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Linac Beam Intensity Distribution in Phase Space 
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1.  Beam halo - a collection of particles which lies outside of beam core and
 typically contain small fraction of the beam (less than 1%). 

2. Beam halo is a main source of beam losses which results in radio-activation
 and degradation of accelerator components. 

3. Modern accelerator projects using high-intensity beams with final energies
 of 1-1.5 GeV and peak beam currents of 30-100 mA require keeping the
 beam losses at the level of 10-7/m (less than 1 Watt/m) to avoid activation
 of the accelerator and allowing hands-on maintenance over long
 operating periods. 

4. Collimation of beam halo cannot prevent beam losses completely, because
 the halo of a mismatched beam re-develops in phase space after a certain
 distance following collimation.  

Definition and Outcome of Beam Halo   

Beam halo monitoring at Liverpool
 University 
http://liv.ac.uk/quasar/research/beam
-instrumentation/beam-halo-studies/ 



The LANSCE accelerator provides unique flexible
 time-structured beams from 100 to 800 MeV  
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LANSCE Facility Overview 
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• 750 keV H+ and H- Injectors 
• 100 MeV Drift Tube Linac (4 tanks) 
• 800 MeV Coupled Cavity Linac (44 modules) 
• 800 MeV Compressor Ring (PSR) 
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LANSCE Accelerating Structures 
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Beam Losses and Residual Activation along LANSCE Linac 
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Beam Loss Monitors 

Gamma detector: ion chamber based loss monitor  

LANSCE beam spill monitoring along high-energy beamlines 

Scintillation based detector 
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Sources of Emittance Growth and Halo Formation in Linacs 

1.  Mismatch of the beam with focusing and
 accelerating structures 

2. Transverse-longitudinal coupling in RF field 

3. Misalignments of accelerator channel components 

4. Aberrations and nonlinearities of focusing elements 

5. Beam energy tails from un-captured particles 

6. Particle scattering on residual gas and intra-beam
 scattering 

7. Non-linear space-charge forces of the beam:
 filamentation, resonances 
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Spherical aberrations 

Field distribution in electrostatic lens gap. 
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Potential of axial-symmetric electrostatic lens is defined by Laplace’s equation: 
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Potential of Axial-Symmetric Lens  
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Equation of particle motion d 2x
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Let us neglect the change of particle position in x - direction while crossing the gap. Change of 
slope of particle trajectory at the entrance of the first gap is 
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where vin is an effective particle velocity at the entrances of the gap, and the values of the field are 
taken at the center of the gap. Analogously, the change of the slope of  the particle trajectory at the 
exit of the first gap is 
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where vout is an effective particle velocity at the exit of the first gap. Total change of slope of th e 
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Ez =
Eo

1+ ( z
L
)2

To calculate term in brackets, let us approximate the field in the gap by function 

where L is a half of an effective gap width L ≈ d + a
2

The second derivative d 2Ez

dz2
= − 2Eo

L2
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L
)2 ]
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)2 ]3

Approximation of the static field in the gap. 14 
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d 2Ez
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4L2
The term in bracket taken at the center of the gap: 

Finally, the change of slope of particle trajectory at the gap is  
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If the field in the gap accelerates particles, Ez > 0, then                  , and change of slope of 

 particle trajectory is negative  

If the field in the gap decelerates particles, Ez < 0, then                                , and change of slope of  

particle trajectory is also negative 

Δ(dx
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The gap with electrostatic field  focuses particles. Change of slope of particle
 trajectory can be written via focal length f and aberration coefficient Ca: 

Δ(dx
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Focusing of a parallel beam by (a) an ideal lens (a) and  
(b) by lens with spherical aberrations (from Reiser, 1994, p. 458). 
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Scherzer Theorem (1936) 

Spherical aberrations are unavoidable if 

- the lens fields are rotationally symmetric 
- the electromagnetic fields are static 
- there are no space charges 
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Beam Emittance Growth due to Spherical Aberrations 

 

           
 

υ = 0 υ = 1.6

Distortion of beam emittance due to space charge aberration 
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Beam emittance growth after beam passing through axial-symmetric lens as a function of
 parameter             : (sold line) Eq. (3.22), (dotted line) approximation by Eq.(3.23). υ
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Emittance Growth due to Spherical Aberrations in Round Beam 
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Redistribution of Beam Intensity due to Spherical Aberrations 

Beam cross sections and phase space
 distribution before and after crossing the 
 lens with strong nonlinear field  

(Left) conservation of beam profile in a lens
 with linear focusing, and (right) hollow beam
 formation on a lens with strong nonlinear field. 
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Reduction of Effect of Spherical Aberration in Einzel Lens 

Focal length: 

Ratio of potential  
difference of the lens U 
 to particle energy W  

Aberration coefficient 
(K = 4…30)  

1
f
= 3
8d
( χ 2

1+ χ
)

χ =U /W

Cα = K
R2

Δraberration = Cαr
3 = Cα (r + dr)

3 ≈ Cαr
3(1+ 3dr

r
)

Cα = Cα (1+ 3
dr
r
)

 In accelerating gap particles are
 focusing at the entrance of the lens.
 Therefore, in lens with accelerating
 voltage increment of paticles radius is
 negative dr < 0, while in lens with
 decelerating voltage  dr > 0.
 Coefficient of spherical aberration has
 to be corrected taking into account
 increment of particle radius inside the
 gap  

 Aberration is stronger in
 decelerating lens than in
 accelerating lens at the same
 value of the focal length.  23 



Effect of Space Charge Aberration on Beam Emittance  
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Experimental Observation of Effect of Nonlinear Space Charge Forces
 on Beam Emittance 

I=15 mA 

I=0 

(Y.B. et al, Proc. of PAC2011, p. 64) 
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Effect of Elliptical Cross Section on Beam Emittance Growth
 (T.Wangler, P.Lapostolle, A.Lombardi, PAC 1993, p.3606)  
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Beam Uniforming in Drift Space 
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 = 0  

                  
 = 3.8  

      
 
Fig. 3.6. Redistribution of Gaussian beam in drift space. 
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Uniform Irradiation of Large Targets 

Beam intensity redistribution in the channel with higher order multipoles. Upper part
 illustrates particle distributions at the beginning (left) and at the end (right) of the
 transport channel, lower part shows the phase-space projections of the beam. 32 



Initial and Final Beam Distributions in Nonlinear Expander 
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Observed beam profile at LANL beam
 expander experiment (1997).  

Experimental Observation of Beam Profile Uniforming 

REF (Radiation Effects Facility, 200 MeV H-
 BNL Linac) 
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Beam Emittance Growth in a Focusing Channel 

Fig. 3.7. Injection of 135 keV, 100 mA, 0.07  cm mr ad proton 
beam with Gaussian distribution in a focusing channel with linear 
field. It results in      (a) beam uniforming 

(b) beam emittance growth 
(c) halo formation. 

 

z = 0 

z = 30 cm 

z = 104 cm 
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b= µo2
µ2

−1
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External focusing field Eext, space charge field of Gaussian beam Eb, and
 total field Eext + Eb at initial moment of time. 41 



External focusing field Eext, space charge field Eb, and total field Eext + Eb after
 beam uniforming. 42 



     4D                  2D   
Distribution    Projection 

    KV 0 

Water Bag 0.01126 

 Parabolic 0.02366 

Gaussian 0.077 

ρo

ρo(1−
r2

R2
)

ρo(1−
r2

R2
)2

ρo exp(−
r2

R2
)

Wi −Wf

Wo

        Free energy parameter for different beam distributions 
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Beam emittance growth in a uniform focusing channel for different
 particle distributions. 
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Reduction of Beam Emittance Growth due to Free-Energy
 Effect 

1.  Rms beam matching 

2. Reduction of beam size (using
 higher RF frequency for RF linac)  
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э
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Emittance growth due to
 free-energy effect 

 
µo
2

µ2 −1=
1

(βγ )3
I
Ic
(R
э
)2

Rf = R

45 



Envelope oscillations of the beam with space charge parameter b=3, amplitude    = 0.2 and
 single particle trajectories with initial conditions (a) xo/Ro=0.8, (b) xo/Ro =1.071, (c) xo/Ro =1.728,
 (d) xo/Ro =1.082. 

Halo Development in Particle-Core Interaction 

a b

c d 

xo
Ro

= 0.8 xo
Ro

= 1.071

xo
Ro

= 1.082xo
Ro

= 1.728

Δ
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Stroboscopic particle trajectories at phase plane                   taken after
 each two envelope oscillation periods: (a) xo/Ro=0.8, (b) xo/Ro =1.071, (c)
 xo/Ro=1.728, (d) xo/Ro =1.082. 

Stroboscopic Particle Motion 

(u, du / dτ )
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d 2r
dτ 2

+ r − 1
(1+ b)r3

−
b

(1+ b)r
= 0

 

Particle – Core Model 

Dimensionless             beam envelope (core) equation: 

Single particle equation of motion             : u = x
Re

d2u
dτ 2

+u={
b

(1+b)
u
r2
,  u ≤ r

b
(1+b)u ,    u > r

r = R
Re

b =
2
βγ

I
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Re
2

ε 2Space charge parameter 

Small intensity beam b ≈ 0  

High intensity beam b >> 1 48 



 

F =
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{

u
r2
,   u ≤ r

1
u
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b

(1+ b)
(− u
r2

+
u3

4
)

Approximation of Space Charge Field 

(1) Field of uniformly charged beam (2)  Field approximation: 
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d 2r
dτ 2

+ r − 1
(1+ b)r3

−
b
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= 0

 

r = 1+ϑ  

1
r
≈ 1−ϑ

 

1
r 3

≈1− 3ϑ
 

d2ϑ
dτ 2

+ 2(2 + b
1+ b

)ϑ = 0
 

Envelope equation  

For small intensity beam b ≈ 0 

r = 1+ Δ cos 2τ

r = 1+ Δ cos2τ

For high intensity beam b >>1 

Expansions  

Equation for small deviation from equilibrium 

Envelope Oscillations 

r = 1+ Δ cos(2Ωτ )

2Ω = 2(2 + b
1+ b

)

Envelope oscillation frequency  
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With field approximation, equation of particle motion is 
 

Using expansion 

Equation of particle motion  

Equation corresponds to Hamiltonian 

with the following notations α = b
4 (1 + b) 

Anharmonic Oscillator with Parametric Excitation
 for Single Particle Motion  

ϖ 2 =
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1+ b
h = −2bΔ

1
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u3
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{
u = Q cos Ω  τ + P

ϖ
 sin Ω  τ   

  u = - ϖ  Q sin Ω  τ  + P cos  Ω  τ 
or  

Canonical Transformation of Hamiltonian 

F2 (u,P,τ ) =
uP

cosΩτ
− ( P

2

2ϖ
+ϖ u2

2
)tgΩτ

Change the variables (u, u) to new variables (Q, P) using a 
generating function 

{ 
Q = ∂F2

∂P
 =  u

cos  Ω  τ
  +  P

ϖ
 tg Ω  τ

u = ∂F2
∂u

 = P
cos  Ω  τ

 -  ϖ  u tg Ω  τ
 Relationships between variables are given by: 
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New Hamiltonian  K = H + ∂F2
∂τ  

Averaged Hamiltonian 

After averaging all time-dependent terms over period of 2π/Ω 
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P2

2
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2
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2
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P
ϖ
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α
4
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Change variables (Q,P)  to action-angle variables (J, ) using generating function 

F1(Q,ψ ) =
ϖ Q2

2tgψ

Transformation is given by 

New Hamiltonian 

with the following notations 

Second Canonical Transformation 

K = υJ +κ J 2 + 2χJ cos2ψ

{
Q =

2J
ϖ
sinψ

P = 2Jϖ cosψ

υ =ϖ −Ω =
2 − 2 + b
2(1+ b)

χ = −
1
4

bΔ
1+ b

κ =
3
32
b
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Nonlinear Parametric Resonance 

K = υJ +κ J 2 + 2χJ cos2ψHamiltonian of averaged motion: 

Jmax =
(−υ + 2χ)+ 8 υχ

2κ

xmax
Re

= 32
3

1+ b
2
−1+ b Δ

2
+ 2b Δ ( 1+ b

2
−1)

b

Maximum deviation of particle from the
 axis xmax

Re

= 2Jmax
ϖ
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Comparison of Analytical and Numerical Results 

xmax
Ro
2

= A + B ln(µ)
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LANL Beam Halo Experiment (2002) 

  RFQ- 
6.7 MeV 

52 quadrupole FODO lattice 
Beam-profile diagnostics in red 

Matching/mismatching 
 quads Q1 to Q4 Emittances obtained

 from measured profiles
 at  Q20 and Q45 
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LANL Beam Halo Experiment Lattice 
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A unique wire and scraper beam-profile diagnostic 
allowed to measure beam profiles. Gilpatrick, et al.). 

•  33-micron carbon wire (too thin to 
be visible in picture) measures 
density in beam core above 10-3 
level.�

•  Proton range=300 microns so 
protons pass through wire and 
make secondary electrons to 
measure high density in beam core. �

•  Pair of 1.5mm graphite scraper 
plates in which protons stop. Can 
measure proton density outside 
beam core from 10-3 to 10-5.�

•  Data from wire and scraper plates 
were combined to produce�

    a single distribution. 
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Typical matched beam profile for 75 mA. (m=1,matched) �
 Shows Gaussian-like core plus low-density halo input beam, observed out 

to 9 rms. �

Linear Plot Semilog Plot 
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Rapid emittance growth 
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Test of Particle-Core Model 
Measurements at different fractional intensity levels 

(10%, 1%, 0.1%)  
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Experimental Observation of Space-Charge Driven Resonances in Linac
 (L.Groening et al, LINAC2010) 

Matched beam envelope 

Radial electric field 

Single-particle trajectory 
                   or 

Disturbed oscillator with σ⊥ as
 depressed phase advance 

Resonance condition: 

Phase advance of the matched envelope is 360◦,  
the resonance occurs at σ⊥ = 90◦ 



Experimental Observation of Space-Charge Driven Resonances (cont.) 
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Non-uniform beam matching in transport channel 

Beam is matched with continuous (z-independent) focusing
 channel, if beam distribution function f (x,px,y,py) is constant. 

Self-consistent problem: 

Vlasov’s Equation df
dt

 = ∂f
∂t

 + ∂f
∂x

 dx
dt

 + ∂f

∂P
 dP
dt

 = 0
 

ΔU = − ρ
εo

Poisson’s Equation 

Solution:  

1. Express distribution function as a function of constant of motion (Hamiltonian) 
 f = f (H). Distribution function automatically obeys Vlasov’s equation: 

2. Substitute distribution function into Poisson’s equation and solve it. 

df
dt

= ∂f
∂H

∂H
∂t

= 0
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Non-uniform beam matching in transport channel (cont.) 

Two formulations of the self-consistent beam matching problem: 

1. The beam distribution function is known (for example, of the beam
 extracted from the source). The problem is to find focusing potential,
 which maintains this distribution in the channel: 

2. Potential of the focusing structure is given. The problem is to find
 the beam distribution function, which is maintained in focusing
 structure: 

More info:  
Y.B. Phys. Rev. E Vol. 53, No. 5, 5358, 1996; 
Y.B. Phys. Rev. E Vol. 57, No. 5, 6020, 1998  
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Equilibrium of a Gaussian beam  

Beam with Gaussian distribution function 

Time-independent Vlasov’s equation 

Total potential  

Total field  

Space-charge
 field  

Required focusing field 
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Equilibrium of the beam with “Water Bag” and parabolic distributions 

WB distribution in
 phase space  

Space charge
 density 

 Parabolic
 distribution in
 phase space  

Space charge
 density 
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Focusing by opposite charged particles (plasma lens)  

Charged particle density of the transported beam
 with Gaussian distribution, and of the external
 focusing beam 
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Quadrupole-duodecapole focusing structure 

Potential of the uniform four vanes structure: 
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Effective potential of quadrupole-duodecapole focusing structure 

. 
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Space-charge density of the matched beam 



Proposed FODO Quadrupole - Duodecapole Channel for
 Suppression of Halo Formation* 

*Y.Batygin, A.Scheinker, WEPPR039,  IPAC12 

Ueff = (
µoβc
L
)2[ r

2

2
+ ςr6 cos4θ + ς 2 r

10

2
]Effective potential of quadrupole

-duodecapole structure: 

ς = G6

G2

Ratio of field
 components 
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Beam energy  35 keV 
Beam current   11.7 mA 
Beam emitance   0.05     cm mrad   
FODO period   15 cm  
Lens length     5 cm  
Quadrupole field gradient 0.03579 T/cm 

Quadrupole field gradient 0.03579 T/cm 
Duodecapole component  G6 = -1.76e-04 T/cm5 
adiabatically decline to zero at the distance of 7
 periods. 
Numbers indicate FODO periods. 

            Quadrupole Channel            Quadruple-Duodecapole Channel 
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Suppression of Beam Halo 
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Particle Studio Simulation of Halo Formation in
 Quadrupole Channel 
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Particle Studio Simulation of Halo Suppression
 in Quadrupole-Duodecapole Channel 



Final Particle Distributions in Focusing Channels  

Quadrupole Channel 

Quadruple-Duodecapole Channel 



Vibrating Wire Sensor as a Halo Monitor   
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