagnetic wave is no longer a
propagating wave with well defined wavelength. Instead, the
wave decays exponentially and smoothly. Such wave is called
evanescent wave. Sine k is imaginary, ik is a purely real number.
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Dispersion for Waveguide

()
Parallel Plate Wave guide
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Ih"[s Rectangular Waveguide Resonator (Recap)
QiLVAY

The cavity resonator is obtained from a section of rectangular
wave guide, closed by two additional metal plates. We assume
again perfectly conducting walls and loss-less dielectric.
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Ih"[a Rectangular Waveguide Resonator (Recap)
QiLVAY

The addition of a new set of plates introduces a condition for
standing waves in the z-direction which leads to the definition of
oscillation frequencies

1 PRV » 2
[, = m P e T
©2Jue (aj (bj (dj
The high-pass behavior of the rectangular wave guide is modified
Into a very narrow pass-band behavior, since cut-off frequencies

of the wave guide are transformed into oscillation frequencies of
the resonator.
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IH{% Rectangular Waveguide Resonator (Recap)
CoLPAY

I B .

0 foq fe, f 0 foq fe, f
In the wave guide, each mode is In the resonator, resonant modes can
associated with a band of frequencies only exist in correspondence of discrete
larger than the cut-off frequency. resonance frequencies.
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Ih"[s Rectangular Waveguide Resonator (Recap)
QiLVAY

The cavity resonator will have modes indicated as

TEqnp TMpnp

The values of the index corresponds to periodicity (number of sine or
cosine waves) in three direction. Using z-direction as the reference for
the definition of transverse electric or magnetic fields, the allowed

Indices are
rm:0,1,2,3,... rm:0,1,2,3,...
TE<n=0123,... TM<n=0123,...
\sz,l,2,3,... \p=0,1,2,3,...

With only one zero index m or n allowed

The mode with lowest resonance frequency is called dominant mode. In case
a > d>b the dominant mode is the TE,,.

Massachusetts Institute of Technology
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Ih"l.a Rectangular Waveguide Resonator (Recap)
QiLVAY

Note that a TM cavity mode, with magnetic field transverse to the z-
direction, it is possible to have the third index equal zero. This is because the
magnetic field is going to be parallel to the third set of plates, and it can
therefore be uniform in the third direction, with no periodicity.

The electric field components will have the following form that satisfies the
boundary conditions for perfectly conducting walls.

I =&, COS(ij sin(myjsin(mzj
a b d
. 111t 17t - you
Ey — 5y Sln(anCOS(bYJS”](de
Ey — 52 Sln(anS”](b}/jCOS(de
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Ih"[s Rectangular Waveguide Resonator (Recap)
QiLVAY

The amplitudes of the electric field components also must satisfy the
divergence condition which, in absence of charge is

V.Ezo:(ijX+(ij +(ijZ =0
a b )t d

The magnetic field intensities are obtained from Ampere’s law:

E, B E, (m Y (pr )
_P- — i Zsm(m;{jcos T eos| 22,
JOR

H —y
a b ) \d )

X

E -8B F ( \ [ \ [ )
Hy=BX Z P v cos| 2« |sin ﬂy cos| 2~ ,
JO U va /) b ) \d )
L. -B F [ h [ A
szBy — P Y cos| 1y cos(myjsm P,
JOU \a ) \d )
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Ih"[a Rectangular Waveguide Resonator (Recap)
CoLPAY

Similar considerations for modes and indices can be made if the other axes
are used as a reference for the transverse field, leading to analogous
resonant field configurations.

A cavity resonator can be coupled to a wave guide through a small opening.
When the input frequency resonates with the cavity, electromagnetic
radiation enters the resonator and a lowering in the output is detected. By

using carefully tuned cavities, this scheme can be used for frequency

measurements.
=

Mowvable piston changes
the resonance frequencies —

INPUT L

QUTPUT
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Ih"[a Rectangular Waveguide Resonator (Recap)
QiLVAY

Example of resonant cavity excited by using coaxial cables.

The termination of the inner conductor of the cable acts like an elementary
dipole (left) or an elementary loop (right) antenna.

Excitation with a dipole antenna  Excitation with a loop antenna
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I‘q«'l.s Field Expressions For TE Modes — Rec. WG
)] | —_—

m,n =0,1,2,... but not both zero

E,=0
H, = Acos(lm X) (:os(m yjeT“JBZZ
a D
22 I 17 . ( nm B
Ey=]—5 muACOS(XjSIn(yje 2%
41t d d b
22 mn . [ mm 1 B
Ey =—7 C2 muASIn(XjCOS(yje Pz
41t b d b
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Ih"fa Field Expressions For TE Modes — Rec. WG
)] | —_—

el G J(mfi Bi

a 1))
A = A _ A
BT N AV
V l 1
P w6 e 1- (0,
u/e 1/e

C G 00,7
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mn=123,...

H,=0

VA

E, = Acos(mx

d

2

L. =%y Ao
2T o

2

L, =%y A
ZRKg

Field Expressions For TE Modes — Rec. WG

gy + B,
cos| — s
) ( b )6
el Acos(’m Xj sin(lzc yjeiJBZZ
d

™ Asi n(m Xj cos(m yje%BZZ
1)) a b
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Ih"[a Field Expressions For TE Modes — Rec. WG
QILPA

k _ 7\, _ k d b
BRSO Jl—(fc/mz
1

P Jhei- (1P fﬁ ()

AT W
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|
Determine the lowest four cutoff frequencies of the dominant
mode for three cases of rectangular wave guide dimensions b/a=1,
b/a=1/2, and b/a =1/3. Given a=3 cm, determine the propagating

mode(s) for f=9 GHz for each of the three cases.

The expression for the cutoff wavelength for the TE_, ,mode where m=0,1,2,3,..
and n=0,1,2,3,.. But not both m and n equal to zero and for TM,, mode where
m=1,2,3,.. And n=1,2,3,.. IS gi\ien by 1

(2 +(z)

The corresponding expression for the cutoff frequency is

2 2 2
“ A, Jpe\\2a 2b)  2a.ue b
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The cutoff frequency of the dominant mode TE,,iS 1/2a.jue .Hence

T™,,
™,
TEw T™M, TE,, TE,
TEow TE, TE, TE,
2 T T
a1 Jp 2 5
TE,, TE,
TElO TEzo TM11
b_1] (.
a 2 1 2 \/g
TE,, TE,,
b_1 | |
a 3 1 2
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Iﬂ"[s Rectangular Cavity Resonator
CIPAN

 Add two perfectly conducting walls in z-plane separated by a
distance d.

 For B.C’s to be satisfied, d must be equal to an integer
multiple of A,/2 from the wall.

[ Such structure is known as a cavity resonator and is the
counterpart of the low-frequency lumped parameter resonant
circuit at microwave frequencies, since it supports oscillations
at frequencies foe which the foregoing condition, that is

d:|k9/2, 1=1,2,3,... is satisfied. y
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I
Hence for a signal of frequency f=9GHz, all the modes for which [ ]
less that 1.8 propagate. These modes are: cdltqg
TE,, TEy, TMy;, TE; foOr b/a=1
TE,, for b/a=1/2
TE,, for b/a=1/3

IS

So for b/a<1/2, the second lowest cutoff frequency which corresponds to that of
the TE,, mode is twice of the cutoff frequency of the dominant TE,, . For this
reason, the dimension b of the a rectangular wave guide is generally chosen to
be less than or equal to a/2 in order to achieve single-mode transmission over a
complete octave( factor of two) range of frequencies.
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Ih"[a Rectangular Cavity Resonator
QIPAY R —————

Substituting for A, and rearranging, we obtain
2d A

P \/1_(7\‘/}\‘6)2

1 1 _( P jz

22 a2 \2d
Substituting for A gives

G e

2 2 2

e )
fOSC_ - Tl 57 Tl Ao
A \/E\/ 24 2b 2d
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QLAY

The quality factor is in general a measure of the ability of a resonator to store

energy in relation to time-average power dissipation. Specifically, the Q of a
resonator is defined as

Maximum energy stored Woir
Q=2n =,
Energy dissipated per cycle Pyall
VVm Ww.+W,,

Consider the TE,,; mode:
— € 2 e ®ua 2 ,2ba X e
_ & _ & 2 .2
WE_4IV‘EV‘ dv—4( . ) Ho'([ _([ '([sm (ajsm (djdxdydz

__ abduH?| a 2 a
We = 16 [d2+1} 0)2=0>1201=Tc [12+d12] andj sinz(z(jdx:‘;1

0
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The time average stored magnetic energy can be found as

:Ej H[*+|H v
v X VA

“sz j j—sm ( )COSZ(TEIIZ)+COSZ(?jsinz(?jdXdde

00 09" )
2 2

W= abduH ;| a 1
16 d?

Note that the the time-average electric and magnetic energies are precisely
equal. This should be true in general simply follows from the complex Poyting’s
theorem. Physically, the fact that energy cycles between being purely electric,
partly electric and partly magnetic, and purely magnetic storage, such that on the
average over a period, it is shared equally between the electric and magnetic
forms. The total time-average stored energy is
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We now need to evaluate the power dissipated in the cavity walls. This

dissipation will be due to the surface currents on each of the six walls as
induced by the tangential magnetic fields, thatis  J = nx A . Note that the

power dissipation is given by l‘jS‘ZRS and that ‘J_S‘ = ‘Ean‘
2

R, = \/n i um/U Is the surface resistance.

R, 2
Byall =—j a]]\Htan\ ds =
We

2
b a d D d a
K 2 2 2 2
ol of (itr 2 _sars2f i1, 2 e 2| [{[01,2 1012 s
00 . 00 . 00 )
i front,back right ,left top ,bottom
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After completing the integration steps, we obtain:

P :RSHOZO’Z a £+1+ 2b a3+1
al 4 |\d) 42 d ) 43

Therefore the quality factor Q, is

32
5t 1
O = @ Wsy _ mf1012b d
Byail R,D a az 2h 513
— | —5+1|+ +1
d ) g% d )\ g3
PRRE
—+1
Substituting for f,4;, gives n°nb d°
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For a cubical resonator with a = b = d, we have

. . . 1 1 1
Ro1=a J(2ue) (’10122\/@1/ 5+ 12}
d C

T Mf 1 014 au . -1/2
Qeube = - [8 - (nf“ G) | ]
3R W 1,0 -
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Ih"[a Air-filled cubical cavi
CIPAN

We consider an air-filled cubical cavity designed to be resonant in TE,;; mode at

10 GHz (free space wavelength A=3cm)with silver-plated surfaces (6=6.14x10’S-
m, u.,= K, . Find the quality factor.

1 1 1 C A
101 = a 2UE) = a= = =—~212cm
oL Aas Ao\ 2mees  HoV2 2

At 10GHz, the skin depth for the silver is given by

2
5 = (n x10x10” x 41 x107" x6.14 ><107W ~0.642um

and the quality factor is

a _ 212an

© =35 = 3%0.642um

~11,000
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Previous example showed that very large quality factors can be achieved with
normal conducting metallic resonant cavities. The Q evaluated for a cubical
cavity is in fact representative of cavities of other simple shapes. Slightly higher
Q values may be possible in resonators with other simple shapes, such as an
elongated cylinder or a sphere, but the Q values are generally on the order of
magnitude of the volume-to-surface ratio divided by the skin depth.

w2
_ ___ 2nfy ) | H d
Q=w I/VSLT:(5002‘/1/117:( )ZJ‘V V;EVCQWZJ/
Boar B R § H2ds O Scaviy
2
S

Where SIS the cavity surface enclosing the cavity volume V.
Although very large Q values are possible in cavity resonators,
disturbances caused by the coupling system (loop or aperture coupling),
surface irregularities, and other perturbations (e.g. dents on the walls) in
practice act to increase losses and reduce Q.
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Dielectric losses and radiation losses from small holes may be especially important
In reducing Q. The resonant frequency of a cavity may also vary due to the
presence of a coupling connection. It may also vary with changing temperature due
to dimensional variations (as determined by the thermal expansion coefficient). In
addition, for an air-filled cavity, if the cavity is not sealed, there are changes in the
resonant frequency because of the varying dielectric constant of air with changing
temperature and humidity.

Additional losses in a cavity occur due to the fact that at microwave frequencies for
which resonant cavities are used most dielectrics have a complex dielectric
constant e=¢'— £&" . A dielectric material with complex permittivity draws an
effective current Jog = @.e"E, leading to losses that occur effectively due to E- Jog

The power dissipated in the dielectric filling is
1 * 1 y
Ficlectric = EJ.E Serdv = EIE e L dv

V vV
2
n ea pbh epd
— Dot E,| dydydz
2 JoJodo!
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Using the expression for E, for the TE,;; mode, we have

g" uHozaba’ a°

L dielectric = 5 Qo 2 +1
€ 8 d
w. g’
Q = (DO SZT =
d Pd 4 L

g 2
L =2W, :E..- E,| dv
| 4
The total quality factor due to . 5
dielectric losses is (UX°
and Lgielecrric =5 E,| dv
Vv

__——

1 1 1 =
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"H-s Teflon-filled cavi
QILUA

We found that an air-filled cubical shape cavity resonating at 10 GHz has a Q. of
11,000, for silver-plated walls. Now consider a Teflon-filled cavity, with &= g,(2.05-
j0.0006). Find the total quality factor Q of this cavity.

=[] =t 2o € o €
a=d 2Jue"\ 42 3\/2Hr8r \/Efo\/g

w=1 for Teflon. This shows that the the cavity iIs /g'r smaller, or a=b=d=1.48
cm. Thus we have a
QC — % = 7684

Or «/S'f times lower than that of the air-filled cavity. The quality factor Q, due
to the dielectric losses is given by Q.0
d~c

Q = ~ 2365

Qq +

Thus, the presence of the Teflon dielectric substantially reduces the quality factor
of the resonator.
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4 L CyndealWaveEuncions

The Helmholtz equation in cylindrical z P
coordinates is \
2 2 Z y
18(8\|}j 1Zaw 5\2”+1<2w=0
op\ Op 00> O X b

The method of separation of variables gives the solution of the form

2 2
1l dpdR 1 d°® 1d°Z 5 _,

pRdp dp  p2dm 8% Z 0%
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1§ e CyodcalWaveEunctions

Defene k ;) 2o catiofy
2 2 2
k5 +k; =k

> d ot [ 2l —c

R dp dp

2
d—‘211+H2(I)=O
el
dzZ 2

+ K2 =0

2

Oz
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1§ e CyodcalWaveEunctions

These are harmonic equations. Any solution to the harmonic
equation we call harmonic functions and here is denoted by h(n¢)
and h(k,z). Commonly used cylindrical harmonic functions are:

oy (kpp) ~Jn (kpp)’Nn (kpp)’Hil] (]‘pp)’Hz% (kpp)

Where Julkop) is the Bessel function of the first kind, Val4pp)

Is the Bessel function of the second kind, H}] (1< p) IS the Hankel

P

function of the first kind, and H12] (k p) Is the Hankel function of

the second kind. P

Massachusetts Institute of Technology RF Cavities and Components for Accelerators USPAS 2010



1§ e CyodcalWaveEunctions

L Any two of these are linearly independent.

A constant times a harmonic function is still a harmonic function

L Sum of harmonic functions is still a harmonic function

We can write the solution as :

\V]{p a,k, — BH (kpp)b(ml))b(kzz)
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Bessel functions of 15t kind

1.0

0.8 —\
0.6 \ A

s /T P
0.2 : 4
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Bessel functions of 279 kind

0.6 | I
N N
0.4 o/ Nz __in,

NIVAWN
/
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I
The Julkop) are nonsingular at p=0. Therefore, if a field is finite at

p=0, Bplkyp) must be Julkp) and the wave functions are

Wi ok, =T nlkope/ e

The ng)(kpp) are the only solutions which vanish for
large p. They represent outward-traveling waves If k| 1s

real. Thus B (kpp) must be H,(IZ)(kpp) if there are

no sources at p—o. The wave functions are

\V]{ 1.k, ( )’SJH(I) I
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Jnlkop)  analogousto coskp
Nn(kpp) analogousto sinkp

(1)(kpp) analogous to e ¥

H n
Hr(]z)(kpp) analogous to e
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The J,lkp) and &V n(kpp) functions represent cylindrical
standing waves for real k as do the sinusoidal functions. The

H,(})(kpp)and H,(f)(kpp) functions represent traveling waves for

real k as do the exponential functions. When k Is imaginary (k = -
jo)it Is conventional to use the modified Bessel functions:

K, (ap)= ()" 1) ap)

|,(ap)  analogous to e*P

K,(ap)  analogoustoe™*P
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As in the case of rectangular cavities, a circular cavity resonator can be
constructed by closing a section of a circular wave guide at both ends with

conducting walls. , "

The resonator mode in an actual case depends on r
the way the cavity is excited and the application
for which it is used. Here we consider TE;;;mode,
which has particularly high Q.
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wherem=0123,...;n=123,...;,0=0123,...

/ sinm
Winng = J (anpj (I) S'”(qnzj

a d
wherem=0123,...;n=123,...;0=123,...
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The separation constant equation becomes

X mn ° [ 2 _ 12 For the TM and TE modes,
a d respectively. Setting £ =2n/Jue |
2 5 we can solve for the resonant
(anj +(qﬂj _ 42 frequencies

d
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min 1 1 1
7 for the circular cavity of radius a and length d
I do min ant
d/a TMOlO TElll TMllO TMOll TEle TMlll TE112 TMZlO TMOZO
TEOll

0.00 1.00 o0 1.59 0 o0 o0 o0 2.13 2.29
.50 1.00 2.72 1.59 2.80 2.90 3.06 5.27 2.13 2.29
1.00 1.00 1.50 1.59 1.63 1.80 2.05 2.72 2.13 2.29
2.00 1.00 1.00 1.59 1.19 1.42 1.72 1.50 2.13 2.29
3.00 1.13 1.00 1.80 1.24 1.52 1.87 1.32 241 2.60
4.00 1.20 1.00 1.91 1.27 1.57 1.96 1.20 2.56 3.00
00 1.31 1.00 2.08 1.31 1.66 2.08 1.00 2.78 3.00

Massachusetts Institute of Technology
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Ordered zeros X, of J.(X)

0 1 2 3 4 5
n
1 2.405 3.832 5.136 6.380 7.588 8.771
2 5.520 7.016 8.417 9.761 11.065 12.339
3 8.654 10.173 11.620 13.015 14.372
4 11.792 13.324 14.796

Ordered zeros X ., J ,(X)

0 1 2 3 4 5
n
1 3.832 1.841 3.054 4.201 5.317 6.416
2 7.016 5.331 6.706 8.015 9.282 10.520
3 10.173 8.536 9.969 11.346 12.682 13.987
4 13.324 11.706 13.170
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Cylindrical cavities are often used for microwave frequency meters. The cavity is
constructed with movable top wall to allow mechanical tuning of the resonant
frequency, and the cavity is loosely coupled to a wave guide with a small aperture.

The transverse electric fields (E,, E,) of the TE, or TM, circular wave guide mode
can be written as

E,(p.9,7)=E(p,0) [A+€_JB’MZ + A_e’Bm"Z]

The propagation constant of the TE, ., mode is

' 2
an = K2 _(anj

d

While the propagation constant of the TM,.. mode is

an — K2 —(an)z

d
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Now in order to have E, =0 at z=0, d, we must have A*=-A-, and A*sin £ .d=0 or

B..d =z for [=0,1,2,3,..., which implies that the wave guide must be an integer
number of half-guide wavelengths long. Thus, the resonant frequency of the TE_,
mode Is

NG 2
’ C an+@

g 21 €, a d

And for TM_ .., mode is

s C X, gn

g 21\ €, a d
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Then the dominant TE mode is the TE,;; mode, while the dominant TM mode is the
TMy,0 mode.  The fields of the TM, ., mode can be written as

H, =HO]H(X”1”pjc05m¢sianZ

d

H :ﬁ . ]I'](Xm”ijOqupCOSQZIZ

P /

an d
. 2 ’
H, = pa mzH" JH(Xm”pjsinmqpcosW
(X)) P a d
. 2 ’
L _ JHN4 HZH° ]H(Xm”pjsinmqpsinqnz
(x0,) P a d
E, = chn’ngo ];(anijOS m(DSlnﬂ
X, a d

n=.u/e aed H, =—2]A+J

E =0
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Since the time-average stored electric and magnetic energies are equal, the total

stored energy Is

W = 2W, :Ejdjznﬁ\Ep\z +‘E¢‘2)pdpd(|)dz

240 J0
i 2
z‘:lcznzazn'dHo2 a | _ 9 XmnP ma | .o
- — j_o Jh +| — N
4(xin ) b= a *mn

__8K2n2a4ndT13 1_{:1n jz
8(X’ )2

min
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The power loss in the conducting walls is

=y == o=t hn
42 j:o LO MHP (»=0) +/H,(z=0) ]dedq)}
R ol (pam V| (B2Y(, m? )
| da am a m
M (X’””)<2_1+((X;m)2] +(j (1_(;(;,7)2}

- (K('I)ST](YGI

— ’—2—
4(1‘ mn) K, ad 14 [ Bam L | P ] (1 - m?2 J
E (X;HI] )2 x (X;]m )2
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To compute the Q due to dielectric loss, we must compute the power dissipated in
the dielectric. Thus,

1 x " 2 |2
P, :EIV]-E dvz% VUEP\ +| By }a’v
2

n 2.2 272 a : :
_wekna H; TCd." ( fna j Jg(anpj_l_];]Z(anpj odp

4(X1mn )2 p=0{ \ X mnP a a
n 22 4, 2] 2 |
0e'K H '
= 1,1 32 1_( 1:1? j ]121(an)
8(an) i Xmn |
oW ¢ 1
Gt = P;, € tand

Where taN O s the loss tangent of the dielectric. This is the same as the result
of Qq for the rectangular cavity.
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I,(H's . Loop or Probe Coupling
QILPA

For a probe coupler the electric flux arriving on the probe tip
furnishes the current induced by a cavity mode:

| = we SE

where E is the electric field from a mode averaged over probe tip
and S is the antenna area. The external Q of this simple coupler
terminated on a resistive load R for a mode with stored energy W

IS pA Y.
Cext =5 5,2
Roe™S°F
In the same way for a loop coupler the magnetic flux going
through the loop furnishes the voltage induced in the loop by a

cavity mode: V= wu SH
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