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For a cubical resonator with a = b = d, we have

1 1 1
fo1=a"~Y(2ue) £f101 = N
2\/ue\ ,2

mpfipga _ ap ~1/2
Qeube = = [5=(7Uit c) ]
cupe 3R, 3u, 5 m

Skin  depth of the
surrounding  metallic
walls, where p, is the
permeability of the
metallic walls.
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Ia"[a Air-filled cubical cavi
QILPA

We consider an air-filled cubical cavity designed to be resonant in TE,;; mode at

10 GHz (free space wavelength A=3cm)with silver-plated surfaces (6=6.14x10’S-
m, u.,= K, . Find the quality factor.

1 1 1 C A
101 = a 2UE) = a= = =—~212cm
oL Aas Ao\ 2mees  HoV2 2

At 10GHz, the skin depth for the silver is given by

2
5 = (n x10x10” x 41 x107" x6.14 ><107W ~0.642um

and the quality factor is

a _ 212an

=35 = 3%0.642um

~11,000
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I g _  Observations
IS

Previous example showed that very large quality factors can be achieved with

normal conducting metallic resonant cavities. The Q evaluated for a cubical

cavity is in fact representative of cavities of other simple shapes. Slightly higher

Q values may be possible in resonators with other simple shapes, such as an

elongated cylinder or a sphere, but the Q values are generally on the order of
magnitude of the volume-to-surface ratio divided by the skin depth.

w2
_ ___ 2nfy ) | H d
oo Ty 0, S I ou,
Boar B R § H2ds O Scaviy
2
S

Where SIS the cavity surface enclosing the cavity volume V.
Although very large Q values are possible in cavity resonators,
disturbances caused by the coupling system (loop or aperture coupling),
surface irregularities, and other perturbations (e.g. dents on the walls) in
practice act to increase losses and reduce Q.
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| “ﬂ} — Observations
I
Dielectric losses and radiation losses from small holes may be especially important
In reducing Q. The resonant frequency of a cavity may also vary due to the
presence of a coupling connection. It may also vary with changing temperature due
to dimensional variations (as determined by the thermal expansion coefficient). In
addition, for an air-filled cavity, if the cavity is not sealed, there are changes in the

resonant frequency because of the varying dielectric constant of air with changing
temperature and humidity.

Additional losses in a cavity occur due to the fact that at microwave frequencies for
which resonant cavities are used most dielectrics have a complex dielectric
constant e=¢'— £&" . A dielectric material with complex permittivity draws an
effective current | SR, |eading to losses that occur effectively due to

The power dissipated in the dielectric filling is
1 * 1 "o
Pdfe]ectn'c = EJ.E -JeﬁrdV = EJ-E e E dv

VvV vV
2
n ea ph pd
_ Dot | dydxdz
2 JoJodo!
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|Hj[a Dielectric Losses
VA

Using the expression for E, for the TE,;; mode, we have

g uHozabd a°

y dielectric = —; Wo 2 +1
€ 8 d
‘ I 7 8’
Q= o, Str _
d Pd "

¢ 2
o =2W,, :E.‘- E,| dv
| 4
The total quality factor due to . 5
dielectric losses is &
and Lgielecrric =5 E,| dv
| 4

__—

1 1 1 ‘
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Teflon-filled cavity

We found that an air-filled cubical shape cavity resonating at 10 GHz has a Q. of
11,000, for silver-plated walls. Now consider a Teflon-filled cavity, with &= g,(2.05-
j0.0006). Find the total quality factor Q of this cavity.

=[] =t 2o € o €
a=d 2Jue"\ 42 3\/2Hr8r \/Efo\/g

w=1 for Teflon. This shows that the the cavity iIs /g'r smaller, or a=b=d=1.48
cm. Thus we have a
QC — % = 7684

Or «/S'f times lower than that of the air-filled cavity. The quality factor Q, due
to the dielectric losses is given by Q..Q
d~c

Q = ~ 2365

Qu +

Thus, the presence of the Teflon dielectric substantially reduces the quality factor
of the resonator.



|'(H.g Cylindrical Wave Functions

QILUA

The Helmholtz equation in cylindrical z P
coordinates is \
2 2 Z y
18(8\|}j 1Zaw 5\2”+1<2w=0
op\ Op 00> O X b

The method of separation of variables gives the solution of the form

2 2
1l dpdR 1 d°® 1d°Z 5 _,

pRdp dp  p2dm 8% Z 0%
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m’[a Cylindrical Wave Functions
CIPAN

1 8222—]{2
Z 522 “

2
P d de . 1 d™D (kz—kz)pzzc)
Rdp dp @ pp?
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m’[a Cylindrical Wave Functions
CIPAN

Define k,, to caticdy
2 2 2
ks +hk; =k

d pdR
zpea'ppdp Alkop P = 42 fe =0
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|H’[s Cylindrical Wave Functions
CIPAN

These are harmonic equations. Any solution to the harmonic
equation we call harmonic functions and here is denoted by h(n¢)
and h(k,z). Commonly used cylindrical harmonic functions are:

oy (kpp) ~Jn (kpp)’Nn (kpp)’Hil] (]‘pp)’Hz% (kpp)

Where Julkop) is the Bessel function of the first kind, Val4pp)

Is the Bessel function of the second kind, Hl(jl)(k p) Is the Hankel

P

function of the first kind, and HI(IZ)(kpp) is the Hankel function of
the second kind.
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m«'[a Cylindrical Wave Functions
CIPAN

w Any two of these are linearly independent.

i A constant times a harmonic function is still a harmonic function

i Sum of harmonic functions is still a harmonic function

We can write the solution as :

\V]{p a,k, — BH (kpp)b(ml))b(kzz)
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|H«||.s Bessel functions of 1%t kind

QILUA
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Bessel functions of 2 kind
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“I.lfs Bessel functions
I

The J,lkp) are nonsingular at p=0. Therefore, if a field is finite at

p=0, Bplksp) must be J,lkp) and the wave functions are

Wi ok, =T nlkop /e

The ng)(kpp) are the only solutions which vanish for
large p. They represent outward-traveling waves If k| 1s

real. Thus B (kpp) must be H,(IZ)(kpp) if there are

no sources at p—o. The wave functions are

Vi, =H Pk ple e
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n ':":b
IS
Bessel functions

Tnlk

n\XpP

Nﬂ(lfpp)) analogous to  COS kO
analogous o sinkp

Hl(jl)(]{pp) analogous
e ¢C
ng)(kpp) analogous to -

Jk,

Jk,




Q .
!}'"[b Bessel function

The Julkp) and Vg (&p) functions represent cylindrical
standing waves for real k as do the sinusoidal functions. The

H,(Il)(kpp)and H,(f)(kpp) functions represent traveling waves for

real k as do the exponential functions. When k Is imaginary (k = -
jo)it Is conventional to use the modified Bessel functions:

1,(op)= 7" ,(= sop)
K, (ap)= ()" 1) ap)
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|'(‘"rs Circular Cavity Resonators
QPN

As in the case of rectangular cavities, a circular cavity resonator can be
constructed by closing a section of a circular wave guide at both ends with

conducting walls. s 1

d
The resonator mode in an actual case depends on r
the way the cavity is excited and the application

for which it is used. Here we consider TE,;;mode,
which has particularly high Q.
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mﬁ Circular Cavity Resonators
QIPAY

™M X P ) [ SIN 2220 (quzj
— < cos| I~
WV mng JH( a ) (COS 1 d

whene m=0123,..,n=123,..;,q=01,23,...

TFE X;an rSin H](I) _ (qq'czj
. < sin| =2
¥ mnq ]H( p j COS 1210 d

whene m=01,2,3,....n=1,2,3,...;=1,2,3,...
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|h"[a Circular Cavity Resonators
CIPAN

The separation constant equation becomes

For the TM and TE modes,

2 2
— respectively. Setting & = 2nf/pe,
we can solve for the resonant

(ijﬂjz X (ijz 2 frequencies
a d

USPAS 2010
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/

Tmng _ for the circular cavity of radius a and length d
frdo min ant

d/a TMOlO TElll TMllO TMOll TE211 TMlll TE112 TM210 TMOZO
TEOll

0.00 |1.00 o0 1599 | 00 o0 o0 2.13 2.29
50 ]1.00 2./2 159 280 |290 |3.06 5.27 |2.13 2.29
1.00 |1.00 1.50 159 |163 |[180 (205 2.72 | 213 2.29
2.00 |1.00 1.00 159 |119 |[142 |[1.72 1.50 |2.13 2.29
3.00 [1.13 1.00 |1.80 |124 |152 |[1.87 1.32 (241 2.60
4.00 |1.20 1.00 |191 |127 |157 (196 1.20 | 2.56 3.00
o0 1.31 1.00 |208 |131 |1l66 |2.08 1.00 |2.78 3.00
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qu’ra Circular Cavity Resonators
QPN

Ordered zeros X, of J.(X)

m 0 1 2 3 4 5
n
1 2405 3.832 5136 6.380 7.588 8.771
2 5520 7.016 8417 9.761 11.065 12.339
3 8.654 10.173 11.620 13.01 14.372
4 11.792 13.324 14.796

Ordered zeros X .., J ,(X)

m 0 1 2 3 4 5
n
1 3832 1841 3.054 4201 5317 6.416
2 7016 5331 6706 8015 9282 10.520
3 10.173 8536 9.969 11.346 12.682 13.987
4 13.324 11.706 13.170
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|'('U[a Circular Cavity Resonators
QPN

Cylindrical cavities are often used for microwave frequency meters. The cavity is
constructed with movable top wall to allow mechanical tuning of the resonant
frequency, and the cavity is loosely coupled to a wave guide with a small aperture.

The transverse electric fields (E,, E,) of the TE;, or TM, circular wave guide mode
can be written as

Et (p,(l),Z) = g(p’(l)) [A+€_JB’””Z + A_GJB’””Z]

The propagation constant of the TE, ., mode is

an = \/K2 — (X;]mjz

While the propagation constant of the TM, .. mode is

an — \/K2 —(Xmﬂjz
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Q . .
!ﬂﬂl — Circular Cavity Resonators

Now in order to have E, =0 at z=0, d, we must have A*=-A-, and A*sin £ .d=0 or

B..d =z for [=0,1,2,3,..., which implies that the wave guide must be an integer
number of half-guide wavelengths long. Thus, the resonant frequency of the TE,,
mode Is

NG 2
’ C an_l_@

g = 27\, a d

And for TM_ .., mode is

2 2

% X qT

[ = R
2w e, ( a j (dj
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m.l[a Circular Cavity Resonators
QPN

Then the dominant TE mode is the TE;;; mode, while the dominant TM mode is the
TM,;, mode. The fields of the TE,, mode can be written as

H, =HOJH(X’mpjc05m¢3inqg’Z

d
H, :ﬁa,H° ]I’](Xm”pjcoslmqpcosw
X, a d
. 2 '
H, = pa mzH" JH(X”mp)sinmqpcosW
(X, )P a d
. 2 /
L = JoN4 HZH° ]H(Xm”pjsinmqpsinqnz
(X, )P @ d
_ Aenatl, ];(anpjcosmosm qnz
X d d 1’]21/“/8 MHO =-2]A+

I =0
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Circular Cavity Resonators

Since the time-average stored electric and magnetic energies are equal, the total

stored energy is

_|_

d P21 pa
W:2W€:ZH ME t|E, )pa’pd(l)a’z
0
aKznzazna’Hoz N YD S
r\2 J‘ ]’7
(e, f b
_8](21]2347th02 _1_ m
8(X;nn)2 X;ﬂﬂ
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|h"[a Circular Cavity Resonators
QiVA S

The power loss in the conducting walls is

R 2 R (pd p2n 2
P :AJ‘S‘H[‘ dszz’{J‘ZOLOMHd)(p:a) -I—‘Hz(p:a)‘z]ad(bdz

2
2 [ (e -0) +H¢(Z:O)2]ded(|)}

$»=04p=0
842 2 . |
+| = 1- ;
XIUU (X ;nn )

( 2
SR LR

(X;HI) )2

~N
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I“"I's Circular Cavity Resonators
QiVA S

To compute the Q due to dielectric loss, we must compute the power dissipated in
the dielectric. Thus,

1 * me” 2 2
Pd:—j]-E dv =—- UEP‘ +|Ey) }dv
2Jy 2 Jy
14 z ) 2 ! ! |
_ g KznzazHozna’J“‘ ( ma j ]Z[anPjJrer(szp) pdp
’ 11 11
4(X;nn)2 p=0| \ ¥ mnP d d
22 4,2 2 |
we' kN a H; m 2/,
— N 1_( , j jn(an)
8(an) Xmn

oW e 1
P; ¢ tand

Where tan o is the loss tangent of the dielectric. This is the same as the result
of Q4 for the rectangular cavity.

Qy

Massachusetts Institute of Technology RF Cavities and Components for Accelerators USPAS 2010



m«'[s Cavity wave guide mode patterns
QiVA S
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|H"|~s Cylindrical Cavity mode patterns

CIVA)

(o) T™ 010 mmode (®) TM110 mode (@) TMD12 meode (d) TM112 modes
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|('|j[g Circular TE,,, mode
I

NOTE: Ji(hp)=~J:(hp)
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m.l'.a Circular TE, , mode
CIPAY

E ¥ The electric field lines form closed
circular loops centered around the cylinder
axis.

b The electric field lines are threaded with
closed loops of magnetic filed lines in the
radial planes.

dNo surface charges appear on any of the
cavity walls, since the normal electric field
IS zero everywhere on the walls

dHowever surface currents Js =2xH do
flow in the walls due to tangential
magnetic fields.
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N'[a Circular TEy,, mode
JN

» On the curved surface of the cylinder we have J; due to H, given

by
I, = H.l. (3.832)sin(’jj ~-0.403H, sin(’j) at 1 =a

» On the flat end surfaces we have J,, due to H, given by

nald 3.832r
]S¢:i3.832djl( j at =0 and z=a

b It is iInteresting to note that the surface currents are entirely
circumferential. No surface current flows between the flat walls and
the curved walls.

d

dPHence, If one end of the cavity IS mounted on micrometers and
moved to change the length of the cavity, the TE,,,can still be fully
supported, since the current flow Is not interrupted.
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m.l'.a Circular TE, , mode
CIPAY

»Movable construction of the end faces also suppress other modes,
particularly TM,;;, which has the same resonant frequency but
lower Q.

dThe currents that are required to support TE,,; are interrupted by
the space between the movable ends and the side walls.

BAs in the case of of the rectangular cavity resonator, the resonant
frequency of the TE,;mode can be found by substituting the
expressions for any one of the field components into the wave

equation.
011 \@ J B
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m.l'.s Circular TE(,;, mode
CIPAY

b The resonant free-space wavelength of the cavity corresponding to
the resonant frequency Is given by

c _ 2JuE,

B 2 2
fo1s (1j L[ ¥o1
d Ta

bFor the most general case of Te,, mode, the resonant free-space
wavelength A, Is given by

\ _ ¢ 2./, €,

mnp I

2 2
mnp yo, N X on
MRS

7\'011 =
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N'[a Circular TEy,, mode
I

bUsing the expression derived for the Q of the circular Te,, and
using X,;=3.832, we have

1+0.168(2a/d)?
1+0.168(2a/d )

pX-band circular cavity: d=2a such that its TE,,; resonates at 10
GHz. What is Q?

Q =~ 0'217‘ J1+0.168(2a/d )

8 1
Ao11 = < z3X1O Hé > = 2 —a=1.98 cam
fogg 10x10° Hy \/( 1 jz (3.832)2
=+
1 24 Ta
S = ~6.42x10"" m
17 Te;

- Q= 0'6?‘0 J1+0.168 ~30792!
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TE |

Excitation of the TE,;; mode in a circular cavity via coupling from a
TE,;mode in a rectangular wave guide.
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|,(."[s Loop or Probe Coupling

QILUA

For a probe coupler the electric flux arriving on the probe tip
furnishes the current induced by a cavity mode:

| = we SE

where E is the electric field from a mode averaged over probe tip
and S is the antenna area. The external Q of this simple coupler
terminated on a resistive load R for a mode with stored energy W

IS WV
Cext =5 5,2
Roe= S L
In the same way for a loop coupler the magnetic flux going
through the loop furnishes the voltage induced in the loop by a

cavity mode: V= wu SH
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|"('|]['s Problem 1

QILUA

A WR-1500 rectangular air wave guide has inner dimensions
38.1cm x19.05 cm. Find (a) the cutoff wavelength for the dominant
mode; (b) the phase velocity, guide wavelength and wave
Impedance for the dominant mode at a wavelength of 0.8 times the
cutoff wavelength;(c) the modes that will propagate in the wave
guide at a wavelength of 30 cm.

% 2 2ab

o l, N \/(mjz +(sz Jm 22
a b

So the cutoff wavelength of the dominant TE;; mode is

A =2a=16.2cm

10
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(uQ
IS
The phase velocity, guide wavelength and the wave impedance can

be calculates as

0) 0 1
V - — — j—

O e () (]

8
v, = 1l - ~5x10% m— s
J1-(8)
L 2T _ 2T _ A
o an \/ 2 (1]17'[)2 (HTC)Z \/ (fc ]2
oue—| —| —| — 1—| Cum
a b f
0.8x76.2 <102 m

0= J1-(0.8Y
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Wt

L = n _ 2aut
10 2 2 2
Jl_(fcl%j Jaa2uer? -1
s
L~ <628.30

" 1-(087

(c) At A, ;=40 cm, only the dominate mode TE,, mode propagates
since the next higher mode TE,, (or TE,;) has A 0= A.o/2 =
38.1 cm <40 cm.

(d) At A,;,=30 cm, the propagating modes are TE,,, TE,,, and TM,,
(App=38.1 cm), TEy,(A,;=38.1 cm), and TE; and TM,

2ab

Moy, = N

~ 34.1cm
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!'('U[s Probler 2

Design a rectangular cavity resonator that will resonant in the TE,
mode at 10GHz and resonant in the TM,;, mode at 20 GHz.

Assuming a=2b. The resonant frequencies of the TE,;; and TM,,
modes are given by

1 \/mznz Hzn_z X pznz

(Dmn — +
P e\ 22 52 72

3><1010\/ 1 1

a d

10
3X;O \/ 12 +i2 ~20GH7 —> a~1.677cm

d d
b= % ~0.839cm  fromf,,, we find o ~3.354cm

f19 ®

Massachusetts Institute of Technology RF Cavities and Components for Accelerators USPAS 2010



I,t'"[g Dielectric Wave guide

QILUA

=\\e have shown that it is possible to propagate electromagnetic
wave s down a hollow conductor. However, other types of guiding
structures are also possible.

= The general requirement for a guide of electromagnetic waves is
that there be a flow of energy along the axis of the guiding structure
but not perpendicular to it.

= This implies that the electromagnetic fields are appreciable only in
the immediate neighborhood of the guiding structure.

= Consider an axisymmetric tube of arbitrary cross section made of
some dielectric material and surrounded by a vacuum. This structure
can serve as a wave guide provided that dielectric constant of the
material is sufficiently large.
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I,‘Hﬁ Dielectric Wave guide

QILUA

= The boundary conditions satisfied by the electromagnetic fields are
significantly different to those of a conventional wave guide. The
transverse fields are governed by two equations; one for the region
Inside the dielectric, and the other for the vacuum regions.

= Inside the dielectric we have
i 2
(€))

k° v =0

2
VS+ 81—2_ g
C

= In the vacuum region we have
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I,t'"[g Dielectric Wave guide

QILUA

= Here, y(x,y)e"” stands for either E, or H,, ¢, is the relative

permittivity of the dielectric material, and k; Is the guide propagation
constant.

= The guide propagation constant must be the same both inside
and outside dielectric in order to satisfy the electromagnetic
boundary conditions at all points on the surface of the tube.

= Inside the dielectric the transverse Laplacian must be negative,

so that the constant 002

2 2
](S = 81 C—Z — ](g
IS positive. Outside the cylinder the requirement of no transverse
flow of energy can only be satisfied if the fields fall off

exponentially (instead of oscillating).
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I,l"l[g Dielectri i
CIPAN
> 2
= Thus — _

= The oscillatory solutions (inside) must be matched to the

C
exponentially solutions (outside). The boundary conditions are the
continuity of  BJinEIN=IENLEBE and RERBERIEINSERGAZR on the

surface of the tube.

= The boundary conditions are far more complicated than those in
a conventional wave guide. For this reason, the normal modes
cannot usually be classified as either pure TE or TM modes.

= In general, the normal modes possess both electric and magnetic
field components in the transverse plane. However, for the special
case of a cylindrical tube of dielectric material the normal modes
can have either pure TE or pure TM characteristics.
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|'(H.s Dielectric Wave guide

QILUA

= Consider a dielectric cylinder of radius a and dielectric constant
g,. For the sake of simplicity, let us only search for normal modes
whose electromagnetic fields have no azimuthal variation. We can
write y 5 y
2—+r—+1‘21{S2 v=0 (for r<a)
dr® dr

2
{V +(81—1< H\V 0
=The general solution to this equation Iis ¢

some linear combination of the Bessel RN
s g

functions Jy(Kr) and Y,(K.r). However,

since Yy(kir) is “badly” behaved at the
origin(r=0) the physical solution is y oc J (]{Sr)
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m«'[a Dielectric Wave guide
CoLPAY

= \\e can write

2
rzd——l—ri—rzktz v =0
dr? dr
= This can be rewritten
d°> d
2—-|—Z——Z v =0 where z=k,r
dr? dz

= This type of modified Bessel’s equation,whose most general

form iIs ,
sz—+zi—(22+m )\|!=O
dz? dz
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|('l.|[s Dielectric Wave guide
I

=The two linearly independent solutions are denoted I .(z) and
K,,(2). The asymptotic behavior of these solutions at small || is

as follows:
( j 2/
Z k! ]{ + m

)_m (m—k-1) (— 22/4)k +(=2)""In(2/2)1,,(»)

+(=1)" 1(;)mi[w(k+l)+ y(m+ k+1)] (22/4)117 |

k=0
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I(!"I's Dielectric Wave guide
|
=Hence |,,(z) is well behaved in the limit |2/ — 0, whereas
K(2) is badly behaved. The asymptotic behavior at large ‘ Z‘ is

I ()= 1+O(1j |

212 Z

K, (z)= \/ie‘z _1+ O(ij .

=Hence,|,(2) is badly behaved in the limit |z| — oo, whereas
K(2) is well behaved.
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I(!"I's Dielectric Wave guide
I

= The behavior of 1,(z) and K,(2)

EllllllllllLlllIllll
(Y

Massachusetts Institute of Technology RF Cavities and Components for Accelerators USPAS 2010



QR , , ,

!h[b Dielectri |
= Is It clear that the physical solution (l.e., the one which
Decays as || —> o0 is Y oc K, (]{tr).

= The physical solution is

‘V:]o(ktf)
for I = a, and
‘V:AKo(ktf)

= A is an arbitrary constant, and \V( f)elkgz stands for
either E, or H,.
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|'(H.a Dielectric Wave guide

QILUA

= \\e can now write

k, OH
HTZI i Z) Egz—muanZ’
k; or ]{g or
k
L. = i H forr<a
We, £,

= There are analogous set of relationships for for r>a . The
fact that the field components form two groups;(H,,E,), which
depends on H, and (H,,E,), which depend on E,; means that the

normal modes takes the form of either pure TE modes or pure
TM modes.
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|hl.l|.a Dielectric Wave guide
QPN

=For a TM mode (E,=0) we find that

H, =] (kr) H, = AK_ (k1)

k K
HIZ—I'—gjl(]{ST) Hr ZIAk—gKl(l{[f)
S l
Ey =12 1 (k.r) Ey=—id 2" K, (k1)

k, k,
for r <a,and for r> a

= Here we have used
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|'(H.s Dielectric Wave guide

QILUA

= The boundary conditions require H,,H,, and E, to be continuous
across r = a. Thus, it follows that

AK, (k.a)= ], (k.a),

_ AKl(kzc’l) _ fl(ksc’l)_

k, k

S
= Eliminating the arbitrary constant A, will yield

fl(ksfl) n Kl(kzc’l)
ks jo (ksa) kt Ko (kta)

o2
where  k° +k° =(g -1)—-.
C

=0
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|('l.|[a Dielectric Wave guide
I

Graphical solution of the dispersion relation
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le'a Dielectric Wave guide
QPN

= Since the first root of  J_(~) occurs at z=2.4048 the condition
condition for the existence of propagating modes can be written

2.4048¢

A/ €1 —1a

= In other words, the mode frequency must lie above the cutoff
frequency oy, for the TE,;, mode (here, the O corresponds to the
number of nodes in the azimuthal direction, and 1 refers to the 1%
root of J,(z)=0.

(D>(001:

= The cutoff frequency for the TE,, mode Is given by
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|'(H.s Dielectric Wave guide

QILUA

= At the cutoff frequency for a particular k=0, which implies that

_ W w°
AP L
| C —
= The mode propagates along the guide at the velocity of light iIn
vacuum. Immediately below this cutoff frequency the system no
longer acts as a guide but as an antenna, with energy being radiated
radially. For the frequencies well above the cutoff, k; and k; are of
the same order of magnitude, and are large compared to k.. This
Implies that the fields do not extend appreciably outside the
dielectric cylinder.
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m.l[a Dielectric Wave guide
QPN

=For the TM mode (H,=0) we find that

E,=AJ (k) E, =AK (k)
Hy=~1 002381 Ji(k,r) Hy=1A Q]){SO K(k, )
5 (
Kk, k
L, =~1 ]{511(1%1‘) E, =iA~£K,(k,r)
(
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“"[s Dielectric Wave guide
I

= The boundary conditions require E,, H,, and D, to be continuous
across r = a. Thus, it follows that

AK, (k.a)= ], (k.a),

_ AKl(kzél) =g 11(1%3).

k, k

S
= Again, eliminating constant A between the two equations gives

the dispersion relation
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IH’I’% Dielectric Wave guide

QILUA

= It Is clear from this dispersion relation that the cutoff frequency
For the TM,, mode Is exactly the same as that for the TE,, mode.

= It is also clear that in the limit €; >> 1the propagation constants

are determined by the roots of J;(K.@) =~ 0. However, this is exactly
The same as the determining equation for TE modes in a metallic

Wave guide of circular cross section (filled with dielectric of relative
Permittivity ¢,).

=Modes with azimuthal dependence (i.e., m > 0) have longitudinal
Components of both E and H. This makes the math somewhat more
Complicated. However, the basic results are the same as for m=0
Modes: for frequencies well above the cutoff frequency the modes
are localized in the immediate vicinity of the cylinder.
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