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IS
B Transmission Lines are “Guiding” devices for carrying
electromagnetic waves to and from antenna, etc.

B Transmission Line behavior occurs when the wavelength of the
wave Is small relative to the length of the cable.

B We have already shown that in a loss-less line (zero resistance
along conductors, infinite resistance between them), the
propagation speed Is given by

v=—rr[m)s]
JLC
where L and C are the inductance and capacitance per unit length.
The characteristic (specific) impedance is given by:

Z, = \E[ﬂ]
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I"«'[a Types of Transmission Lines:
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Ih"[a Transmission Lines with Unmatched Termination:
ul 1 W

X=-| - X=0

Incident Wave :vieJ(©t=Bx)

Reflected Wave : v, el(@+Bx)

~v(x) = viel OB L 5 o J(OHBX) _g(x)e it where 7(x) = vie 1Y) 1y e I(BX)
Similarly: i(x,t)=i(x)e Jot \where i(x)= Z_ie j(=Bx) _ Z_re i(Bx)

Notice minus sign in reflected current component: Energy flows in
opposite direction to incident wave.
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h"[& Transmission Lines with Unmatched Termination:
ul 1 W

5 V(O)zvl+vr -
Now X(O) Z, and >ZI_:XI'|‘Xr Z.
i (0) o Vi — v,
=0y Vi _Vr
0)=7-7

ZLV' _ZLVF :Zovi T Zovr
(ZL ~Z. )i = (2L + Z. v

_—r Reflected Coefficient = I = 2L — %
Vi ZL +Z,
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Iq.}a Transmission Lines with Unmatched Termination:
I

V(x)=v; (e_jBX +FejBX)

T(x):Z—i(e_jBX e iPX]

e}

Generalized Impedance: Z(x)==—< =2
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Iq.}s Transmission Lines with Unmatched Termination:
I

_ 7 _(ZL + 7, )(cosPx — ssinPx)+(Z; — Z, NcosPx + jsinpx)
(Z; + Z,)cosBx — jsinBx)—(Z; — Z, )cosBx + jsinBx)

7, COSPx — jZ inPx + Z,cosPx — jZ,sinPx
+ /7 COSPBx + /47 sSinBx — Z,CcoSPx — jZ,SINBx
Z COSPx — )4 mPx + Z,cosPx — 7, SINPx

—Z CosPx — ;2 sinBx + Z,cosPx + jZ,SINBx |

27 COSPx — j27, si_n Bx Z(x)=7 7 —{Zo tanP.x
|27 cosPx — j27, sinBx Z, —JZtanpx

(¢]

Impedance "visible"at end of line Z(-1)
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Iq}a Transmission Lines with Unmatched Termination:
I

Suppose | — % [Quarter — Wavelength]

A 2T A 0T T
SO Bl >pB—=—x—=— fads
B B4 R and tan2 00

A _ JZ.tanfl Zo2
2 ——| = Z(-1)|=Z =
( 4j Im'_’%[ =Nl=2. jZ tanpl 7,

. Wecan match a line of impedance Z to a load of impedance

LA : L
Z| with aZ section of characteristic impedanceZ, such that

Z,=\7Z, Q
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Ih"'l‘s Transmission Lines :
QILPA

Example- Suppose we want to match a 75Q transmission line to a 37 Q Marconi
Antenna.

Z,=.JZ.Z; =~/37x75="52.680Q

The matching cane therefore be achieved using a Quarter-
Wavelength section of 50 @ Transmission Line.

Massachusetts Institute of Technology RF Cavities and Components for Accelerators USPAS 2010



Iql[a Transmission Lines :
u“ | : .|

Now consider a short circuit termination: (Z, =0)

~z(c1)=z, %@ anpl

Z, .
Reactance X(Q)
X(€2),
| | |
| | |
: : : [Inductive]
| | |
| | | [
| | | Bé
! ! ! [Capacitive]
| | |
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IH"{S Transmission Lines :
QILPA

Now consider an open circuit termination: (Z, =)

/
L Z=0)=2 L — /(- Z cotPe
(=¢) "/ tanpe /(=7 cot pe)
X(Q) | | |
: : | [Inductive]
! ! :
! ! |
: : ! B¢
: : : [Capacitive]
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I

standing waves result when a voltage generator of output voltage
(Vg = 1sinwt) and source impedance Z drive a load impedance
Z, through a transmission line having characteristic impedance
Z,, Where Z = Z,/Z, and where angular frequency o corresponds
to wavelength I (b). The values shown in Figure a result from a
reflection coefficient of 0.5.

Here, probe A is located at a point at which peak voltage
magnitude is greatest—the peak equals the 1-V peak of the
generator output, or incident voltage, plus the in-phase peak
reflected voltage of 0.5 V, so on your oscilloscope you would
see a time-varying sine wave of 1.5-V peak amplitude (trace c).
At point C, however, which is located one-quarter of a
wavelength (1/4) closer to the load, the reflected voltage is
180° out of phase with the incident voltage and subtracts from
the incident voltage, so peak magnitude is the 1-V incident
voltage minus the 0.5-V reflected voltage, or 0.5 V, and you
would see the red trace. At intermediate points, you’ll see peak
values between 0.5 and 1.5 V; at B (offset 1/8 from the first
peak) in c, for example, you’ll find a peak magnitude of 1 V.
Note that the standing wave repeats every half wavelength (1/2)
along the transmission line. The ratio of the maximum to
minimum values of peak voltage amplitude measured along a
standing wave is the standing wave ratio,SWR, SWR=3.
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(U1

IS
Here, point L represents a normalized load
impedance z, = 2.5 - j1 = 0.5/18° (I chose
that particular angle primarily to avoid the
need for you to interpolate between
resistance and reactance circles to verify the
results). The relationship of reflection
coefficient and SWR depends only on the
reflection coefficient magnitude and not on
its phase. If point L correspondsto |G |=0.5
and SWR = 3, then any point in the complex
reflection-coefficient plane equidistant from
the origin must also correspondto |G |=0.5
and SWR = 3, and a circle centered at the
origin and whose radius is the length of line
segment OL represents a locus of constant-
SWR points. (Note that the SWR = 3 circle
here shares a tangent line with the r, = 3 414
circle at the real axis; this relationship KUTFJH”@?JLL Dro=01
between SWR and r_ circles holds for all
values of SWR.)
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It

Using the standing-wave circle, you can determine input
impedances looking into any portion of a transmission line
such as Figure 1’s if you know the load impedance. Figure
1, for instance, shows an input impedance Z_ to be
measured at a distance |, from the load (toward the
generator). Assume that the load impedance is as given by
point L in Figure 2. Then, assume that I, is 0.139
wavelengths. (Again, | chose this value to avoid
interpolation.) One trip around the Smith chart is
equivalent to traversing one-half wavelength along a
standing wave, and Smith charts often include 0- to 0.5-
wavelength scales around their circumferences (usually
lying outside the reflection-coefficient angle scale
previously discussed).

Such a scale is show in yellow in Figure 2, where
clockwise movement corresponds to movement away from
the load and toward the generator (some charts also include
a counter-clockwise scale for movement toward the load).
Using that scale, you can rotate the red vector intersecting

point L clockwise for 0.139 wavelengths, ending up at the fwwﬁn”g?ﬂfth 0.275=0133
blue vector. That vector intersects the SWR = 3 circle at
point I, at which you can read Figure 1’s input impedance Figure 2

Z... Point | lies at the intersection of the 0.45 resistance
circle and —0.5 reactance circle, so Z;, = 0.45 - j0.5.
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Ih"'[a Transmission Lines Smith Chart 1
u‘ A \ |

Suppose we have a load with an impedance of (40+j80)<Q2 which we need
to match to a 100 Q transmission line. (¢ 3x108m/s and =130 MHz).

Z, 40+ j80Q
Z, 1000
From the Smith Chart, the distance (in wavelength)
from this point toward the generator is ~ 0.135A.

8
The distanceisd =0.135x 3x10°m/s =0.31m

130 x10° Hz

=0.4+ j0.8

ZL(n)=

Looking in here, we

see a resistive load 7 —40+i80
of 440 ©Q . We can L =4U+]ol Q
match this to 100 Q 100 ©2

using a 1/4\

matching section. %7 0.31m 4.‘
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I
vs , 440 Q

1000 ?Q 100 O Z,=40+j80 O

— U —f—  03lm —

Z,=Z.7;
7. =+/100 x 440 = 209.80
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Iq.}s Smith Chart 2
I e —

Find the length, position and characteristic impedance of the quarter-wavelength
transformer required to match an antenna with an impedance of (30-j40)Q2to a 75
Q) transmission line. The operating frequency of this system is 100MHz and the
Insulator in the transmission line has a dielectric constant of 10.

8
The speed of Wave Propagation v = ¢ _ 3x107m/s ~9.49%10"m/s
Jor 1O

,
Wavelength A = Y 949 106 =9.49m

f 100x10
Normalized Impedance Z| () = £ 30 ;51 0 _0.4-jo533

o
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I’q"[s Transmission Lines  Smith Chart 2
“‘ A \ |

From the Smith Chart, we find that we need to move 0.86A away from the
load (i.e., towards the generator) in order to eliminate the reactance (or
Imaginary) impedance component. At this point, the resistive (real) element

1S 0.29. Thus:
0.29x 75 =21.75€2
© a ?
750 J75x21.75=40.39Q 750 30-j40 O
O O Ve

|A Ll‘ B
|‘ V|‘

0.25x0.949=0.237m 0.086x0.949=0.816m
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I!q"l‘s Transmission Lines Smith Chart 3
Q) L

Given that Z, =(30+j40)£2, Z,=50 £, find the shortest | and Z; so that the
above circuit is matched. Assume that Z- is real and loss-less.

We want Z, to be real and Z;, to be Z,=50 2in order for Z; to be real and the
matching condition is satisfied. We find that Z, ,,is 0.6+]0.8. In order to make
Z, real, the shortest | from the Smith Chart is A/8. Then Z,,,=3.0, and
Z,=150 .Since Z;,=50 2, we need |

1

Zy =77, =50x150 = 86.6Q2
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Iq.}a Stub Matching
I e —

We showed how a quarter-wavelength matching section can be used to
Impedance-match a load to a line. However, this technique has a major
disadvantage: it is unlikely that one can find a transmission line with exactly the
right characteristic impedance to perform the matching.

An alternative method is known as “Stub-Matching”
Using the parameters of example 1

Suppose we have a load with an impedance of (40+j80)<Q2 which we need
to match to a 100 Q transmission line. (¢ 3x108m/s and f=130 MHz).

Stub Matching requires us to convert from impedance Z to admittance Y.
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Iq:'[a Stub Matching
I e

1 v, Z
ZL(n) Y, Z;

100 400- /80 _ 4000 - ;8000
T 200+ /80 400 j80 (402 + 802

Yi(n)=

=0.5-7,1.0

?

1000 Y,_(n):O.5+j1.0

o

Towards Generator Towards Load
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I""I's Stub Matchin
J)I!

8
n= X0 g = 0.318) = 0.734m

- 130x10°

............. P

Y\ (y=0.5+j1.0

1.0+j1.65

Looking into the line at the point X, we see a normalized admittance
(1+j1.65).
If we introduce a reactive admittance of —j1.65 in parallel with the line at
this point, the overall admittance will be 1.+j0 and the matching will be
achieved.
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Iq:'[a Stub Matching
I S

A pure reactance can be created by means of a “Stub”,i.e.,a length of
transmission line with a short-circuit termination.

© ©
© ©

P .
< P

We showed before that the input impedance of a short-circuited line is
given by

Z . = tanpe

1 7
.9 Admittance éo V-, = = ——-Cotp¢
Kl Y JZ.tanpe  Z, P
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Iq}s Stub Matching
I e

0.318 2=0.734m A

Z, = 40+j80 O

100Q2

o
Short Circuit Stub

Ve
%
10002
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Ih"'l‘a Double Stub Matchin
Q) |

Both single stub tuning and quarter wave transformer matching require
changing the location of the stub or the transformer. In practice, this is
difficult, and a double stub tuning removes this difficulty.

<€ {4
7.0 A 70
>
Y
AN\
Iy, 70
Stub 1
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I'q"[s Double Stub Matching:

u;. &y
1. In order to have a matched circuit, we should have o /r—;‘;;"—ﬂ
Y=Y, so that Y,,=1. However if we change I;, the N : 2.
possible values of Y, trace out a circle C;. Yi Y)

AN

2. If Y Is as shown, by changing |,, the possible

values of Y, trace out a circle C,. b.zo La.2g
olu Stu

3. When 1, is added, all the possible
values of Y, yat Ais transformed to B by
a rotation according to the length of o
|, This constitute a circle C, which is all "
the possible values of Y, obtained from

Y. There are only two points, P and Q =, ;e vauesor vy
that the two circles intersect. If pick P, fwaviia ©o=
this correspond to the value of Y,

Y2n:YIn+Ystub2n'

4. The length |; Rotates the point P to R. R has the
impedance Y ;-Y,1,=1- Rotates the point P to R. R
has the impedance Y. ;-Yuwin=1"Yswoin Ysupin C&N be
obtaine from SC and hence length I,.

All possible values of Yo
by changing £5

All possible values of Yo
by changing £

.“hd \ Yy =1
4 Yy1 = Ynstubl

v Q/
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Transients on a Transmission Line

When we do not have a time harmonic signal on a transmission line, we
have to use transient analysis to understand the waves on a transmission line.
A pulse waveform is an example of a transient waveform.

We have shown previously that if we have a forward going wave for a
voltage on a transmission line, the voltage is

V(z,t) = f(z — wt). (1)
The corresponding current can be derived via the telegrapher’s equation

1

I(Z,t) = Z

(z — vt). (2)

If instead, we have a wave going in the negative direction,
V(z,t) = g(z + vt), (3)

then the current from the telegrapher’s equations, is

Iz i) = ﬁéug(z + vt). (4)

Hence, in general, if
V(z,t) = Vi(z,t) + V_(2,1), (5)
I(z,8) = Yo[Vi (2,8) - V_(z, )], (6)

where Y, = Zio, and the subscript + indicates a positive going wave, while

the subscript — indicates a negative going wave.
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H«'l.a Transients on a Transmission Line
Q) L

{a) Reflection of a Transient Signal from a Shorted Termination

Zo. v

Vo

?

z=10 z=L

If we switch on the voltage of the above network at ¢ = 0, the voltage at
z — 0 has the form

Viiz=0,t) = VuU(L). (7)

The voltage on the transmission line is zero initially, the disturbance at £ = 0
will create a wave front propagating to the right as ¢ increases.

L
v L
AVE D t<y
Vi
Vo
- v
+ > 1
z=0 7 = vt 7z =1
I(z. t)
A
14
Vo Yo
B N
—>
z=0 7 = vt z.=ls

When the wave reaches the right end termination, the voltage and the
current wave fronts will be reflected. However, the short at z = L requires
that V(z = L,¢) = 0 always. Hence the reflected voltage wave, which is
negative going, has an amplitude of —V,. The corresponding current can be
derived from (4) and is as shown.
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Transients on a Transmission Line

4 V,i(z. )
. i 1>k
]
i
1 z
=10 == L
[
A Vf(z, 1) t >V
0 - z
s i
'
il " N |
Vo v
, V(Zz, )=V, +V_
Vo t> %
s
t > 7
O zi= L.
s Ltz 0 Ta.
Yo Vo !
1
;
- > 7
z=10 r z=L
1_(z, 1) e Yy NIy
- a
1
= 7
Of o —T.
4 I(z, 1) i
2Yog Vo 1 !
-—
1
1
YU VO __________ :
1
|
1)
>z
z =0 =T
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Transients on a Transmission Line

When the signal reaches the source end. it is being reflected again. A
voltage source looks like a short circuit because the reflected voltage must
cancel the incident voltage in order for the voltage across the voltage source
remains unchanged. Hence the negative going voltage and current are again
reflected like a short. Hence, if one is to measure the voltage at z = 0, it will
always be V. However, the current at = 0 will increase indefinitely with
tite as shown.

z=0,1t) 7 Yo Vo

& —
5Yy Vo
3YyV
3YgVp 0Yo
Y Vg

; > 1
0 t=2LJ/v t=4L/v t=06L/W

The current will eventually become infinitely large because the transmis-
sion line will become like a short circuit to the D.C. voltage source. Thercfore,
the current becomes infinite.

{1b) Open-Circuited Termination

If we have an open-circuited termination at z = L, then the current has
to be zero always. In this case, the reflected current is negative that of the
incident current such that I{z = L,t) = 0 always. For example, if the source
waveform looks like as shown below, the reflected waveform will behave as
shown.
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Transients on a Transmission Line

Vg(t)
-~
Vo +
1
]
:
]
N » 1
0 1
4 Vz. D
Vi t<L/v
Va :
' }<
1]
1
1
-7
z=10 z = v(t-1y) z=vt z=L
. I{z. 1)
Vo Yo g t < L/v
i
L]
]
]
- ¥ - 7
z2=0 z = v(l—y) zZ=vt =T
1z, 0 I,
Yy Vo —————————————————< -~ -~ Pt LAY
]
]
]
i
= T > 7
0 ~ N ! z=1L
~ 1
\‘\\ { {
r'y Viz, 1)
EVU - . t> Liv
1
/
B P N S __2a
0 v, ".r :
-~ 1_ i
- 1
0 < 1 - Z
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Ih"[a — SmithChariProblem3
QPN

An inaccessible RF load is connected through a 50 Ohm loss-less T.L. to a
measurement point. The line has an electrical length of 3.4 A, and the
wavelength is 0.3 m. The input impedance is Z;=110-j70Q. Determine

a. Load impedance Z,
b. VSWR

c. Reflection coefficient at the load
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!a][a Smith Chart Problem 3
(110 - j70)Q
5002
Rotate P; towards load by 3.42.(0.41)

0.5-0.215=0.285A
0.4-0.285=0.115A
Z, =(0.47 — jO.75)50Q = 23.5 - j37.5Q (P;)
VSWR =3.28 (P;)
Reflection coefficient at the load is

3.28-1
T 3.28+1

Zi = =2.2-j1.4 (P)

Iy =053 £-97° (RF)
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Ihu[g Transmission Line
1) |

%
«:=

Source ZL L oad

v
N

S |

P
<

I

:

:

;

:
L

We assume the line is characterized by distributed resistance R, inductance L, capacitance C, and
conductance G per unit length.
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Iﬂ"[s Transmission Lines
)] |

Applying Kirchhoff’s voltage law to the small length dz:

—dv = Rdz + Ldz 8_1
ot
ov =—Rr - Lg
0z ot
Applying Kirchhoff’s current law to the small length dz:
—di = Gdz(v +dv )+ Cdza(%[dV)
o _ ~Gv — Ca—V
0z ot

These basic equations are difficult to solve for non-sinusoidal waves in the general
case. We only consider

1) transients on lossless lines

2) sinusoidal waves on lossy lines.
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Ih"[s Transmission Lines (Lossless Lines)
Q) L

In a lossless line we put R-0 and G=0.

o __ o1
Oz ot
or__o9v
Oz ot
If we eliminate i we obtain the one-dimensional wave equation
2 2
Oz ot

The general solution contains forward and reverse traveling waves of arbitrary shape,
and has the form

V(Z,[)z Vf(z —C[)+ Vr(z +Ct)

Exercise: Verity this solution satisfies the wave equation.
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Ih"[a Transmission Lines (L ossless Lines
Q) L

4 V(t) V(Z) A
atz=0 atsome z>0 atsome t>0
-
4 [
// I
/ |
/ \
I \\
C - = > 1 >
zlc 7 = ct 7

Relation of voltage to current

o1 __~0v
Oz ot

Substitute v back into the equation and integrate with respect to time,

\/gj(z,[) =V, (Z — c[)— V. (Z + C[)+ f(Z) f’(z2)=0 = f(z)=const

Zoi(2,t)=Vi(z—ct)-V (z+ct) Zy= \/%
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It

The current can be written as the sum of forward and revese components as
Hz,t)=1(z—ct)+1,(z+ct)

where
Ifzivf Irz_in
Zo Zo
Reflection

We consider a simple transmission line
At the load z =L we have

o -
Z, Z L and
? | Zot =V, =V, =2y
! I
: : > 5 ) Vf _Vr — ZO
S L Vf +Vr ZL
. V. Z,-Z
Re-arrange to obtain at the load: r =L =0
V. Z;+7,
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Ia"l‘s \oltage reflection factor
Q)] |
We define the voltage reflection factor of the load as

r(1L)=2L="%0

’ —
Z + 7
Special cases
Condition Z (L)
Matched Z, 0
o/c 0 1
s/c 0 -1

The input resistance of the line when there is no reflected wave is
r Vin _ Vi _Zoly _

n .

1, Iy Iy

2

The input resistance of an initially uncharged line is
initially equal to the characteristic impedance.

Massachusetts Institute of Technology
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It

Example

:&Z

- O—%

wm

Atz=S
ve =V (8,6)+V (8,t)

and
Zoig =V, (8,6)-V, (S,t)

Vg and ig must satisfy the boundary conditions provided by
the source viz.

v =Vg—Zgig

If we eliminate v, and iS from the equations above, we obtain

7 ST Z,
Syt — =0 v (5] 2320
Vr(S.0)= (Z5+ZOJ A )[ZS+ZOJ Ay
V.(S,)=0 0<t<2T — Vs[() V=VfI %Z
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Iq"los Example
JI!

Vu(t) Q[ Zs Z, Vi Z
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Iq.}s Example
I e —

Lattice Diagram

VL(f)zVS(ZSZfZO)[mV(L)][U([_T)+rV(L)rV(5)u(t_3T)+rV(L)2rV(5)2u(f_5T)+...]

This has the form of a geometrical progression with common ration T, (L), (s) . For large
values of t the final value of the load voltage may be shown by summing the geometrical
progression above to be

VL@»VS[ Z j[urV(L)] 1

Zg+ 2y

If we substitute for T,(£) and T,(s) interms of Zg, Z, and Z, and re-arrange, we get

j as  —> oo
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Itl“[g Example
I

Ve I A 1
Lo+ 2 —

7 «— T (L), (S Times the previous step. Could be
Vs =0 __ [1+ I, (L)] - ( ) ( ) positive or negative.
Lo+ 2L
<> | | | | | > t
T 3T ST ST T 9T

1. No activity at the load until the time T

2. The initial step at that time is the product of two factors, initially launched forward wave on
the line and the sum of the unity and the reflection factor at the load known as the
transmission factor at the load junction.

3. Each of the subsequent steps is a common factor times the amplitude of the preceding step.

4. The steps become progressively smaller so that the eventual load voltage converges towards
a value which is recognizable as the value the load voltage would have if one simply
regarded the source impedance and load impedance as forming a voltage divider delivering
to the load a fraction of the source voltage.
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Iq][s Special cases
I

4 V(D)
VS( ZO j ]
Lo+ 2y
<> 1 1 1 1 1 > t
T 3T 5T ral oOT 11T
Waveform for a line matched at the load end.
T v
VS( Z1 j N
Zo+Z;
<> 1 1 1 1 1 > t
T 3T 5T ral oOT 11T
v () Waveform for a line matched at the source end.
2Vl
Ve boooe e
<> 1 1 1 1 I_ > t

Waveform for an open circuit line.
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Ih"'l‘a Non-resistive terminations
CIPAN

TR S A
Vs [() =9 Z, C = IVL VJ() Z, Vf'—VS( Rﬁozoj”(t)
S
S L

vy =V (L,t)+V, (L)
Zoiy =Ve(Lt)=V, (L)

Adding these, we obtain

Z, .
v, + Zoip =2V, (L) At for 0<t< 2T
l _ ZVs
2Vs [C) CT T i b C Zo+ R ule=T)
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IS
W'th T= Z()C,
vy = VSU(t - T)(l— 6_([_T)/T) Vit
The reverse wave produced at the load end can then be found from

Vo(Lt)=vp()=Vi(Lit)  angis

V(L,t)=Veult - T)(% — el Tj Vi
To find V, at some point z<L we add a further delay time T-t” where t"= z/c to obtain
V (z,t)=Veult+t' - 2T)@ = e‘(f”"ZT)/Tj Vit

The total voltage on the line at any point and time is then obtained by adding to this
backward wave the forward wave

Vi (Z,t) = %Vsu(t — t') to obtain

v(z,t)= %VS (u([ —)+ult+1 - 2T)(1— op—(t+1'=2T)x ))
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A V(Z)
1/2Vs
o<t<T
S, t L— 7
C
A V(Z) cT
Vg =777 "7 e |
|
1/2V, i T<t<2T

|
|

o — Z
cT

A V(Z)

Vg (-7 """--oo-7m oo -

/ [
Lt >2T
|
l

S, o
cT
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I'q"l‘s Analysis in Frequency Domain
Q) | |
v(z,t)= ‘.Re{V(z)e jot }
V(z) is a complex phasor representing peak value.

DY _ R+ joL) =21 | |
dz =R+ ] X=R+ oL

d—I=—(G+J'(DC)V=—YV Y:G+JB:G+J@C
dz
Solution:
Eliminating |
2
dd_‘z/ =2V Y =2V =R+ joL )G + joC)
A

T— complex propagation constant

V(Z) =Vee " + Vrc*HZ
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It

V; represents the amplitude and the phase (at the origin) of a forward wave, while V,
represents the amplitude and phase (both at the origin) of a reverse wave).

v =a. + JB Isthe complex propagation constant.

t phase constant
attenuation constant

The current 1 z) is
I(Z) = —% [— Y vae_yz + v Vl,eﬂz ]

Substituting for y

I(2)= \/g [er—yz - V,e”Z]

= Zio [er_yz -V e+yz]

r

where we introduced

Zy = \/Z = R+—J_®L characteristic impedance of line
Y G+ joC
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It

Bl e
| Z0

v

,
,
@

Y

Argand Diagram for y Argand Diagram for Z,

A

n

 V(2,6)= %G{Vreazej(mﬁﬁz)} ‘V ‘eaz
r

V(z,t)= iRe{er_azej(w[_BZ)}

NY

Forward wave on a line Reverse wave on a line
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ol

We define the complex voltage reflection factor 7;(z) at any point on the line as

complex amplitude of the reverse voltage wave at z
I(2) =

complex amplitude of the forward voltage wave at z

Vet 5
I =1L =T (0)e“"”
()=

When z = L, i.e. at the load, we denote I, by I", (L), the reflection factor of the load.
When z=S§, i.e. at the source, we denote I, by I"(S), the reflection factor looking into the
line at the source end.

FV (S) _ 62yS _ G—ZV(L—S) _ 6—275

r (L) GZYL

| 4
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Iq«}s Impedance
u! i1 -

We define impedance at any point by o >
., ) A I
2= Vie e e va)| % Zé
I(Z) Ife + 1[6' c
=z = 2@ =~ z
S Z L 'z

Z(Z):].-I—FV(Z) —> FV(Z):Z(Z)—Zo

ZO 1_FV(Z)

Combine steps to find Z,

1+ ZL ZO 6—2y€
Zp _ \ZL+Z : Zy _ Zcoshyl+ Zysinhy/
Zo 1 _|ZL=%0 | .2 Zy Zgcoshye+ Z, sinhye
Z + 2y
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I“"[s Matching
Q) ) |
If a line is terminated in its characteristic impedance (which is complex for an arbitrary
lossy line), i.e. if Z,=Z,, then

Z, =2, forany |

Lossless TL
We assume R=0and G =0:

o=0 1.e. No attenuation
B=wVvLC 1.e. no dispersion

v, == ST constant

P JLC

vV, = do_ 1 _ same constant

$ o NJLC

Z, in now real and independent of frequency: 7, = \%
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Ih"[a We find that the voltage reflection factor
Q] |

T (z)=T,(0)*P

| 4 | 4

changes in phase nut not in magnitude as we go along the line. It advances in phase
along +z direction toward the load. At the source

T(8)=T, (L) 2

| 4 | 4

distance | back from the load the voltage reflection factor is retarded in phase as
we make the line longer and move back from the load.

Zp  ZpCosPe+ gLy sinPe
Zo ZyCoSPe+ jZ; sinfe¢

Specia| cases Case Impedance
Short circuit load Z] _ ]Zo tan Bé
Shorted A/4 line 7 N i.e. olc
Open circuit load o i
Open circuit A/4 line ZI = _JZO COEB&
ZI — 0
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Ih“[a Quarter wave lines
u‘ A B T EEEEEEE——.

When | = A/4, Bl = n/2. Then

Zy
This important result means A/4 lines can be used as transformers.
Example |, /4 )
Yy ___ '
VS I() ZS Transmls;on line ZL
P 0

Zo=NZ1ZL ——  7,=./{100Q)50Q) = 70.7Q

Normalized impedance

A z-1 1+
J =— FV:— 7 = v
2o z+1 1-T
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I!q"l‘s Admittance Formulation
Q) |

For every impedance Z we have a corresponding admittance Y=1/Z. It is easy to
show that

Y; Y, cosPe+ jY,sinPe
Yy YpcosPBe+ ;Y sinfe

Special cases

Case Impedance
Open circuit load Y[ _ jYO tan Be
Openi/4 line Y' R i.e.slc
Short circuit load 1
Short circuit A/4 line YI = _J'YO cot ﬁé
YI - 0
Quarter wave lines
2
Y
YI - _0
Y, L

Normalized admittance
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VA

Yz
F(Z) _ Ire
Ifé‘_yz

Substituting for I and I, in terms of V; and V,, we find:
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Ih"'l‘s \oltage Standing Wave Ratio
Q1) |

We look at the way the total voltage V(z) varies along the lossless line. We have, with

Y=1P
V(z)= er_fBZ + Vre“BZ Vi and V, are complex numbers
V()
Vmax
Viin /\/\/\/\
«— A2 —» « M
P Z
Vivax =[Vr|+[V.| T (A A
Vinin = ‘Vf‘_‘Vr‘ Vi Vel =[V7]
§-1 1+ |
== = S =
) | I ) -
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Iq"[a Line Parameters
JI! B

Maximum and minimum values of impedance along the line can be related simply to S.
When W& #®4is in phase with  IZ&#4 we have a simultaneous voltage maximum and
current minimum. Thus

_ Vmin _ ‘Vf“_‘Vr‘ _ ZO

Vi Vel + ]V
Zoo =X A and A — —
° i Imax qu‘ + ‘Vz‘)/ZO S

e ]min B qu\—\Vr\)/Zo B

The complex propagation constant is

a+ B=YZ = joJLC

There is no attenuation since we assumed there are no losses and the
velocity c = w/fis 1

1
“TVLC e
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Ih"[a Consider a twin line
Q) |

e e
C = ~ 25) > Ly = 1
T

Common values of Z, are 300 Q2 for communication lines, 600 Q for telephone
lines and slightly higher values are found for power lines.
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Itl“[g Matching of T.L.
I

We recall from lumped circuit theory the maximum power transfer theorem for a.c. circuits
which indicates that a sinusoidal steady state source of fixed internal voltage V, and source

impedance Z¢ will deliver maximum power to a load impedance Z, when Z, is adjusted to
be the complex conjugate of the source impedance Zg, that is

Z; =7

Matching of the T.L. at both ends makes power transfer between the source and the load

take place at minimum loss, and also makes the system behavior become independent of
the line length.

VV\ -
Zs Transmission line
vs [O

Matching system Matching system
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