
2. Beam focusing in transport channels 

2. 1 



Hamiltonian of charged particle 
 
 

H = c m2c 2 + (Px - qAx)
2 + (Py - qAy)

2 + (Pz - qAz)
2  + q U 

2.1 Hamiltonian of particle motion in transport channel  

2. 2 



Vector - potential of an ideal magnetic quadrupole lens with gradient Gmagn inside the 
lens is given by 

Az magn = Gmagn

2
 (x2 - y 2)    

 
Electrostatic quadrupole with gradient Gel, creates the field with electrostatic potential 
 

 Uel = - Gel

2
 (x 2 - y2)     

Transversal components of mechanical momentum are equal to that of canonical 
momentum, px = Px, py = Py, and Hamiltonian can be written as: 
 

K = c m2c 2+px2 + py2 + (Pz -  q Az)
2  + qU    

2. 3 



Focusing properties of combination of quadrupole lenses (from Humphries, 1999). 
2. 4 



In the moving system of coordinates, particles are static, therefore, vector potential of 

the beam equals to zero, Ab
'
 = 0. According to Lorentz transformations, components 

of vector potential of the beam are converted into laboratory system of coordinates 
as follow 

Axb = 0 ,      Ayb = 0 ,  Azb = β Ub
c            

 
Total vector-potential of the structure is therefore 
 

 
Az = Az  magn +

β
c
Ub

It corresponds to the case when longitudinal particle motion is not affected by the 
transverse motion, which is typical for beam transport.  
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Hamiltonian can be rewritten as  
 

K = mc2 ( 1 + pz
2

m 2c2
 ) + 

px2 + py2

m 2c2
 - 2 q pzAz

m 2c2
 + qUel + qUb 

 
The term in brackets is close to square of reduced particle energy:

                     
 

 
Taking that term out of square root gives for Hamiltonian: 
 

K = mc2γ  1 + 
px2 + py2

(γm c)2
 - 2 q pzAz
(γm c)2

 + qUel + qUb 

 
After expansion of small terms 1+x ≈ 1 + x / 2,  the Hamiltonian becomes: 
 

K = mc 2γ  + 
px2 + py2

2mcγ
   -   
2 q pz (Az magn + βc  Ub)

2mcγ
 + qUel  + qUb 

 
Removing the constant mc2  results in the general form of Hamiltonian in a focusing 
channel: 
 

H = 
px2 + py2

2 m γ
 + q(Uel - βcAz magn) + q Ub

γ 2
 

 
Both Uel and Az magn can be a combination of that of multipole lenses of an arbitrary  
order. 

1+
pz
2

m2c2
≈ γ 2
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Hamiltonian in quadrupole channel without space charge forces, is given by 
 

H = 
px2 + py2

2 m γ
 + q G(z) (x

2 - y 2)
2

 

 
focusing field gradient is G(z) = Gel(z) for electrostatic quadrupoles, 
 
 

  G(z) = cGmagn(z) for magnetic quadrupoles.  
 
Hamiltonian H = Hx + Hy: 
 

Hx = px2

2 m γ
 + q G(z) x2

2   
 

 
Hy = 

py2

2 m γ
 - q G(z) y

2

2
 

 
 

2.2 Single particle dynamics in a quadrupole focusing channel 
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2. 8 



Equations of motion in x - and y - directions are decoupled: 
 

d 2x
d z 2

 + k (z) x  =  0
  

 

  

d2y
d z 2

 - k (z) y  =  0 

 

where focusing function              k(z) = q G(z) 
m γ  β2 c2

 

Integration of equation of motion along the lens gives: 
 

dx
dz

 = (dx
dz
)o - x k(z) dz

- ∞

∞
 

 
In the analogy with light optics, we can introduce the focal length of the lens f :  
 

1
f

 = k(z) dz
- ∞

∞
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Effect of a thin lens (focal length f) on a particle trajectory initially 
parallel to the axis (from Humphries, 1999). 
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We will assume step function approximation of the field inside the lens, where actual 
dependence of field gradient G(z) is substituted by an equivalent lens with constant 
gradient G=G(0), equal to that in the center of lens. Length of the equivalent lens: 
 

D = Do + Rp 
 
where Do is the length o the real lens, and Rp is the distance from axis to pole tips 
(radius of the aperture). For step function approximation of field gradient inside the 
lens, the focal length is 
 1

f
= qGD
mγ (βc)2
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2. 13 



Finally, the following equation is valid:                  (x 'σx - σx
'  x)2 + x 2

σx
2
 = ∍x .           (2.51) 

 
Equation describes ellipe with constant area, which is called Courant-Snyder invariant. 
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d 2x
dτ 2

+π 2 (a − 2qsin2πτ )x = 0

General form of Mathieu - Hill equation 

Mathieu - Hill equation 

describes particle trajectories in alternative-focusing channel if focusing gradients are 
sinusoidal functions of coordinate. Unstable solutions are around a = n2, or when average 
frequency of oscillator is close to half-integer value of that of driving force. 
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Envelope of the beam, Rx(z), corresponds to the maximum value of cos x(z) = 1 in Eq.(2.47) 
within the beam: 

Rx(z) = max {x(z)} = ∍x  σx(z).                         (2.52) 
 

Slope of the beam envelope is, therefore, given by 
 

Rx
' (z) = ∍x σx

' (z).                                   (2.53) 
 
Taking into account previously introduced notations 

σ = β  
 

σ ' = - α
β
 

 

beam envelope and slope of beam envelope are given by 

Beam envelopes 

Rx = ∍x βx

dRx

dz
= −α x

∍x
βx
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2. 17 



 
 
 

Field gradient G( ), particle trajectory x( ), and beam envelope Rx( ) 
as functions of longitudinal coordinate  = z/L in an alternating-
gradient focusing structure. 

2.3. Averaged particle trajectories 
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m d 2x
dt 2

= −
dU
dx

+ f1 cosωt + f2 sinωt

Consider one-dimensional particle motion in the combination of constant field  

U(x) and fast oscillating field   

f (x,t) = f1(x)cosωt + f2 (x)sinωt

Fast oscillations means that frequency                            , where T is the time period for 

 particle motion in the constant field U only. Equation of particle motion: 

Let us express expected solution is a combination of slow variable X(t) and fast 
oscillation       : 

x(t) = X(t)+ξ(t)
where  ξ(t) << X(t)

Fields can be expressed as: U(x) =U(X) + dU
dX

ξ

f (x) = f (X) + df
dX

ξ

ξ(t)

ω >> 1T
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Average value of         at the period of                                  is zero, while function X(t) is changing slowly  
during that time. Taking into account that  

Substitution of the expected solution into equation of motion gives: 

 
m X +mξ = −

dU
dX

− ξ d
2U
dX 2 + f (X,t) + ξ df

dX

For fast oscillating term:  m
ξ = f (X,t)

After integration: ξ = −
f

mω 2

Let us average all terms over time, where averaging means mean value over period  

 
< m X > + < mξ >= − <

dU
dX

> − < ξ d
2U
dX 2 > + < f (X,t) > + < ξ df

dX
>

< g(t) > = 1
T

g(
0

T

∫ t)dt

 < X > ≈ X  <
ξ >= 0

T = 2πω

ξ(t) T = 2πω
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mX = −

dU
dX
 + < ξ

df
dX

> = −
dU
dX

−
1

mω 2 < f
df
dX

>

Taking into account that  < f
df
dX

>=
1
2
<
df 2

dX
>

<
df 2

dX
> =

1
2
(
df1

2

dX
+
df2

2

dX
)

 
mX = −

dUeff

dX
equation for slow particle motion is 

Ueff =U +
1

4mω 2 ( f1
2 + f2

2 )where effective potential is 
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(Solid line) typical particle trajectory and (dashed line) the sine approximation to 
that trajectory. 
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G(z) = 4Go

π
[sin(π z

D
)+ 1
3
sin(3π z

D
)+ 1
5
sin(5π z

D
)+ ...]

FD focusing structure and approximation of field gradient. 
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Let us keep only first term: 

 
m X = −

dUeff

dX
Equation for slow particle motion 

m d 2x
dt 2

= x q
γ
4Go

π
sin(πβc

D
t)

Equation of particle motion in fast oscillating field 

can be substituted by slow motion in an effective potential 

d 2X
dt 2

= − 1
2m2 (

q
γ
4GoD
π 2βc

)2 X

d 2X
dt 2

+Ωr
2X = 0

Let us introduce new variable  τ = tβc
L

where for FD structure  L = 2D

m d 2x
dt 2

= f1(x)sinωt

Ueff =
f1
2

4mω 2 =
1
4m

(q
γ
4GoD
π 2βc

)2 X 2
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d 2X
dτ 2

+ µo
2X = 0

µo =
q
γm

4 2GoD
2

π 2 (βc)2

4 2
π 2 ≈ 1

3

µo =
1
3
q
γm

GoD
2

(βc)2

Equation of motion in new variables  

Frequency of smoothed transverse oscillations 
in the scale of the period of focusing structure 

Taking into account, that  

Frequency can be written as 

 
H =

X 2 + Y 2

2
+Ωr

2 X 2 +Y 2

2
Hamiltonian of averaged particle motion 

Ωr = µo
βc
LFrequency of smoothed transverse oscillations 
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Let us estimate amplitude of small fast oscillations     . From averaging method it follows 
that 

ξmax

ξ = −
f

mω 2

ω = πβc
D

f = x q
γ
4Go

π
sin(πβc

D
t)

ξ = −x q
γm

4GoD
2

π 3(βc)2
sin(πβc

D
t)

ξmax
X

= 4 3
π 3 µo

where 

Solution for FD structure: 

Amplitude of small fast oscillations in FD structure:   
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2.4. Kapckinsky-Vladimirsky (KV) beam envelope equations 
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Courant-Snyder invariants. 
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(2.101) 
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Projections of beam distribution on (x,y) 
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Boundary of projection of KV beam on (x,y). 
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Space charge density of the beam 

Phase-space element is transformed according to: dx '  dy ' =  
 ∂x'

∂α
   ∂x'

∂Ω
 

 ∂y '

∂α
  ∂y '

∂Ω
 

 dα  dΩ   = α dα dΩ  
σx  σy

 

(2.116) 
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π fo
σ xσ y

δ(α 2 + x2
σ x
2 +

y2
σ y
2 − Fo)

o

∞

∫  dα 2
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Projection of KV beam on (x,y). 
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Projections of beam distribution on (x,x’) 
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Boundary of KV beam projection on (x,x’). 

(2.127) 
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Projection of KV beam on  Projection of KV beam on  (x, x') (y, y')
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In general case, solution of the set of envelope equations, Eqs. (2.146), (2.147) are non-
periodic functions, which corresponds to envelopes of unmatched beam. However, if 
functions kx.(z), ky(z) are periodic, there is a periodic solution of envelope equations. 
Envelope equations can be solved numerically at the p eriod of structure via varying the initia l 
conditions Rx(0), Rx

' (0), Ry(0), Ry
' (0) unless the solution at the end of period coinsides with  

initial conditions Rx(L) = Rx(0), Rx
' (L) = Rx

' (0), Ry(L) = Ry(0), Ry
' (L) = Ry

' (0). Again, as in case of 
beam with negligible current, this beam is called the matched beam. It occupies the smallest 
fraction of aperture of the channel. 
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Transport of a matched beam in a quadrupole channel. The elliptical cross sections are those of 
the beam in the center of focusing and defocusing lenses (from FOM-MEQUALAC Report, 
1986).  
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Averaged beam envelopes 
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2.5. Acceptance of the channel 
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Rmax ≈Ro(1+δmax)

Rmin ≈Ro(1−δmax)

For a matched beam, the maximum and minimum beam envelopes are 
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2.6.a. Beam radius in space-charge dominated regime 
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Rmax ≈ R (1+δmax)

Rmin ≈ R (1−δmax )

In averaging method, small function     is defined by fast oscillating term only. Function  
                   does not depend on beam current and beam emittance, therefore   

ξ

δmax = ξmax / R
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2.6.b. Transverse oscillation frequency in space-charge dominated regime 
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Transverse oscillation frequency drops with increase of beam current, but remains non-zero. 
Therefore, beam stability can be provided at any value of beam current. However, increase of 
beam current requires increase of aperture of the channel, and stability of transverse 
oscillations can be provided at arbitrary high value of beam current, but in the channel with 
infinitely large aperture. 

Averaged beam radius and transverse oscillation frequency as functions of 
space charge parameter bo.   
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µo2 = µ2 + 2I
Ic(βγ )3

(LR)
2

∍

∍ = µR2
L

µo2 = µ2[1+ 2I
Ic(βγ )3µ2

(LR)
2]

µo2 = µ2[1+ 2I
Icβγ

(Rε )
2]

µo2 = µ2(1 + b)

µ2 = µo2
1+b

b= µo2
µ2

−1

Connection between  µ, µo, b

Let us rewrite equation (2.204): 

Substitute beam emittance: 

Connection between phase advance 
per period      ,     , and dimensionless  
space charge parameter b   

µo µ
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2.7. Beam current limit 
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2.8. Dynamics in longitudinal magnetic field 
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Typical particle trajectories in magnetic field with beam space charge 
(from G. Brewer, 1967). 
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Beam equilibrium in magnetic field 
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Maximum transport beam current in uniform magnetic field 

I ≠ 0, ∍ < A I = 0, ∍ = A 
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Brillouin flow 
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Many low energy beam transport lines utilize short axial-symmetric focusing lenses (both 
magnetic and electrostatic), separated by drift distance. They can be considered as a 
combination of thin lenses with long drift spaces. Consider such a system where lenses are 
placed by the distance S from each other.  
 

2.9. Beam transport in periodic structure of axial-symmetric lenses 
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Matched beam with zero current in periodic structure of axial-symmetric lenses. 
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Matched beam with maximum current in periodic structure of axial-symmetric lenses. 
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Similar results can be obtained for another distribution function 

f = fo exp(−
H
Ho

)

Space charge density for different distributions: 
(solid)  
(dotted)  f = fo exp(−H /Ho )

f = fo , H ≤ Ho
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Performed anlysis shows, that for small values of space charge 
forces, particle phase space trajectories are close to elliptical, and 
beam profile density is essentially nonlinear. With increase of space 
charge forces, boundary particle trajectories become more close to 
rectangular, and density beam profile becomes more uniform. In 
space charge dominated regime, stationary beam profile tend to be 
uniform, and space charge field of the beam compensates for external 
field.  
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