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Voltage Breakdown

Find surface treatments more “resistant” to electric 
fields

1. Ex situ: material, coatings, cleaning

2. In situ: heating, processing (conditioning)
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Starburst in a 1.5GHz Nb cavity    Starburst on a DC cathode (Nb)

Voltage Breakdown
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Mode Conversion

87% TE11+13%TM11
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Breakdown Effect on Phase Advance per cell

Why is the most damage 
occurring at the upstream end?

If breakdown is modeled as a load 
impedance, power absorbed in the 
load scales as

Group Velocity2 × Gradient2
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Pulse length clearly very important

Evidence suggests that the
conditions required to provoke a
breakdown event needs a build-up
time of >10 ns.

For pulses much shorter than 10
ns have achieved surface fields of
600 MV/m on copper without
damage.

Pulse length
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Cu tested with 4 ns pulses, surface field in excess of 600 MV/m

Time to develop conditions that produce damage is 
between 4 and 16 ns.
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Field Electron Emission
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Pitting on cell irises of a 1.8 m x-band structure after operation 
at gradient up to 50 MV/m

SLAC

Field Electron Emission
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Causes of Breakdown

It is known that field emission (FE) is the source of electrons
triggering a sequence of events that eventually leads to a breakdown.

Electrons produced by FE, heats the surface which then releases
locally-available gas. Electrons also ionize the gas to form a plasma.
Plasma ions are accelerated back toward the now-cathodic surface,
releasing more gas.

This regenerative mechanism may lead to an enhancement of the
plasma density and, eventually, to a breakdown. Therefore, to get a
breakdown, it is necessary to provide field emitters and (dissolved)
gas.
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Emitter Candidates

Dust

Voids

Grain Edges

Inclusion

Facets

Causes of Breakdown
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Voids and Etching Artifacts have not been observed to be a focus of
breakdown, probably because there are usually below surface-level.
During the furnace cycle, the oxide or etch residue sometimes present
in the feature is vaporized. However, the features are not always
themselves removed (through mass movement) by the furnace
processing.

Causes of Breakdown
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Dust introduced into the structure following furnace heating. The dust
is stuck to surface electrostatic ally and by Van der Waals force.
Chemical etching is usually required to remove the dust from the
surface so its introduction is best avoided by good housekeeping. In-
situ, the dust burns off during rf structure processing, and a often
carries sufficient dissolved gas from the plasma. The processing-
removed dust leaves a residue of carbon (and Si, Al, Mg, Ca, Cl, Ti,
etc..typically building-material debris) on the surface, sometimes as a
lump.

Causes of Breakdown
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Grain Edges are often displaced vertically by grain growth (mass
movement) in the furnace. The exposed edges are dangerous because
of close proximity to dissolved gas in the grain boundary.
Displacement is unavoidable but can be minimized by reducing
furnace temperature and time.

Inclusions are foreign-material masses lodged in the surface, and are
often dielectric ( e.g., copper oxide) acting as charged “antennae” with
gas often trapped below them. To minimize such these defects, it is
necessary to use highest quality material (OFE-Class 1).

Causes of Breakdown
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Facets appear as copper hillocks. They are small, metallic and good
field emitters that can probably sustain healthy FE currents without
melting. Keeping the furnace processing time short minimizes the
mass movement that produces them. This is especially important on
single crystal diamond finish-machined (SCDM) because of its
(otherwise) low surface roughness.

Causes of Breakdown
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Breakdown Sequence

Field Emission

Surface Heating

Gas Ionization - plasma

Plasma ions acceleration to surface

Generates Gas

Plasma growth and breakdown

More gas released
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Causes of Breakdown

A classic RF Breakdown Event

Crater Center EDX Spectrum

Nearby Background
Cell 87
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Light Optical Image

Cell 87

Causes of Breakdown
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Processing SW565 standing wave structures- Pulse heating estimate 
for input coupler iris                         SLAC – June 2002 
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NLCTA
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Breakdown Threshold Gradient –vs- Pulse Width in 16% Group Velocity 
Structure
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30 cell tungsten-iris structure
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Mode-Converter Type Input Coupler
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Field Distribution in T53VG3 Coupler - SLAC
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Pulse Heating of T53VG3 Coupler Waveguide Iris riris=76 µm
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High-Gradient Breakdown

The high power RF systems used for high-gradient testing are equipped with 
directional couplers before and after the structures so that the incident, transmitted 
and reflected power pulses can be measured.

Example: RF power pulse shapes during a breakdown at 
11.4 GHz
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RF power pulse shapes during a breakdown at 30 GHz

Incident power

Transmitted power

Refl power

High-Gradient Breakdown
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Current pulses are one of the most reliable indicators of breakdown. Even events with
low missing energy can produce easily measurable emitted currents.

RF breakdowns produces current bursts that are emitted through the beam pipes of
the accelerating structures.

It should be emphasized that these current bursts are not “dark currents” which are
emitted regularly on every pulse. Breakdown currents are also much higher than
dark current and reach nearly an ampere

High-Gradient Breakdown
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Measurements of the currents emitted are mostly done at the ends of the
accelerating structures.

There is strong reason to believe that currents within the structures are much
higher.

Internal absorbed currents should produce X-rays measurable outside of the
structure. Limited due to absorption in copper walls and background.

Breakdown also produce visible light that can be observed through the beam
pipe of the structures. A surprising feature of the light produced in copper
structures is that it lasts for nearly a microsecond after RF has left the structure.

High-Gradient Breakdown
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Possible origins of the light are excited plasmas of desorbed gas, copper ions
that have been vaporized from the structure surface and blackbody radiation
from a heated structure surface.

Breakdown can also produce substantial increases in the vacuum level. Vacuum
signals provide a useful indicator of the breakdown activity when conditioning
starts, but care should be taken since the signal fades as processing proceeds.

High-Gradient Breakdown
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If it does not limit the achievable gradient below a desired value, RF breakdown is often
merely a nuisance conditioning a structure up to its operating gradient may be laborious
but straight-forward.

Damage:

RF breakdown becomes most dangerous when it cause damage. The rate of structure
damage is gradient-dependent. This is a main problem for high frequency structures
such as X-band (11 GHZ) for NLC and higher frequency structures (30 GHz) at CLIC.

Conditioning gradient for these high frequency structures exceeds 70MV/m. The
damage manifests itself by a change in the phase advance per cell.

High-Gradient Breakdown
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Damage

Cross section of coupling iris damaged by 
RF breakdown.

Phase error as a function of position 
introduced by conditioning

Cell Number

High-Gradient Breakdown
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 Once a breakdown has been initiated, a discharge, or arc, begins. 

 Very high power absorption with little reflected power

This power likely absorbed by electron currents that collide with the 
structure walls.

 Ions of any kind probably do not directly absorb RF power because they
have oscillation amplitudes well below a micron when driven by fields of
the order of 100 MV/m.

 If RF power-absorbing current is focused onto the structure surface
(either by the RF field pattern or by interaction with ions that are 
liberated during the discharge) the potential for damage is enormous. 

Damage only occurs 
during conditioning??

High-Gradient Breakdown
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The goal is to produce higher performance accelerating structures.

Three main objectives:

1. A high ( and stable) operating gradient

2. Preferably no damage 

3. Short conditioning period

Most of the damage seems to be caused by melting during the breakdown arc.

Use of high melting point materials such as 
Tungsten 

High-Gradient Breakdown
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Arc resistance of copper

(Iris damage)

Arc resistance of tungsten

(No damage on iris)

Supports much higher accelerating 
gradient.

High-Gradient Breakdown
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Ferrite Devices

We now study a wave propagation through ferrimagnetic materials, and the
design of practical ferrite devices such as isolators, circulators, phase
shifter, and gyrators. These are non-reciprocal devices because the
ferrimagnetic compound materials (ferrites) are anisotropic.

Ferrites are polycrystalline magnetic oxides that can be described by the
general chemical formula

X O • Fe2 O3

In which X is a divalent ion such CO2+ or Mn2+. Since these oxides have a
much lower conductivity than metals, we can easily pass microwave signals
through them.

Most practical materials exhibiting anisotropy are ferromagnetic compounds
such as YIG (yttrium iron garnet), as well as the iron oxides.
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Magnetic Materials

From an E.M. fields viewpoint, the macro (averaging over thousands or
millions of molecules) magnetic response of a material can be expressed by
the relative permeability µr, which is defined as

0µ
µ

=µr

where

µ = permeability of the material (Henries/m

µ0 = permeability of vacuum = 4π×10-7 (H/m)

µr = relative permeability (dimensionless)

The magnetic flux density B is related to the magnetic field 
intensity H by
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Magnetic Materials

HHB rµµ=µ= 0

Where in Sytem Internationale (S.I.) system of units, 

B = magnetic flux density (Tesla)

H = magnetic field intensity density (Amps/m)
(Gauss)        cgs units 

(Oersted)        cgs units 
We think of B as magnetic flux density response of a material to an applied 
magnetic force or cause H. 

Depending on their magnetic behavior, materials can be classified as:

 dimagnetic

 paramagnetic

 Ferromagnetic

 anti-ferromagnetic

 ferrimagnetic
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The magnetic behavior of materials is due to electron orbital motion, electron spin, and to nuclear 
spin. All three of these can be modeled as tiny equivalent atomic currents flowing in circular loops, 
having magnetic moment IA, where I is the current (Amps) and A is the loop area (m2):

N

S

n̂ A

≡ IAnm ˆ=

tiny bar current =  current loop = magnetic moment

Magnetic Materials
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The magnetic dipole moment of an electron due to its spin is 

( )22410279
2

Am
m
q

m
e

−×== .

Materials are magnetically classified by their net (volume average) 
magnetic moments:

paramagnetic ferromagnetic anti-ferromagnetic ferrimagnetic

When we apply an
external magnetic bias
field (from a permanent
magnet, for example), a
torque will be exerted on
the magnetic dipole:

00 Hm ×µ=Τ

m

s

0H
spinning 
electron
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An spinning electron has a spin angular momentum given by 


2
1

=S

where        = Planck’s constant/2π. We next define the gyromagnetic ratio as

kgcoulombs
m
q

S
m

e
/. 11107591 ×===γ

Thus we can relate the magnetic moment for one spinning electron to its 
angular momentum 

sm γ−= 
Now we can write the torque exerted by the magnetic applied field on the 
magnetic dipole:

Hs ×γµ−=Τ 0

00
1

Hm
dt
md

dt
sd

dt
sd

×µ=Τ=
γ

−=⇒=Τ 00 Hm
dt
md

×µ−=
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Let 00 HzHandmzmymxm zyx ˆˆˆˆ =++=     

Then 000 HmxHmyHm yx ˆˆ +−=×

0

00

00

=

γµ=

γµ−=∴

dt
dm

Hm
dt

dm

Hm
dt
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x
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y
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02

2
=ω+ y
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dt
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2
=ω+ x

x m
dt

md 

{

000 Hm γ=ω Larmor frequency (precession frequency)

y

x

z

m

0H
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These are classical S.H.O 2nd order D.Es with solutions:

tconsm

tAm

tAm

z

y

x

tan
sin
cos

=

ω=
ω=

0

0

The magnitude of m is a constant = 9.27×10-24 Am2, thus

222222
zzyx mAmmmm +=++=

The precession angle θ is given by

m
A

m

mm yx =
+

=θ
22

sin

The projection of         onto the x-y plane is a circular path:m
y

x

m
0H θ

If there were no damping forces, the precession angle will be constant and 
the single spinning electron will have a magnetic moment        at angle θ
indefinitely. But in reality all materials exert a damping force so that           
spirals in from its initial angle until it is aligned with 

m
m

0H
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Now consider N electrons in a unit volume, each having a distinct magnetic 
moment direction m:

unit volume ∆V

N electrons

1m
3m

2m

3m
Nm

The total or net magnetization of the volume is given by

V
mmmm

M N

∆
++++

=
321
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If we now assume the material is ferrimagnetic and apply an external
magnetic field H0, these magnetic moments will line up, and m0 = m when
H0 is strong.

permanent magnet

ferrite material

Applied magnetic 
field H0

V0

+

-

I



Massachusetts Institute of Technology                   RF Cavities and Components for Accelerators                 USPAS 2010 47

For a weak applied H0 we get partial alignment of m0:

1m 2m Nm

As we increase the applied magnetic field intensity H0, all the magnetic
moments line up and we reach the saturation magnetization Ms:

1m 2m 3m Nm
mNM =

Equation of motion: HM
dt
Md

×γµ−= 0
applied magnetic field
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Ms

M
ag

ne
ti

za
ti

on
 (A

/m
)

saturation 
magnetization

Applied bias field H0

If we start with a sample that is initially un-magnetized, with no applied bias field,
the initial magnetization is M0, As we increase the applied bias field H0, the sample
becomes increasingly magnetized until it reaches a saturation level Ms, beyond
which no further magnetization is possible.
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The magnetic flux density B in the ferromagnetic or ferrimagnetic material is given 
by

( )MHB +µ= 0

where 

=B
=µ0

=H

=M

magnetic flux density (Tesla)

permeability of free space = 4π×10-7(H/m)

applied magnetic bias field (A/m)

magnetization (A/m)

If we increase the bias field to the point where we reach saturation, and then

decrease , the flux density decreases, but no as rapidly as shown by the

initial magnetization. When reaches zero, there is a residual density (called
the remanance).

H
H B

H B
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In order to reduce to zero, we must actually reverse the applied magnetic field.B
Flux density B (Tesla)

•

•

•

•

Bm
Br

-Bm

-Br

H0

-H0

Applied magnetic field H (A/m)

saturation

Initial magnetization

d.c. hystresis loop
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Interaction of RF Signals with Ferrites

Consider an RF wave propagating through a very large region of ferrimagnetic 
material with a D.C. bias field            .0Hẑ

y

z

Bias field H0 = Hdc

x
Hz

Hy
Hx

Hrf

x

The RF field is: 

zyxrf HzHyHxH ˆˆˆ ++=

The DC field is: 0HzH dc ˆ=

The total field is: 

dcrftotal HHH +=

This field produces material 
magnetization:

srft MzMM ˆ+=
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The equation of motion becomes:

tt
t HM

dt
Md

×γµ−= 0

ymy
x HM

dt
dM

ω+ω−= 0

xmx
y HM

dt

dM
ω−ω= 0

0=
dt

dM z
{

For the time harmonic (ejωt) r.f. fields we obtain:

zyxyxxxx HHHM 0+χ+χ=

zyyyxyxy HHHM 0+χ+χ=

zyxz HHHM 000 ++=










ω−ω
ωω−

=χ−=χ

ω−ω
ωω

=χ=χ

22
0

22
0

0

m
yxxy

m

m
yyxx

j
Magnetic 
susceptibility
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We can write this in matrix (tensor) form:
































χχ
χχ

=
















z

y

x

yyyx

xyxx

z

y

x

H
H
H

M
M
M

  
000
0
0


magnetization 
response


susceptibility 
tensor


Applied RF 
field

[ ] [ ][ ]HM χ=

We now calculate the magnetic flux density in the ferromagnetic material, due to rf 
field and the d.c. bias field:

For isotropic materials, HB µ=

( ) [ ]HHMB µ=+µ= 0 

[ ] HuHB 0µ+χµ=

















100
010
001
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Therefore

[ ] [ ] [ ]{ }
















µ
µκ−
κµ

=χ+µ=µ

0

0

00
0
0

j
j

u

( ) ( )yyxx χ+µ=χ+µ=µ 11 00

( )

( ) 











ω−ω
ωω

µ=χµ−=ωκ










ω−ω
ωω

+µ=ωµ

22
0

00

22
0

0
0 1

m
xy

m

j

Depends on H0,Ms and 
frequency

NOTE: this assumes a z-directed bias field and that the material is magnetically 
lossless. In this case, both µ and κ are real-valued.
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Lossy Magnetic Materials

We consider a magnetically lossy material.  Let α = loss damping factor 
so that ω0 ω0 + jαω becomes the complex resonant frequency. Then 

xyxyxy

xxxxxx

j

j

χ ′′−χ′=χ
χ ′′−χ′=χ } complex susceptibilities
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For z-biased lossy ferrites, we can show that the susceptibilities are given by

( ) ( )[ ]

( ) ( )[ ]

( ) ( )[ ]
1

222
02

1

222
02

1

222
002

14

14

14

D
ffff

D
ffff

D
ffff

m
xy

m
xx

m
xx

α+−
π=χ′

α++α
π=χ ′′

α++
π=χ′

 

 

 

where ( )[ ] 222
0

222
01 41 α+α+−= ffffD

For a given ferrite, we can experimentally determine H0 vs. χxx and thus can 
measure the line width ∆H. 

rH

H

02
∆

=α (attenuation factor)
rH 0 = resonant value of applied field H0

γµ
αω

=∆
0

2
H
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Plane Wave Propagation in Ferrite Media
Propagation parallel to bias field. Assume an infinite ferrite medium with a d.c. bias
field Hdc =zH0, and an rf field (E,H). There are no free charges or conduction currents
in this medium. Thus, Maxwell’s equations are

[ ]

0
0

=⋅∇

=⋅∇

ωε=×∇

µω−=×∇

B

D

EjH

HjE


H

E 0Hd.c. bias field

x

y
z

ferrite medium

Prop. direction

( )
( ) zj

yx
zj

zj
yx

zj

eHyHxeEH

eEyExeEE
β−β−

β−β−

+=Υ=

+==

ˆˆ

ˆˆ

0

0
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The polarization of a plane wave is determined by the orientation of the electric
field. Elliptical polarization is the most general case. Linear polarization and
circular polarization are the two limiting extremes of elliptical polarization.

x x x

y y y

z

E2

E2

E1

E E

E2

E1  = E2

Linear polarization elliptical polarization Circular polarization

( ) ( ) ( )tzytzxz,t yx ,ˆ,ˆ EEE +=

( ) ( )
( ) ( )δ+β−ω=

β−ω=
zttz

zttz

y

x

sin,
sin,

2

1

EE
EE

where

δ = phase angle by which         
leads Ey leads Ex



Massachusetts Institute of Technology                   RF Cavities and Components for Accelerators                 USPAS 2010 59

RHCP and LHCP

x

y
E

x

y
ERHCP LHCP

E1 = E2 , δ = -90o E1 = E2 , δ = 90o

Case 1: RHCP Wave

The phase constant is ( )κ+µεω=β+

( )

( ) zj

zj

eyxjEH

eyjxEE
+

+

β−
++

β−
+

+Υ=

−=

ˆˆ

ˆˆ

0

0
κ+µ

ε
=Υ+ (Wave admittance)
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Case 2: LHCP Wave

( )κ−µεω=β−

( ) zjeyjxEE
−β−

− += ˆˆ0

( ) zjeyxjEH −β−
−− +−Υ= ˆˆ0

In the z = 0 plane, 

( ) ( ) 02
1

2
1

ExyjxyjxEEE LHCPRHCPtotal ˆˆˆˆˆ =++−=+=

x

y
E RHCP

x

y
E LHCP

+ x

y

0Ex̂
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Faraday Rotation

( ) ( ) ( ) zjzj eyjxEeyjxEzE
++ β−β− ++−= ˆˆˆˆ 00 2

1
2
1

( ) [ ] zj
avav

avezyzxEzE β−β−β= sinˆcosˆ0

( )−+ β−β=β
2
1

av 

x

z
y

E

φ
Ex

Ey

( ) ( )zzEE avxy
−+− β−β−=β−==φ

2
11tan

The rotation of the polarization plane in a magnetic medium is called Faraday rotation.
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Problem

Suppose a ferrite medium has a saturation magnetization of Ms = 1400/4π and is
magnetically lossless. If there is a z-directed bias field H0 = 900 Oersted, find the
permeability tensor at 8 GHz.

Solution: H0 = 900 Oe, which corresponds to 

GHzOeOeMHzf 522900820 ./. =×=
GHzGOeGOeMHzf m 9231140082 .//. =××=

 GHzf 8=
022

0

0
0 82901 µ=









−
+µ=µ∴ .

ff

ff m

022
0

0 5440 µ−=








−
µ=κ .

ff

ff m 

[ ]














 −
=µ

100
082905440
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..
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An infinite lossless ferrite medium has a saturation magnetization of Ms=1000/4π G
and a dielectric constant of 6.1. It is biased to a field stength of 350 Oe. At 5 GHz,
what is the differential phase shift per meter between a RHCP and a LHCP plane wave
propagation along the bias direction? If a linearly polarized wave is propagating in
this material, what is the Faraday rotation angle over a distance of 9.423 mm?

Solution:

.;;;.; cmGHzfOeHGM rs 653001610004 0 =λ===ε=π

MHzGOeGOeMHzf

MHzOeOeMHzf

m 28001100082
840300820

=××=
=×=

//.
/.

1

0
0 71042 −=

λ
π

= mK .

022
0

0
0 90301 µ=









−
+µ=µ .

ff

ff m 022
0

0 5760 µ−=
−

µ=κ .
ff

ff m 

RHCP: LHCP:

( )
1

0 814757609030 −

+

=−ε=

κ+µεω=β

mk r ...

( )
1

0 531457609030 −

−

=+ε=

κ−µεω=β

mk r ...

Problem
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So that 

17166 −−+ −=β−β=β∆ m.

The polarization rotation on an LP wave is

( )( ) radz 5711042397166
2

3 ... =×=
β−β

−=φ −
−+

(900)

X

Y

Z

H0 = 300 Oe

ferrite (εr=6.1, 4πMs =1000G)

z=0

z=9.432 mm
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Propagation transverse to bias field

We now bias the ferrite in the x-direction, e.g.                      . The rf plane wave is still 
presumed to be propagating in the Z-direction.

00 HxH ˆ=

X

Z

d.c. bias field 

Propagation direction

Ferrite medium
Y

Apply Maxwell’s equations to obtain wave equation

1. Ordinary wave (wave is unaffected by magnetization).

2. Extraordinary wave (wave is affected by ferrite magnetization).
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Ordinary wave

zj
ooo

zj
oo

oo

o

o

eExH

eEyE

HxH

β−

β−

Υ=

=

=

ˆ

ˆ

ˆ

 
o

o µ
ε

=Υwhere

εµω=β oo

and

NOTE: propagation constant βo is independent of Hbias .

X

Z

Y

Hbias

Ferrite 
medium

Propagation 
directionoE

oH
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Extraordinary wave

 zj
ooe

zj
oe

o

o

e
j

zyEH

eExE

β−

β−









µ
κ

+Υ=

=

ˆˆ

ˆ

 
e

e µ
ε

=Υ

µ
κ−µ

=µ
22

e

where

εµω=β ee

and

NOTE: propagation constant βe dependents of Hbias and on 
propagation direction.

X

Z

Y

Hbias

Ferrite 
medium

Propagation 
directioneyH

ezH

eE
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Problem: Consider an infinite lossless ferrite medium with a saturation magnetization of
4πMs = 1000 G, a dielectric constant of 6.1 and Hbias =x1500 Oe. At 3 GHz, two plane waves
propagate in the +z-direction, one is x-polarized and the other is y-polarized. What is the
distance that these two waves must travel so that the differential phase shift is -90 degrees?

Solution:

( )

022
0

0

022
0

0
0

1
00

0

9720

3611

71042

82100082
24150082

603

µ=
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µ=κ

µ=
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
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=×=
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.

.

.

./.
./.

.

ff
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mk

GHzOeOeMHzf
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Solution: cont.

The y-polarized wave has                            and is the ordinary wave. Thus xHxH ˆ=
16258 −=ε=β mKoro .

Therefore the distance for a differential phase shift of -90 degrees is 

mmmz
oe

93203290
92106258

22 ..
..

==
−
π

=
β−β

π−
=
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Ferrite Isolators

An ideal isolator is a 2-port device with unidirectional transmission coefficients 
and a scattering matrix given by

[ ] 







=

01
00

S

Isolators are lossy and non-reciprocal.

Isolator types
1. Faraday Rotation Isolator. This was the earliest type of microwave isolator, but is 
difficult to manufacture, has inherent power handling limitations due to the resistive 
cards and is rarely used in modern systems.
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Isolator types

2. Resonance Isolators. These must be operated at frequency close to the
gyromagnetic resonance frequency. Ideally the rf fields inside the ferrite material
should be circularly polarized.

0H 0H 0H 0H

H-plane resonance isolators

ferrite

0H

E-plane resonance isolator Ferrite loading of helical T.L.
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Isolator types

3. Field Displacement Isolator. Advantages over resonance isolators:

 much small H0 bias field required

 high values of isolation, with relatively compact device

 bandwidths about 10%

0H

ferrite
Resistive card
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Propagation in Ferrite Loaded Rectangular Waveguides
Consider a rectangular waveguide loaded with a vertical slab of ferrite which is 
biased in the y-direction

y

x

z

b

a
0 c t

air
air

ferrite

0H

In the ferrite slab, the fields satisfy Maxwell’s equations:

[ ]   HjE µω−=×∇

EjH ωε=×∇
[ ]

















µκ
µ

κ−µ
=µ

0
00

0

0

j

j
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Propagation in Ferrite Loaded Rectangular Waveguides
Assume propagation in the +z direction: Let

( ) ( ) ( ){ }
( ) ( ) ( ){ } zj

z

zj
z

eyxhzyxhzyxH

eyxezyxezyxE
β−

β−

+

+

,ˆ,,,

,ˆ,,,

Consider TEm0 modes, i.e. Ez=0 and                . 0=
∂
∂
y

22
0

22

β−=κ

β−εµω=κ

ka

ef fκ = cutoff wave number for air 

aκ = cutoff wave number for ferrite

0

0

22

2 λπ
r

e

=
εε=ε
µ
−µ

=µ

κ

κ
Effective permeability
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Propagation in Ferrite Loaded Rectangular Waveguides
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Propagation in Ferrite Loaded Rectangular Waveguides

Apply boundary conditions Etan1= Etan2 at x=c and x=c+t; also Htan1=Htan2 at these
boundaries. This means we must have match ey and hz at the air-ferrite boundaries to
obtain the constants A,B,C,D.

Reducing these results give a transcendental equation for the propagation constant β.
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Propagation in Ferrite Loaded Rectangular Waveguides

After solving                        for the roots β, we can then calculate the wave number kf

and ka.
0

5

1

=Τ∑
=n

n

We can then calculate A,B,C,D by applying B.C’s

ey matched at x=c
ey matched at x=c+t
hz matched at x=c
hz matched at x=c+t

Let A =1, then

tk
ck

C
f

a

sin
sin

=

[ ]tkktk
C

ck
k

k
B fff

e
a

a

f

e cossincos µ+κβ
µµ

+







µ

µ
=

0

dk
tk

BD
a

f

sin
sin

= ( )atcd −+=
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Propagation in Ferrite Loaded Rectangular Waveguides

We can now calculate the fields for each of the three regions. 

To design a resonance isolator using a ferrite in a waveguide, we can choose either 
an E-plane or H-plane configuration (the h-plane version is easier to manufacture).

We need to find the necessary design parameters to give the required forward and 
reverse attenuation:

1. Cross-sectional area of ferrite (∆S)

2. Length of the ferrite (L)

3. Saturation magnetization 4πMs

4. Bias field H0

5. Location of ferrite (X0)

H0

∆S
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Propagation in Ferrite Loaded Rectangular Waveguides

nattenuatioforwarsd
nattenuatioreverse

R
 

 
=

α
α

=
+

−

We wish to choose the location X0 such that R is maximized. If α<<1, we can 
show that 2

0
2

44







∆

=
α

=
H
H

Rmax

Optimum position X0 can be found from

xyxx

xyxx

a

a
a
x

χ′′





 π+χ′′β

χ ′′





 π−χ′′β

=
π

2
2
10

2
2
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02cos

a = waveguide broad wall dimension (m)

X0 = optimum location for slab (m)

2
0

0 2
1 






 λ−=β

a
k = phase constant for empty guide (m-1)

xxχ′′

xyχ′′

= xx-susceptibility, imaginary term

= xy-susceptibility, imaginary term
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Filling factor:  ∆S/S

AIR AIR

Ferrite

t

a

c

b
E-plane 
isolator a

t
ab
tb

S
S

==
∆

AIR

t

a

c

b
H-plane 
isolatorw ab

wt
S
S
=

∆

Propagation in Ferrite Loaded Rectangular Waveguides
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Propagation in Ferrite Loaded Rectangular Waveguides

If ∆S/S <0.02, we can calculate the differential phase shift (RHCP – LHCP) as

( )ck
S

Sk
c

c 22 sin
µ

∆κ−
=β−β −+

[ ]xkkxkkxk
S

S
ccxyczzccxx 20

2222
0

0
sincossin βχ′′χ ′′+χ ′′β

β
∆

=α± 

22
00 ckk −=β

Consider an H-plane resonance isolator to operate at 9 GHz, using a single fettite slab
of length L and cross section of 0.187” ×0.032”. It is bonded to the lower broad wall of
an X-Band waveguide (a=0.90”, b=0.40”) at X0 . The ferrite material has a line width ∆H
= 250 Oe and a saturation magnetizations 4πMs = 1900 G. Find the internal bias field
H0, the external bias field He

0, the position X0 that will yield Rmax , the value of Rmax,,α-
and α+ . If the reverse attenuation is 25 dB, find the length L of the slab.

0 a

b

0.187”
0.032”

0.4”

X0
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Propagation in Ferrite Loaded Rectangular Waveguides

The internal bias filed is

( )mAOe
OeMHz

MHz
H /

/.
  3214

82
900

0 ==

The external bias filed is

OeMHH S
e 511419003214400 =+=π+=

With                                                                                                         , GHzfGHzffHH m 325903902 00 .,,. ====∆=α

59776037 .,. =χ′′=χ ′′ xyxx   

The free space wavelength is λ0 =3.4907 in-1, β10 =3.2814 in-1

Two solution: X0/a = 0.260 and X0/a = 0.740 

To get small forward attenuation and large reverse attenuation, we X0=0.666”.
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Propagation in Ferrite Loaded Rectangular Waveguides
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To convert to dB/inch, multiply (Neper/inch) by 8.686
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Mid point Distance x0/a along broad wall

Propagation in Ferrite Loaded Rectangular Waveguides

The maximum reverse attenuation α- is approximately 7.75 dB/inch. Thus the 
necessary ferrite length is L=25dB/7.75dB/in = 3.23”



Massachusetts Institute of Technology                   RF Cavities and Components for Accelerators                 USPAS 2010 85

Field Displacement Isolator

By placing a ferrite slab in the E-plane with
a thin resistive sheet at x=c+t, we can
cause the E fields to be distinctly different
for forward and reverse propagation. We
can make the E field at the slab very small
for +z propagation waves but much larger
for –z reverse wave.

y y

x x

b b

a ac c+t

H0

E1y

c c+t

H0

Forward
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Propagation in Ferrite Loaded Rectangular Waveguides
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For            of forward wave to vanish at x=c+t and to be sinusoidal in x, we require Ef
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Propagation in Ferrite Loaded Rectangular Waveguides
For   Er

y of the reverse wave to have a hyperbolic sine dependence for c+t <x<a, then 
the k-

a must be imaginary.  Since                          , this means that  β+<k0 and β- >k022
0

2 β−= kka

Very important: We also require                                to be negative, if 
we want to force Ey =0 at x =c+t µ

κ−µ
=µ

22

e

Region of 
negative 
effective 
permeability
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Ferrite Phase Shifters

 provide variable phase shift by changing bias field of the ferrite

Nonreciprocal Faraday Rotation Phase Shifter
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First λ/4 plate converts linearly polarized wave from input port to RHCP wave; in the
ferrite region, the phase delay is β+z, which can be cancelled by the bias field H0,
the second λ/4 plate converts RHCP wave back to linear polarization.

Advantages: Cost, power handling
Disadvantage: Bulky

Ferrite Phase Shifters
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Reggia-spencer Reciprocal Phase Shifter

Reciprocal phase shifters are required in scanning antenna phase arrays used
in radar or communication systems, where both transmitting and receiving
functions are required for any given beam position. The Reggia-spencer
phase shifter is such that a reciprocal device. The phase delay through the
waveguide is proportional to the d.c. current through the coil, but independent
of the direction of the propagation through the guide.
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Or a simpler version using 2 ferrite slabs:

S

t
t

0H 0H

Nonreciprocal Latching Phase Shifter
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