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Electromagnetic Wave Equations 
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accelerating wave        opposite wave 
Z(z)T (t) = Eo cos(kzz)cos(ωt) =

Eo

2
[cos(ωt − kzz) +  cos(ωt + kzz)]

kz =
2π
L

= 2π
βλWave

 number 

Cyclic frequency of RF field 

Ez (z,  r, t) = E cos(ωt − kzz)R(r)Equivalent traveling
 wave 

Standing wave: 

1
r
∂
∂r
(r ∂R

∂r
)− R(kz

2 − ω 2

c2
) = 0Substitution into wave equation gives for radial field

 component: 

ω = 2πc
λ

= 2π fRF

kz
2 − ω 2

c2
= kz

2 (1− ω 2

kz
2c2
) = kz

2  (1− β 2 ) = kz
2

γ 2

R(r) = Io(
kz r
γ
)Solution for radial field component: 

where Io(x) is the modified Bessel function 
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Hamiltonian of particle motion in RF field 

Particle motion is governed by the single-particle Hamiltonian (Kapchinsky, “Theory of 
resonance linear accelerators”, Harwood, 1985):  

 

H = 
px
2 + py

2

2 m γ
  +  pz

2

2 m γ 3
 + q Uext + q Ub

γ 2
 

 
Uext = E

kz
 [ Io(kzr

γ
) sin(ϕs- kzζ) - sinϕs+ kzζ cosϕs] + Gt r

2

2
 

 
px ,  py     transverse momentum 

pz = Pz - Ps       longitudinal momentum deviation from synchronous particle 
ζ = z - zs  d e viation from synchronous particle  
ϕs     synchronous pha s e  

kz =
2π
βλ

     w a ve numbe r  

Uext       p o tential of external field  
Ub         s p a c e  c harge potential of the beam 
E      a mplitude of accelerating wave  
Gt       g r a d ient of the focusing field 
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Hamiltonian of particle motion in RF field: Derivation 
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Consider separately structures with quadrupole focusing and with longitudina l magnetic focusing. 
In the absence of longitudinal magnetic field, transverse components of the vector potential ar e 
Ax= 0, Ay = 0, therefore, the transverse components of canonical momentum coincide with that of 
mechanical momentum: px = Px , py = Py. The term Uel – cAz, magn is the focusing potential of the 
structure. Averaged potential of quadrupole structure is given by 
 

Uel - βcAz magn = Gt (x
2 + y2)
2

,    ( 5 . 2 7 )  
 

where Gt is the gradient of averaged focusi ng potential. The Hamiltonian for particle motion in 
RF field with quadrupole focusing is 
 

H = px2

2mγ
 + 

py2

2mγ
 + pz2

2mγ 3
  + qE

kz
 [Io(kzr

γ
)sin(ϕs- kzζ) + kzζcosϕs] + qGt 

(x2+y 2)
2

 + qUb
γ 2

.     (5.28) 

 

In presence of longitudinal magnetic field, the Hamiltonian, Eq. (5.26), is 
 

 
 
 
where transverse components of vector-potential are given by 
 

Ax  magn = −B y
2    

(5.30) 
 

Ay  magn = B x
2     

(5.31) 

H = (Px − qAx )
2

2mγ
+
(Py − qAy )

2

2mγ
+

pz
2

2mγ 3 +
qE
kz
[Io(

kzr
γ
)sin(ϕ s − kzζ )+ kzζ cosϕ s ]+ q

Ub

γ 2 (5.29) 
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Transformation to Larmor system is given by 
 

 
x = xcosθ − ysinθ ,     

 

 
y = x sinθ + ycosθ ,     

 

 

Px = Px cosθ − Py sinθ ,     

 

 

Py = Py cos+ Px sinθ .     

 

where angle θ(z) = ω L (z)dz
zo

z

∫  and Larmor frequency  ω L =
qB
2mγ

 

H =
P̂x
2 + P̂y

2

2mγ
+

pz
2

2mγ 3 +
qE
kz
[Io(

kzr
γ
)sin(ϕ s − kzζ )+ kzζ cosϕ s ]+mγω L

2 r2

2
+ qUb

γ 2

Hamiltonian of particle motion in magnetic field : 

14 



Example of beam dynamics in accelerating structure. (Courtesy of Larry Rybarcyk.) 
15 



Longitudinal oscillations in RF field with      = - 90o. (Courtesy of Larry Rybarcyk.) ϕs
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H =
px
2 + py

2

2mγ
+

pz
2

2mγ 3 +
qE
kz
[Io(

kzr
γ
)sin(ϕ s − kzζ )+ kzζ cosϕ s ]+mγ Ωr

2 r2

2
+qUb

γ 2

Io(
kzr
γ
) ≈1+ 1

4
(kzr
γ
)2

qE
4kz

(kzr
γ
)2 = qEπr2

2βγ 2λ

Ht =
px
2 + py

2

2mγ
+ qE
4kz

(kzr
γ
)2 sin(ϕ s − kzζ )+mγ Ωr

2 r2

2
+ qUb

γ 2

Hamiltonian of particle motion in RF field: 

Hamiltonian of transverse motion: 

Near-axis approximation: 

Paraxial Approximation of Hamiltonian:  
Transverse Particle Motion in RF Field 
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Ht =
px
2 + py

2

2mγ
+ qEπ
2βγ 2λ

sinϕ s (1−ψ ctgϕ s )r
2 +mγ Ωr

2 r2

2

Ω2 = 2π
λ
qE
m
sinϕ s

βγ 3

Ht =
px
2 + py

2

2mγ
− mγ
4

Ω2 (1−ψ ctgϕ s )r
2 +mγ Ωr

2 r2

2

Ht =
px
2 + py

2

2mγ
+ mγ
2
r2[Ωr

2 − Ω2

2
(1−ψ ctgϕ s )]

Ωrs
2 =Ωr

2 − Ω2

2

Hamiltonian of near-axis, near synchronous particle motion, with Ub = 0: 

Frequency of longitudinal oscillations: 

Hamiltonian becomes: 

Transverse oscillation frequency of synchronous particle 
in presence of RF field: 

Transverse Oscillation Frequency in RF Field 

Expansion near synchronous particle: sin(ϕ s − kzζ ) ≈ sinϕ s − kzζ cosϕ s = sinϕ s (1−ψ ctgϕ s )

Phase deviation from synchronous particle ψ = kzζ

Phase advance of transverse oscillations of 
 synchronous particle  in presence of RF field: µrs = µo

2 − 1
2
Ω2 ( L

βzc
)2
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Ωrs =
n
2
Ω,    n = 1, 2, 3 Parametric resonance occurs when  

Transversal equation of motion: d 2x
dt 2

+ x[Ωrs
2 − Ω2

2
ctgϕ sΦsin(Ωt +ψ o )] = 0

Parametric Resonance in RF Field 

Ht =
px
2 + py

2

2mγ
+ mγ
2
r2 (Ωrs

2 + Ω2

2
ψ ctgϕ s )

ψ = −Φsin(Ωt +ψ o )

Hamiltonian becomes: 

Longitudinal particle oscillations with  
amplitude       and frequency        : Φ Ω

Finally, Hamiltonian is: Ht =
px
2 + py

2

2mγ
+ mγ
2
r2[Ωrs

2 − Ω2

2
ctgϕ sΦsin(Ωt +ψ o )]

Transverse particle oscillation frequency in
 RF field: Ωrr  RF = Ωrs

2 − Ω2

2
ctgϕ sΦsin(Ωt +ψ o )
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d 2x
dτ 2

+π 2 (a − 2qsin2πτ )x = 0

General form of Mathieu - Hill equation 

Mathieu - Hill equation 

Unstable solutions are around a = n2, or when average frequency of oscillator is close to
 half-integer value of that of driving force. 

First region of parametric instability 

Shaded are stable regions of
 solutions of Mathieu-Hill equation.  
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Regions of Parametric Resonance 
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Parametric resonance regions. 

Let us introduce phase advance for synchronous particle in RF field µs =Ωrs
L
βzc

and defocusing factor 
γ s =

1
4
Ω2 ( L

βzc
)2
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Experimental Observation of Parametric Resonance
 (L.Groening et al, LINAC2010) 
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Effective Beam Emittance Growth Outside of Parametric
 Resonance 

Phase space of transverse oscillations in presence of
 RF field (from Kapchinky, 1985). 

εeff
ε

= 1+Φctgϕ s
Ω2

4Ωrs
2 −Ω2
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Details of RFQ Beam Dynamics 

Dynamics of 35 mA proton beam in 201.25 MHz 4-rod RFQ  (courtesy
 of Sergey Kurennoy). 



Longitudinal - Transverse Parametric Resonance in RFQ 
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Longitudinal Particle Oscillations in RFQ 
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RFQ Output beam phase space distributions  

avoiding parametric
 resonances 

including parametric
 resonances 

Example of RFQ Dynamics avoiding parametric
 resonances including parametric

 resonances 
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Required Transverse Focusing in Presence of RF field 

Ωr
2 =ω L

2 − Ω2

2
sinϕ
sinϕ s

H =
P̂x
2 + P̂y

2

2mγ
+mγ r

2

2
(ω L

2 − Ω2

2
sinϕ
sinϕ s

)+ qUb

γ 2

d 2R
dz2

− ∍2

R3
+ Ωr

2

(βc)2
R − 2I

Ic (βγ )
3R

= 0

d 2Re
dz2

= 0

Ωr
2 = (βc

Re
)2 ( ∍

2

Re
2 +

2I
Ic (βγ )

3 )

B = 2mcβγ
qRe

( ∍
Re
)2 + 2I

Ic (βγ )
3 +π (

qEλ
mc2

) sinϕ
(βγ )3

(Re
λ
)2

Hamiltonian of particle motion in RF
 field with solenoid focusing 
Transverse oscillation frequency in
 presence of RF field 

Envelope equation 

Beam equilibrium condition 
Ωr
2

(βc)2
Re +

∍2

Re
3 −

2I
Ic (βγ )

3Re
= 0

Required magnetic field 

30 



Acceleration in Non-Ideal Accelerating Structure 
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Acceleration in Non-Ideal Accelerating Structure (cont.) 

g = p − ps
ps

Relative momentum deviation
 from synchronous particle 

Ω
ω

= (qEλ
mc2

)
sinϕ s

2πβγ 3
Dimensionless longitudinal
 oscillation frequency 

Wλ =
eEoTλ cosϕ s

mc2
Dimensionless
 acceleration rate 

Increase in relative momentum spread 
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Transverse Displacement of Accelerating and
 Focusing Elements in 805 MHz LANSCE Linac 



K = D qG
mcβγ

Quadrupole  
strength 

g
D

Ratio of drift space
 to lens length 

υφ ≈ phase advanve

Δro shift of axis of the lens

Δrk Shift of the end of
 magnetic axis 

For FODO
 Structure 

Transverse Oscillations in Non-Ideal Focusing Structure 
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Beam Bunching in RF field 

Layout of klystron beam bunching scheme (from
 http://en.wikipedia.org/wiki/Klystron)  
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RF beam bunching scheme: (left) initial beam modulation in
 longitudinal momentum, (right) final beam modulation in density. 36 



dv
dt

= q
m
U1

d
sinωt

ϕ in +ϕout

2
=ωt1

ϕout −ϕ in

2
= θ1
2

vo =
2qUo

m

v = vo +
q
m
U1

ωd
2sin(ϕ in +ϕout

2
)sin(ϕout −ϕ in

2
)

v = vo + v1 sinωt1

v = vo +
q
m
U1

d tin

tout

∫ sinωt dt

v1 = vo
U1

2U0

M1

M1 =
sinθ1

2
θ1
2

θ1 =
ωd
vo

Equation of motion in RF gap of width d and applied voltage U1 

Longitudinal particle velocity in RF gap 

Longitudinal particle velocity after RF gap 

Initial particle velocity after extraction voltage Uo 

RF phase in the center of the gap 

Transit time angle through the gap 

Longitudinal particle velocity after RF gap 

Amplitude of modulation of longitudinal velocity  

Transit time factor of RF gap 
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t2 = t1 +
z

vo + v1 sinωt1
≈ t1 +

z
vo
(1− v1

vo
sinωt1)

θ =ω z
vo

Phase of arrival of particle into second gap as a
 function phase of the same particle in the first gap. 

ωt2 −ω
z
vo

=ωt1 −ω
zv1
vo
2 sinωt1

X =ω zv1
vo
2 = U1M1

2Uo

ωz
vo

ωt2 −θ =ωt1 − X sinωt1

Time of arrival of particle to the second gap 

Phase of arrival of particle into the second gap  

Transit angle between gaps 

Bunching parameter 
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i2 =
I

1− X cosωt1

Current in the second gap as a function of time.  

X < 1 

X = 1 

X > 1 

i1dt1 = i2dt2

i2 = i1
dt1
dt2

= I
dt2
dt1

Conservation of charge 

Beam current in the second gap 

Beam current in the second gap as a function of RF phase
 in the first gap and bunching parameter 
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Phase of arrival of particle into second gap 

i2 (x) = Ao + An cosnx
n=1

∞

∑

Ao =
1
π

i2 (x)dx
o

π

∫ An =
2
π

i2 (x)cosnxdx
o

π

∫
dx =ωdt2

Ao =
1
π

I dt1
dt2

ω dt2
o

π

∫ = I

Jn (z) =
1
π

cos(nϕ − zsinϕ
o

π

∫ )dϕ

An =
2I
π

cos(nωt1 − nX sinωt1
o

π

∫ )dωt1 = 2IJn (nX)

x =ωt2 −θ =ωt1 − X sinωt1

i2 (x) = I + 2I Jn (nX)cosnx
n=1

∞

∑

Expansion of the current in the second gap in Fourier
 series 

Fourier coefficients 

Differentiation of RF phase 

Constant in Fourier series 

Other coefficients in Fourier series 

Bessel function (integral representation) 

Beam current in the second gap 

40 



Bessel functions determine amplitude of the fist, third and tenth
 harmonics of induced current in two-resonator buncher. 
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The first harmonic of the induced beam current in the second gap            
 as a function of z for different values of voltage at first gap.	



The optimal value of bunching parameter is Xopt = 1.84. 	



I1
I
= 2J1(X)
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Beam Bunching in Presence of Space Charge Forces 

2Ez =
ρ
εo
2zp

Ez =
ρ
εo
zp

Gauss theorem 

m
d 2zp
dt 2

= q(Eext − Ez )

d 2zp
dt 2

+ω p
2zp =

q
m
Eext

ω p =
qρ
mεo

= 2c
R

I
Icβ

ρ = I
πR2βc

1D longitudinal space charge field 

Space charge density of the beam 

Substitution of space charge field gives: 

Plasma frequency 

Longitudinal oscillation in presence of 
 space charge field, Ez, and external
 field Eext 

43 



Reduction of Beam Plasma Frequency in Presence of Conducting Tube 

ωq = Fpω p

d 2zp
dt 2

+ωq
2zp = 0

zp = Bo sinωq (t − t1)

dzp
dt

= Boωq cosωq (t − t1)

dzp
dt
(t1) = Boωq = v1 sinωt1

Bo =
v1
ωq

sinωt1

Fp = 2.56
J1
2 (2.4 R

a
)

1+ 5.76

(ωa
vo
)2

Reduced plasma frequency of the beam
 of radius R in the tube of radius a 

Plasma frequency reduction factor 

Longitudinal plasma oscillations in tube 

Longitudinal particle oscillations under space charge forces 

Longitudinal velocity of particle oscillations under
 space charge forces: 

Constant Bo is defined from initial conditions for  
particle velocity after first RF gap: 
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Effect of space charge repulsion on beam bunching. 
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zp =
v1
ωq

sinωq (t − t1)sinωt1

z = vo(t2 − t1)+ zp

z = vo(t2 − t1)+
v1
ωq

sinωq (t2 − t1)sinωt1

ωz
vo

=ωt2 −ωt1 +
ωv1
ωqvo

sinωq (t2 − t1)sinωt1

ωt2 −θ =ωt1 − X 'sinωt1

X ' = ωv1
ωqvo

sinωq (t2 − t1)

X ' = X
sin(ωq

z
vo
)

ωq
z
vo

Finally, particle oscillations under space charge forces  
in the moving system 

Particle drift 

Multiply by  

RF phase in the second gap 

Modified bunching parameter in  
presence of space charge forces 

sin(ωq
z
vo
) = 1 ωq

z
vo

= π
2

Condition for maximum bunching: 

X 'opt =
U1M1

2Uo

( ω
ωq

) I1
I
= 2J1(X 'opt )

ω
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Bunched Beam in RF Field: Problems with Ellipsoidal Bunch
 Model 

1.  There is no 6D distribution
 function which results in 3D
 uniformly charged ellipsoid in
 linear field (see F.Sacherer
 Thesis, 1968). 

2.  RF field across separatrix is
 essentially non-linear. 

3.    There are special cases when
 ellipsoid is a self-consistent
 solution. 
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Sequence of bunches in RF field. 

1.  Beam is accelerated in traveling wave with constant amplitude E 

2 .    Beam is bunched at RF frequency                  . Particles between bunches are
 removed. 

3.     Focusing is provided by a continuous z-independent focusing structure 

4.  Beam is matched with the structure, i.e. there are no envelope oscillations
 (both transverse and longitudinal)  

       What is the self-consistent particle distribution within the bunch and what is
 the limited beam current?        

Space Charge Dominated Bunched Beam in RF Field* 

Assumptions 

ω = 2πc
λ

* Y.B., NIM-A 483 (2002), 611-628. 
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Equation for Field of Moving Bunch 
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Self - Consistent Problem for Bunched Beam  
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Let us rewrite the distribution function, Eq. (5.55) 
 

f  = fo exp (- 2 
px
2 +  py

2

pt
2

  - 2 pz
2

pl
2

  - q Uext + Ubγ  -2

Ho
),                   (5.56) 

 
where pt = 2 <px

2>  = 2 <py
2>  and pl = 2 <pz2>  are double root -mean-square (rms) beam sizes in  

phase space. Transverse, t, and longitudinal, l, rms beam emittances are: 
 

εt = 2 pt
mc

 <x 2>  = 2 pt
mc

 <y 2> ,                                      (5.57) 

 
εl = 2 pl

mc
 <ζ 2> .                                                   (5.58) 

 

Beam Equipartitioning in RF field 
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Self-Consistent Solution for Beam Distribution 
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Analogy with Plasma Physics: Debye Screening 
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Kapchinsky Model for Self-Consistent Bunched Beam 
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Representation of the Bunch as a Uniformly-Charged Cylinder
 with Variable Density Along z 

Transverse distribution Longitudinal distribution 
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Analysis based on Kapchinsky’s model for beam distribution indicates that synchronous phase
 is shifted in space charge dominated beam and phase width of the bunch decreases with
 current but much slower than the vertical size of the separatrix. 

The separatrix shape for different values of
 space charge parameter (from Kapchinsky,
 1985). 

The potential function and separatrix
 of the beam with high space-charge
 density (from Kapchinsky, 1985). 

Separatrix as a Function of Beam Current 
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Stationary Bunch Profile 

Stationary bunch profile 

Space charge density of stationary
 bunch is close to constant in space
 charge limit 
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Bunch Profile as a Function of Accelerator Parameters 
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Transverse and Longitudinal Bunch Sizes 
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Bunch Evolution in RF field 

Dynamics of elliptical beam injected into RF linac (courtesy of Sergey Kurennoy). 
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(Left) initial and (right) final beam distribution in RF field. (Courtesy of Sergey Kurennoy.) 

Initial and final bunch in RF field 
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Maximum Beam Current 
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Potential of a stationary bunch in the vicinity of the synchronous particle: 

Ub = - ρ
2εo Gt

 (Gz ζ
2

2
 + Gt, eff

2
  r2)                                   (5.121) 

 
Potential of a uniformly populated ellipsoid: Ub = - ρ

2εo
 [M γ 2ζ 2 +  1 - M

2
 r2]   (5.124) 

 
Where M is the function of semi-axes of an ellipsoid: 

M(R, γ l) = R
2γ l
2

    ds
(R 2 + s) (γ 2l 2 + s)3/2 

o

∞

                        (5.123) 

Comparison gives   

                                   

M (R,γ l) =
Gz

2γ 2Gt                         (5.125) 
 

Volume of an ellipsoid is V= (4/3)π  R2l ,  
 
Maximum bunched beam current, Imax = ρVω /(2π), which can  
be carried by an ellipsoid with space charge density ρ = 2γ 2Gtεo  
 

Imax = Ic
2
3
γ 2 (R

2l
λ 3
)(Gtqλ

2

mc2
)

                                 (5.126) 
 
Let us show that this expression give both transverse and longitudinal current limits. 

 

Comparison with Ellipsoidal Model 
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Transverse Beam Current Limit 
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Longitudinal Beam Current Limit 
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Phase Scans to Set the Phase and Amplitude of RF Linac 

Longitudinal acceptance of RF linac
 for 5 different average axial field
 amplitudes. 

Accelerated beam as a function of
 beam phase 
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Phase Scans to Set the Phase and Amplitude of RF Linac (cont.) 

Schematic of the phase scan measurement setup 

Results of phase scan 
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Delta-T Procedure to  Set the Phase and Amplitude of RF Linac   

Module N (being adjusted): ON and OFF 
Module N+1:              OFF     

Delta-t tranduser 

Differences with nominal values: 
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Longitudinal Beam Emittance Measurement (P.Strehl, 2010) 
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Magnetic energy analyzer 

Measurement of Beam Energy Spread 

High-dispersive part of 800 MeV beamline 

Beam energy- spread-dependent wire scan 

Faraday cup 
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Bunch Shape Monitors (A.Feschenko, PAC 2001) 
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Recommended Readings and References 
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