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Motivation for Understanding Field Pattern

For engineering, SR science applications and diagnostic purposes
we need to know...

- photon beam frequency spectrum

- photon beam angular distribution (vertical)
- total photon beam power

- power in a given bandwidth

- photon flux in a given bandwidth

- photon brightness in a given bandwidth

- photon beam coherence, polarization, etc
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Synchrotron Radiation Basics

radiation emission from a storage ring
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SR Basics (cont'd)

radiation emission in laboratory system

direction of

acceleration particle path

Intensity of two modes: ¢ and &

to observer ™

infrared to x-ray spectrum!

(ordinary heat to passage-through-matter)
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SR Basics (cont'd)

First light - GE synchrotron A Billion dollar user machine
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Angular Spectral Power Density Functions

c-mode polarization n-mode polarization

power density power density
F : 5
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o e dQde @

| Can we derive these equations, Prof. Schwinger?
Surely, you're joking...

to abserver
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1/y and the Critical Frequency

electron T

—_————
—
—

@ observer

- o= 4p . ot=10-1° sec!
3cy
3cy®
o, =—— f=10% Hz!
2p ¢

E, = 7keV @3GeV
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log{o\e,)
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direction of

acceleration particle path
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Derivation of Angular Spectral Power Density

Start with Lienard-Wiechert Potentials

t
V()= f '[; E )) scalar potential from charge
ret p 14
A(t) = f Jr((t )) vector potential from current
ret

particle

dA

E=-VW - — electric field
dt p 11
B=VxA magnetic field
ExB _
S = Poynting Vector (power flux)
Ho
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Electro-magnetic field (cont'd)

E--wv -2
dt

B=VxA

After a Jacksonian derivation

1
Et)= ] - p 17,20
dre,c | rl-n-B)

\ J ret
nxE

C

Bt)=

ret
Prof. Hofmann

‘difficulty evaluating the above equations’
‘advantageous to calculate Fourier transforms’
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Fourier Transform Field Equations

- l T —iwt
Ew)= = jw E(t)e '“dt
1 [nx[n B]XB] p-io(t-r(t)/o)
Ea)) \/72'472'8C‘[{ (1n[3) } at PSS

Still looks bad but i and T are approximately constant, except |r| in phase term

Integrate by parts y

o — IC() . 1 T —ia)(t'—r(t')/c)dt
B 0)=—— 47zgoc_£["x["xﬂ]]e p 36

p 58

Decompose vector into components

W™ observer

Eow)= 1 _[[ w 'y, 0 Ot b 61,6465

«/7;47&9&’00%0(’_’/ o .

relativistic approximation
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Small Angle and Relativistic Approximations

E @)= \/— 47rglcr “ a)t,t//O] _Iwﬂ *~r-(-t--)'/0)dt
72- C —
t, . t, ol l//2 - (a)t)3
t'_Mzt'_COSWPS'n(wo ) cosy ~1-2—  sin(o,t') = ot
c c 6 p60-65*
1-p~= 12 0)02@
2y p
1 2.2 2413
, r(t)Nt, 1+72z// . :
C 2y 60
- e 1 7 tid+ %) it
W)= : o.t,p,0)e loo(————=L _—2 dt' p 65
E )m“mg w.0lexp(-io( 57 )
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Change Variables and Integrate

~ | e 1 7 . t'A+y%w?) ¢’
W)= : —o,Ly,0lexp(—-lo + dt’
& )= o Gmnor, AL OV ORI T )

_ B U3 7 N\2/3 R R 3
E( w)= 2 [ 3”} Jusin((zagj '~(1+72w2>“+2jdu
S a, )

27)"¢e,er, | 4o, )t .
o2 2 12/ 3 2/3 I
E = 4 . @ —60 1 2.2 il d
& a)) (272.)3/280ch (4a)cj LCOS[(L]'COCJ ( v >j+ 3} -
~ —\/567/ a) IS g) U \3/2
E( w)= BN (P T Bt I
L) (272')3/280CI'C 2a)C <7/l//)2/3 2a)c (7W) .
E i\/§67/ @ 2 2, | @ s 2312
E = . . 1 K R 1
YO e, 20, Y berty ){20) berv?) ]
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Flux, Energy and Power Density

Return to Poynting’s vector for power flux

_ExB_E* 1 d%U

= 40 (where U is the radiated energy) p41,51
Ho  H,C ™ dQat

S

1. Solve for radiated energy U into a unit solid angle

du

r? 2
— =r’|Sdt = ——| E(t)*dt = — | E(w)*dw ! 51
dO J. ﬂoC'[ ) uOC-[ () (by Parseval’s theorem) p

2. Differentiate with repect to o to find angular spectral energy density

au  2r° ) . .
= E(w) (factor of 2 from positive frequencies only) p 52
dQdew  u,C
3. Note that power=energy/time: P = iU (time interval is one turn)

— 2
0P @, dU  2r'oE()
dQde 27 dQdw 2m1,¢ | Angular Spectral Power Density P52
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Angular Spectral Power Density

2 ~ 2
4P @, dU  2r'o,E()
dQdew 27 dQdw 2zu,c | Angular Spectral Power Density

there are two polarizations

dZP d2P d2P 2r2 ~ 2 _ 9
= o L— E E .
iQdo  dQde | dQdw 27w0p0 X(”)( +‘ y(a’” p 68

where from before

~ —\/éey )] 2 9 4 2 2\3/2
E = * * l K - 1
L) (277)3/2500rc 20, (ﬂ/ v ) Bl 20 (+7/ v )

- i\/§67 «w 2 2 [0 2 2 3/2
E = : . 1 K, .l —1
3( a)) (272_)3/2 gocrc Za)c 7l/j( + 7/ l// ) 1/3(20) ( + 7/ W ) j

we still have to square these expressions



ll
..!S[b The F, and F, Functions

d’P d’P, d P 2rf (‘
dea) dea) dQdew 271l P

m
S
S
N
T+
m
<
—_~
S
S
N
~_

d’P P P
= =2[F, (0.y)+ Fu(0w)]= = F (o) p 83
dQdew w, @,
2r,cm,ciy® . . .
where P, =—2 . ~——. s the total radiated power for one particle
0

and we define

3 2
Fo(ow)=| 2 || 2 (1+72v12)2Kf/a[%(lwzwz)e/z}

27 ) \ 20,
. ) p 84
3 w 2.2 2| @ 2 22
F (ow)=| — || — 1 K 1 :
o (o.v) 22 ) | 20, ot (L+ 72w | [ch(ww) ]

plot as a function of normalize frequency and normalized angle...
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The Angular Spectral Power Density Functions

n-mode

power density

006 |
004 |” ool
04 01
\© O
-1 (\g -1
f)-e log(aeg) TW .3\0 f/’e log{eha,) \C
(7(/@ <\\O QUG } ) @(\g
) & 2 2o : P\
% g N ig “3 \‘e<\\0’3‘
d’°P Py
dea) = [FSO' (a),W)+ FSﬂ (a)’v/)]
F (a) ): i i L 2(1+ 2 2) K 2 (1+ 2 2)/2 F (a) W):[if o 272W2(l+}/21//2)2K2 (1+72W2)3/2
so \ Y 27 ) | 20, /4 2/3 C v sz \& 27 ) | 20, Y3
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Integral Over Vertical Angle

universal dipole flux curve

5.4 The spectral distribution 91

dP /P
dw/wd) |

0.01 <

Lzt
TTIT

0.001 S —rh
0.001 0.01 0.1 1 w/we 10

Fig. 5.5. The normalized power spectrum in double-logarithmic representation.

o Lo o)) e
where S, |- o ([ a0+ Ko () P 89,90
s, wﬁj o3 “’( j Ko ()02 Koo ()
S wﬁJ 957/; w iK;s( 2')dz’ Sands

@
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Integral Over Frequency

5.5 The angular distribution

0.6
1 dP
P d(yy)

0.4 -

w-mode

0.0 T T LU e 2 v o ) [ P LT
0.0 0.5 1.0 1.5 ¥¥ 4p

Fig. 5.9. The angular distribution after integrating over frequencies.

0 2 P 0
P 1L 4o=2L[[F, (0w)+ F.. (0 o
0 0

dQ ¢ dQdw @,
dP. Py 21 1
= p 96

dQ 27Z' 3_2(1+ 7/2'7”2)5/2 .
dP, PRy15 yly?
dQ 27 32 (1+ yzwzy/2 '
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RMS Opening Angle as a Function of Frequency

5.5 The angular distribution

10.0 4ol
5.0 TR

Y Yrms |

0.1

Fig. 5.8. The vert

10 m e e i p a0 e e
0.001 0.01 0.1 1

w/w:. 10

ical RMS opening angle versus the frequency.

95

e
Iy l//% 7 dQ o
(rv?), = fd (:)Qd = sﬁ [ 77y F (@) oy)
o dQ SO —w
dea)
frv w
(rw?) = jd ?)Qd“) SZ” [72vFo @y )dow)
o dQ ST —oo
dQdw

at long wavelengths

1/3
(w?) = 0.449£%j p 96

) = 0.449(5580”:““jﬂ3 _ 2m

r

W )aus =(r2w?)  poa

(opening angle of green light)
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Total Integrals - A Reality Check

total power

VA

2P PS)/ © . S
0o o F.(0v)+F, (o) Id¢ I d( W)O F (0.9 (0/0;) =1
2 4
_U d2pP d0dew =P, P _ 2r0cm0;: Y
dQdw 3p

4
U, ZIPSdtszsds/c:SS.Sm
p(m)

for I=200ma, E=3GeV, p=7.5m, P=200kW, U=1MeV/turn
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Power Through a Diagnhostic Beam Line

Tranmsision Coeficients for SLM MO Mirror 02 windown transmission
1 1
10 TET) = L.
09 4 o | ]
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Cold Finger for Mirror Protection

SiO2 window #1

< cold finger

Photon Beam aperture mask

Electron Beam

Source
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Undulator Radiation - revisited

Weak Field Undulator: B, (z) = B, cos(k,z)

Coordinate system:  R(t') = ﬂl;i COS(QU'['),O,,BC'[')} pl28 7.7

u

p)=|- % Siﬂ(Qut'),O,,B)}
y

=

piey=| 2L

observer
X)

cos(Qut'),0,0)}

particleg

. K _ _ |
r(t')=r,|sin@dcos¢— . cos(Qut'),smesmqﬁ,cose—ﬂi)}
.

p/7 /M p
origin
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Radiation Geometry used in Simulator

18
B
SN
\ <
e S
-
k. \

Fig. 6.1. The geometry of undulator radiation
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A qualitative treatment
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i
< N
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!b”[s Plug Expressions into EM Field Equations

o nx[n-))<] 5 1) ME
dre,c|  r(l-n-B) C

ret

Apply Ultra-relativistic Approximations:

_eQ K7’ [1—;/26?2 cos(2¢),—y°6° sin(2¢),0]

E(t))= COS(Wt ) pl32 7.21
p 3 1°p
72'80Cfp (1+ ]/292)
eQ K, 7°® [y?6%sin(2¢),1- *0? cos(2¢),0
B(t,) = 7l (2¢) el (2¢) ]COS(Wltp)
7T80Cfp (]__|_7/ 2] )
_ 1 = » Finite ID length: sin(x)/x
Fourier Transform: E o)= E:LE(tp)e "dt, /
_ v —. | sin(——aN,) |
{ [1—7/292 cos(2¢),—7/26’23|n(2¢)] {7/N, o, | _ 2y,
El ((()) = Ed\ YN i @ = 22
(1+ 7/292)3 Aw ; 1+ 776
e erren) a)ﬂNu Relativistic
Observer 1 Doppler
........... I5137 2 30 Frequency

Aw=deviation



Re-compute power spectral density

W

_<cr 2
dQdew  u,c ol p139 7.35
_____________ | , - =7
42p, rem,ctk Koy - 7267 cos(2g) ) +(r267 sin2g) PN, Co, ™)
dQdaw ‘\'\'\.‘ _____ 72-___,,.,-"/\/.\"\,\ (1+7/292)5 | @, Aa)ﬂ'Nu
undulator e @,
Observer S ]
ID length
d’P, )
=P[R (0.0)+ R (0.9)] 1\ (aw)
dQdw
22 2
F.(0,9) zi(l_?/ o COS(E@) Horizontal polarization P 140
T (1+7/2t92)
202 i 2
Fuﬁ(9,¢):§(7 0 Sln(2¢;)) Vertical polarization
T (1+7/2(92)
2 2
i 2y°Q
fy(Aw) = N,  sin(N, Aol o) Form factor i A >
o, N Ao/l o, 1+y°60

USPAS January 18, 2010 Synchrotron Radiation Properties



)

Weak Undulator Field Patterns in o- and =-modes

142
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Strong Field Undulator - same game, carry more terms

Effective velocity
/ Longitudinal modulation term
K ol K2 ________ ..........
R(t'):{ —C0os(,t'),0, B-ct't ———
ﬂ)’ku 816 4 ku )
L) =|- Ny sin(Q2,t),0, 5 1+ 15y cos(2Q,t');
_ ','/,-2 ............... .\.\
Bt = _%cos(Qut'),O,(\—K2“—k2”Csin(ZQut')} observer
] Yy \\\}/ ///
. [nxkn—sﬂxs}
B )= —— :
dre,c | rl-n-g)
L ret
origin
nxE
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Jsrb Use Ultra-relativistic approximations and Fourier Transform...

_____________________________________ ~ pl67 8.36
- . - .,’/ A T

14m g ol * Sm(ia)ﬂNu)

E ¢ )_I mek,y 7 [27-62m1c03¢—KUZmZ,ZyHZmlslmﬂ ‘N, )
1\ @)= V2rer ™ *2 n2 P ! Aw
TN27ENy (1+7/ g) e A0 ,
I —— 2 ) S
Observer -
ID Ié_h_gth including harmonics
d*P .
=P[R, (6.)+ F..(6.9)]f (Aw,)  p167 8.38
dQdw
2 +* *\2

F (0,¢)= 3m (22m17/ 9003¢—Ku> Horizontal polarization
mo ’¢ - 2 /2 2 *2 *2 1D 3

72-(1+Ku ) Ku (1+7/ 9)

2 * - 2

F..(0,0)= 3£n — (2Zmy 98!ﬂ3¢) Vertical polarization

77'-(1—'_ Ku /2) Ku (1+ ]/*202)

Aw. )
: N “

N sin(zN, ) ) _ 2y “Q, harmonics
f(Aa )= —u 1 Form factor @, =M 5 5
N m ) N Aa)m 1+7/ 0

u

) Aw, = o—Ma,



!,qus The result is complicated but we already ran the simulator

3m® (ZEmly*Hcos¢— K:)2
r(l+K 12)° K (1+ 7/*26’2)3

Horizontal polarization

Fro (0,4) =

3m? (22, 7 *0sin g}

7L+ K uz 12)? K:z (l+ 7*292)3 Vertical polarization

Fr: (6,0) =

Zml - Z ‘]I (mau )'J m+2l (mbu) Begsel functions fr.om gi(sinot)
trajectory modulation

l=—c0

o0 Found in radio, FELS, accelerator
2o = Z\L (ma, )(J i1 (MB, ) + ‘]m+2l—1(mbu)) physics, lasers, etc
|=—c0

*

_ K/ L _ 2Kiy'0coso
u 4(1+7/*2(92) Y 149707

USPAS January 18, 2010 Synchrotron Radiation Properties



Radiated Power Field Patterns in - and =-modes
- First 3 Harmonics -

Hofmann, Chapter 8
- The End -
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Summary - Synchrotron Radiation Properties

- SR Emission Cone

d?’p
dQdo

- Spectral Angular Power Density

- Practical Applications

- Visible Light ] =os 5 <amr <amw

- Undulator Radiation re-visited
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