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We begin our journey by recapitulating the two basic equations most important for particle accelerators:
The Lorentz equation that govern the forces acting upon charged particles and Maxwell's equations that
describe the fields the particles encounter, but also generate. Along the way we will learn how these can be
expressed in Maple, using the Physics[Vectors] package which not only allows printing of output in a
standard way but also defines operators such as Nabla, which are important in doing the actual derivations.

Lorentz equation

F =q*(E_ +beta &xB )
F=gq(E+BxB) (1.1)
The momentum is defined relativistically (Units: ¢*p_ is momentum in eV, m0 is rest energy in

eV, q is charge in elementary charges)
beta

c

p_ = mO*y*

- WlO
b= CYB 1.2)

and we define velocity and B-field in Cartesian coordinates

beta = (betal (t)* i+ beta2(t)* j+ beta3(t)* k)

B = BI(1) i +B2(r) ] + B3(t) k 1.3)
B = (BI* i+ B2* j+ B3* k)

B:=Bli+B2j+B3k (1.4)
E =FI* i+E2* j+E3* k

E:=FEli+E]+E3k (1.5)
So we get the force to be
F
g (E1i+E2j +E3k+ (B2(t)B3 — B3(t)B2) i + (B3(¢) B — Bl () B3) j (1.6)

+ (BI(t) B2 — B2(1) BI) k)

and by choice of units ¢ is already in m and v/c is B. So we replace ¢ by s and v/c by § and get
p_:= subs(t=s,p )
- m0 I(s)i it 2(s it 3(s

C

F = subs(t=s,F ) )
Fi=q(Eli+E2]+E3k+ (B2(s) B3 — B3(s) B2) i + (B3(s) Bl — BI(s) B3) j (1.8)
+ (Bi(s) B2 — B2(s) BI) k)

and get a first equation of motion
Lorentz :== F_ dl]f (p_ )

Loventz == q (EI i +E2] + E3k+ (B2(s) B3 — B3(s) B2) i + (B3(s) BI (1.9)
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— BI(s) B3) j + (BI(s) B2 — B2(s) BI) k)

oy [[g B i+ [ 20 )i+ [ ]

c

This is the Lorentz equation in its general form in Cartesian coordinates. We will often use simplified
forms where a number of the components are 0, and leave the unit vectors out where appropriate.

¥V Maxwell's equations and the wave equation

Let's now recap Maxwell's equations and introduce the wave equation which will be important in
describing wave guides and accelerating structures.

if (MapleVersion( ) = 17) then Setup (geometricdifferentiation = true) end if:
In Maple, we write Maxwell's equations as follows:
M1 = Nabla.El (x,y,z,t)=rho(x,y,z,1t)

M] = V.E](xﬂyszat):p(xayaza t) (2'1)
M?2 = Nabla &x EI (x,y,z,t) = -diff (Bl _(x,y,z,1),1)

— 0 —
M2 = Vx E](x,yjzjt)z—(at B](x,y,z,t)) (2.2)

M3 = Nabla.Bl (x,y,z,t)=0
M3 = Ve+Bl(x,y,z,t) =0 2.3)
M4 := Nabla &x Bl (x,y,z,t) =mu*epsilon*diff (El (x,y,z,t),t) +J (x,,2,1)

— 0o — -

M4 = VxBl(x,y,z,t) =€ (at El(x,y,z, t)) +J(x, 9,2, 1) 2.4)
Since we will be dealing with electromagnetic waves, we need the wave equation, which we derive as
follows:
Nabla &x M2

— 0 —
Vx (Vx El(x,3,2,1)) = -V (a, Bl(x,y,z,r)j 2.5)
expand (subs (diff (subs (J _(x,y,z,t) =0, M4), t), (2.5)))
d — N d — A d — A 62 —

— V- FEI | + — V- EI i+ — V- EI — | — EI .
. (X, y,z,t) i + dy (X, y,z,t) ] + & (X, vz, t) k ( o2 (x, (2.6)
62 — 62 — 62 —

vot) | = | 5 El(xy,z,0) | — | —5 El(xyz1) | =-ue| — El(x,),21)
) 0z ot
expand (subs (subs (rho(x, y, z, t) = 0, M1), (2.6)))
62 — 62 — 62 — 62
|55 Bl | = [ S5 Eluyzn | = | S5 Elopzn | =-pe[ S5 @D
0x ay 0z or
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El(x,y,z,t) )

This is the (electrical) wave equation in Cartesian coordinates. There is a very similar wave equation
for the B field as well. Note that this is the same as applying the d'Alembertian operator to the £ field
El(x,y,z,1).

The simplest solution is a plane wave (where o is the angular frequency and &, the wave number):

El_(x,y,z,t)=E,- exp(]*omega™*t—I*k*y)

El(x,,z,t) = E, & ©' ~ 1%

subs ((2.8), (2.7));

0° lot —1ky 0° lot —1ky 0° Lot —1ky\ ) _
_[mz(goe ))_[M(Eoe ))_[M(Eoe ))_ @9)
B 0% lot —1ky
ue(alz (Eoe ))
simplify((2.9))
E R e 00—y ep o e 1By m 00 (2.10)

solve((2.10), [k]);

k= re ol lk=-Vue ol @.11)

Assuming a vacuum environment, we replace pe by 1/c:

1
subs~ (sqrt(mu-epsilon) = (2.11))

-2}

i.e. the wave propagates at the speed of light.

Another property connected to M3 is that the B field can be expressed as the rotation (curl) of a

vector potential, A(x,y,z,7):

B(x,y,z,t) =V & A(x,y,2,t)

Bl(x,y,z,t) i (x,y,z,t) + B2(x,y,z,t) j(x,y,2,t) + B3(x,y,z,t) k(x,,z,t) =Vx 4A(x, (2.13)
Y, 2, 1)

which we will need later when we discuss the magnetic fields generated by the accelerator

components.

DC accelerators

if (MapleVersion( ) = 17) then Setup (geometricdifferentiation = false) end if
[ geometricdifferentiation = false | 3.1)

The Lorentz equation also tells us how acceleration can be achieved. Setting the B field to zero and
3



USPAS 2016 at UT Austin Accelerator Physics with Maple Maxwell's Equations and Linear Accelerators

keeping the £ field we get
lhs (subs (B1=0,B2 =0, B3 =0, Lorentz))

g (Eli +E2j +E3k) (3.2)
and (avoiding the definition of p for a moment and keeping only the longitudinal field £2) trivially

diff (p(t),t) =subs(El =0,E3=0,(3.2))
p(t)=qE2j (3.3

subs (t=s, dsolve((3.3),p(t)))

p(s)=E2jqgs+ ClI 34
This just states the obvious: We accumulate momentum with increasing s in a constant field. At the
same time, the voltage needed gets higher and higher and we run out of technological steam at some
point. this point depends on the technology used: Rectifier cascades may go up to O(1) MV; van de
Graaff generators can reach O(10) MV. "Tandem" van de Graaffs routinely reach 15...20 MV and
the energy gain is doubled by acceleratinug from 0 to the HV terminal, changing the charge sign by
stripping the electrons off the ions in the HV terminal, and accelerating again on the way back to
ground potential. Machines like that have been the workhorses of nuclear physics experiments, and
van de Graaffs are still in use today. Derivative accelerators like Pelletrons are used to produce high-
current electron beams e.g. for electron cooling at Fermilab.



USPAS 2016 at UT Austin Accelerator Physics with Maple Maxwell's Equations and Linear Accelerators

Hydro‘gen
dr‘scharge
tube

400kV

Metal drift
tubes

Proton beom

e T o e

Lithium
Lighiu \\Scintillatian
. screen
Mica

window

Cockroft-Walton Rectifier Cascade (from [3])

| 2V, ] 4V,
[ N N

V()Sin(l)t ' e
| | | | |
| | | }_-

Cockroft-Walton Schematic (from [1])




USPAS 2016 at UT Austin Accelerator Physics with Maple Maxwell's Equations and Linear Accelerators

+ o+

+

o terminal

+/ ~IOMV

Charge fon Source
co"ec or
+ +-
+ +
+
+ N +
+
+ +
+
+
+ Evacuated
Chargmg + acceleration
belt + channel
+
+
+
+
Spraycomb Momentum
\+ analysing
+++
+ magnet
r——.'
Collimator
50 kV
d.c.

]
[
Van de Graaff Accelerator (from [3])



USPAS 2016 at UT Austin Accelerator Physics with Maple Maxwell's Equations and Linear Accelerators

Ta rq et Pressure Hc‘gh - Voltage Negative
tank terminal jon Source

Ana{ysing Ana(ys:'ng
magnet and magnet and
¢collimator collimator
V4
Str;PPing Chargin3 belt
foil or gas

Figure 1.4. Two-stage tandem accelerator.

Tandem van de Graaf (from [3])

For higher energies we need to switch to ac fields.
diff (p(t),t) = subs(EI =0,E3=0, E2=E -exp(/- (omega-t — k-y) ), rhs((3.3)) )
p(t)=qE, e Fren; (35)
which is again integrated trivially:
dsolve((3.5), p(t))
14E, 1y =00 3

p(t)=- + CI 3.6)
()

The exponential term will average to 0 unless @t = ky, which means that the particle is travelling with
the same velocity as the phase velocity of the electric field wave. In free space this of course is just c.
At the same time, for y=const (i.e. at the fixed location of our accelerator!) the field just oscillates and
we only need to provide a limited peak field and voltage.

In the following we will further describe the ac accelerator.

AC accelerators
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There are a number of technologies applicable to the realisation of linear accelerators. Each technology
in turn has spawned a number of modifications in the design leaving a bewildering array of different
types. Here is a list of the major technologies used

* The conceptually simplest one is the Widerde drift-tube accelerator, where particles pass through a
series of tubes connected to ac voltage of alternating phases. the accelerating field builds up across
the gap and the tubes shield the particles from the fields while the fields change. The length of the
tubes increases to maintain synchronicity as the (non-relativistic) particles gain speed. This
structure, suitable for operating at low MHz frequency, is only of historical interest.

Introduction 9

s el s R L
ol F

Widerde linac schematic (from [1])

* The Alvarez structure places the tubes in a large common enclosure which acts as an rf resonator
(cavity) with just the right frequency to setup the accelerating field pattern. This structure is in use
nowadays for many proton accelerators at energy up to maybe 100 MeV. They typically operate at
frequencies of 200 MHz or higher.

An Introduction to the Physics of Particle Accelerators

D =* ¥ S d
—> - - -> - -
D D ®» q
Drift tubes
rf source

Alvarez linac schematic (from [1])
8
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* Disc-loaded waveguides are most commonly used for electron linacs as they operate at constand
speed (c) and thus constant spacing of the cells. The largest example of this kind is the two-mile
SLAC linac, but many smaller linacs of this kind operate around the world e.g. as pre-accelerators.
These operate at frequencies of 2.8 GHz (S-band) and 11.3 GHz (X-band).

Cross section of a disc-loaded waveguide accelerating structure (from [1])

Cut-away view of the SLAC s-band accelerating structure

* Superconducting multi-cell cavities are used in high-duty-factor and cw linacs for protons (e.g.
SNS) and electrons (CEBAF, XFEL) due to their low power dissipation allowing cw operation.
They typically operate at 650 MHz, 900 or 1300 MHz (L-band).

* Finally, heavy ions tend to have very low speeds (beta<<1) and ion accelerators are often build
from individual structures optimized for acceleration at low-beta using moderate frequencies (O
(50)MHz), e.g. TRIUMF ISAC, FRIB.

Analysing each of these technologies is beyond the scope of this course. As a representative for the
ac linacs we will treat the disc-loaded waveguide structure.
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Waveguides

A circular waveguide

Our next step is to analyze wave propagation in a circular waveguide. To do this, we transform
the wave equation into a cylindrical coordinate system with the axis parallel to the y (longitudinal-)
axis. We get away with only changing the arguments since in a moment we will limit ourselves to
fields along the longitudinal ( j or y) direction, which does not change under this transformation.

2.7)
62 — 62 — 62 —]> 62 ( 11)
-| —5 El(x,y,z,t) | — | —5 El(x,y,z,t) | — | — El(x,y,2,t) |=-ne| —5 (5.1.
[axz ( )J [Gyz ( )) [622 or
El(x,y,z,t) J
PDEtools :-dchange( {x=r cos(8),z=rsin(0) }, (5.1.1), simplify)

1 @ El(re > _ (9 e > (L e 5.1.2
o | T P (I’, :y:t) ro—- P (V, :yat) ro—- d (V, :yat) r (' ')
r or ay r

62 — 62 —
_(ZE](r,e,y,t))JI—ue(ZE](I”,G,y,t)]
00 ot

Now our ansatz for the solution needs to be a little more general: we will have to take into account
the boundary condition of zero longitudinal field at 7=a, the aperture of the waveguide. We do
however stipulate independence from the azimuthal angle 6.

Eg =R(r)*exp(/™* (omega*t-k*y))

Eg=R(r) e (FrT o0 (5.1.3)
(subs (E1_(r,theta, y,t) = R(r) *exp(/* (omega*¢-k*y)), (5.1.2)))
I
e

12([622 (R(r)e‘("“”"”))]f—[azz (R(r) “"”"”)))rz—(a (5.1.4)
r or ay or

(R(r)el(—ky+wt)))r_ [:;2 (R(r)el(_k”mt))j]:—ue(2;2

(R(r) eI(—ky—I—o)t)))

This is a diff. equation for R(r), the radial field dependence, and we are now limiting ourselves to
the y (longitudinal-) component of the field. Maple can solve this right away:
dsolve((5.1.4),R(r))

R(r)= CI JO(\/ cno —R )+ C2 YO(N/ cnw —£ r) (5.1.5)

Here J, is the Bessel function of 1st kind and Y, 0 the Bessel function of the 2nd kind. We find the

10
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_C2 from the condition for finite field on the axis (»=0):
R, = (limit( rhs((5.1.5)), r = 0))# note the limit to avoid divby 0 in Y,

R, = -signum(_C2) oo (5.1.6)

which demands that C2 be 0 as we cannot have infinite fields on the axis. The second condition
is that R(») be zero at the aperture a, which we express in Maple as

(\/ epsilon 1 o — K a) = evalf (BessellZeros (0, 1))

Jeno — R a=2.40482555769577 (5.1.7)

(solve(subs (mu-epsilon = %, (5.1.7)), [omega]) j

[w (5.1.8)

( 1.00000000000000 10~ '
Lea

J 1 e (1.00000000000000 10°% & a® + 5.78318596294677 10°°) )] [co =

( 1.00000000000000 10~ '
Lea

J 1t € (1.00000000000000 10°* £ & + 5.78318596294677 10°* ) )]

We can now plot the so-called Brillouin diagram, or dispersion diagram, or ®-k diagram:
subs (mu = Physics Constants:-mu_Q0, epsilon = PhysicsConstants:-eps 0, a = 0.04, rhs (

GA8)[1][ 1))

25.1875744125602 / 1.41667005081926 10'* & + 5.12054147001565 10" (5.1.9)

plot([subs (mu = Physics Constants:-mu_0, epsilon = Physics Constants:-eps_0, a = 0.04, rhs (
(5.1.8)[1][ 1)), abs (k) * PhysicsConstants:-c], k=-100..100, labels = [typeset('k'),
typeset('omega') ], color = ["Red", "Green" ])

11
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3. X 1010

2. x 10"
s

1. x 10"

-50 0 50 100
k

The green line gives o vs k for a phase velocity w/k of c¢. The red line shows that the wave in our
waveguide always has a phase velocity > c. This means that it cannot be used for acceleration as
any particle will be outrun by the phase velocity. Note that this does not violate special relativity
as the phase velocity does not involve a massive particle. The group velocity, which does involve
energy transfer, is always < c.

Alvarez Linac

Consider the circular wave guide at its cut-off frequency. The phase velocity becomes unbound,
which is another way of saying that the longitudinal £ field has the same value independent of the
distance along the axis of the wave guide. Given that the field (of the TMO1 mode) is purely
longitudinal, we can truncate the waveguide and put a cap at each end without distorting the field
of this mode. We now have "pillbox" cavity and the TM010 (the third digit denotes the
longitudinal number of nodes) mode is its lowest, fundamental, resonating mode. The length of
the cavity does not affect the resonant frequency of this mode at all. (With the shorts at the end,
there is now a number of resonant higher order modes that do not show up in the open
waveguide, but we can ignore these for this discussion).

12
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Fig: Electric (left) and magnetic (right) fields of the TM010 mode in a pillbox cavity [33].

We can therefore conceptually elongate the pillbox to many meters, put beam holes at he end, and
put a beam in there. No acceleration would be observed as the field still oscillates in time, and the
beam takes time to proceed through the cavity. However, if we now put drift tubes of the right
length and strategically placed into the cavity, the tubes will shield the beam from the field while
the field is decelerating, with the result of net acceleration.

The device we have just conceived is the Alvarez linac, of which there are numerous instances in
operation around the world. It is an example of a standing-wave accelerator. It gets around the
problem of radiating off e-m energy like the Widerde structure while at the same time operating at
much higher frequency, thereby shortening the structure.

13
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Fig: Alvarez linac and field directions (red) [33]

The field in the tank of an Alvarez becomes, with &=0:
subs(_C1=E[0], C2=0,k=0,subs((5.1.5), rhs((5.1.3))))

£, (Jena r) o (5.2.1)

The acceleration will be directly given by how far the particles travel under the influence of the

field:
AE) = int[ subs (1= —— 521y s =+ ¢ ] .~
(E)=in (su s( beta-o O ),s (2 gj..z g)
[ Al
2 C c
IEOJO( €L ® r)Bc e Pe 4 P
A(E) = (5.2.2)
®
1 ?Iwg %Iu)g
> _
IEOJO[(eumz) rjﬁc —e B 4o (BY
evalc| A(E) = simplify| Re
®

assuming positive

14
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2E0Bcsin[ 20)Bg jJ()((x)\/?\/Ir)

c

A(E) = (5.2.3)
®
The factor
. (omega g
sm( beta-c 2 )
omega
beta-c
sin[ 2(1)g J Bc
p ¢ (5.2.4)
O}

is called the "transit time factor", it is the reduction of acceleration due to the finite time the
particles take to cross the gap and the consequent reduction in average electric field.
A word to the design of Alvarez linacs: In the above, no mention has been made how to choose
the length of the gap. While a longer gap seems to result in higher acceleration this is not
necessarily so: the drift tubes actually shunt the field into the gap such that the local gradient goes
up, for the same overall "effective" gradient. This can result in very high local gradients leading to
breakdown. The practical way of designing such linacs is, then, to calculate the fields using an e-
m code and make sure they do not exceed an accepted value. This value is often obtained from the
so-called "Kilpatrick criterion", which reflects the fact that, at higher frequencies, higher peak
fields are possible:

2 8.5
fir=1.64E6-E[k] exp ( E[k] j

8.5

fi=16410°E e * (5.2.5)

(E), in MV/m, fi in Hz). The formula was derived from empirical data, but in practise, this

criterion is now routinely exceeded by a factor of up to 2 due to the much improved UHV
technology.

Coupled cavities and disk loaded waveguides

rf acceleration in general involves rf resonators (cavities) as the voltage available goes up with the
Q factor. This also holds true for linacs with travelling or standing waves. We will therefore now
analyse a simple cavity and following from that describe an accelerating structure as a series of
coupled such cavities. The cavity we will analyze is called a "pillbox" cavity due to its appearance: a
very short piece of circular waveguide with lids on both ends. The pillbox can have two distinct
field orientations: an E (or TM) mode with the E-field along the axis (essentially the same
orientation as in the waveguide above) with the boundary condition being zero field at the cavity
radius, and a TE (or H) mode with a transverse electric field and the boundary condition being zero
field at the flats on either end. Since we are interested in accelerator applications we are interested in

15
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the longitudinal field and therefore the E (TM) modes.

It turns out that we have done most of the work already: The boundary condition of vanishing

field at the aperture still holds and the dispersion relation remains the same. The flat pieces at the

ends add another boundary condition that demand any radial field to be zero at the flats. Rather

than going through the tedium of proving this we state the result for the resonant frequency of a

pillbox cavity, which is the same as the cut-off frequency of a waveguide with the same radius:
2.405-¢

omegal0,1,0]=

2.405 ¢
0) =

010 » (5.3.1)

where the (0,1,0) index denotes the TM010 mode. Note that the frequency of the lowest mode
does not depend on the length of the resonator but only on the radius. For an example radius of 4

cm we get
mcgaly | o 2:405°3E8
ealrl= =404
® = 1.80375000000000 10" (5.3.2)
or
_ omega|r |
11r1= evaif (55
£, =2.87075728602006 10° (5.3.3)

The cavity resonates in the S-band. TM010 has to be the lowest mode as it is right at cut-off for
the structure; any lower frequency could not propagate and therefore never fill the cavity (even if
it was a very long one). the quality factor Q of the cavity does depend on the length:
Z[0 2.405-L
o0]:= 2L
2-R[s] (a+L)

1.20250000000000 Z L

0, = R (a+1) (5.3.4)

The surface resistance is a material property but depends on the frequency:
1 ( omega-mul )
R[s]:= —sqrt| ————
2-sigma|c]

\/7 o uo

(¢
c

R = (5.3.5)

In our case it is

. 1
evalf(subs (s1gma[c] = 1768’ mu( = Physics Constants:-mu_(, omega = omega|r ], R[S]) )
0.00694020935316491 (5.3.6)
For a length of 3 cm, we get
1
QO[3cm]:= evalf(subs (Z[O] =377,L=0.03,a=0.04, sigma[c]| = 768 mu(

16
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= PhysicsConstants:-mu_(), omega = omega|r |, (5.3.4)) )
0, ., = 27994.7812768130 (5.3.7)

These are the parameters one gets for an isolated cavity. To get from here to an accelerating
structure, we need a hole at either end for the obvious provision of sending a particle beam
through the cavity. However, that hole also will let some field penetrate; and if we follow one
cavity by a second one we have two coupled cavities. We can now add more cavities in this way
and soon we end up with a structure of considerable length that we want to use as an accelerator.
Specifically, we can contemplate launching an rf wave at one end and let the beam particles ride
the crest, in the same way as we have shown the circular waveguide to not let us do. In fact, we
can look at the string of cavities like a waveguide loaded with discs with small(-ish) holes in a
regular pattern.

There are two complementary ways of analyzing such a structure. Starting from the waveguide
picture the discs introduce a periodic boundary condition and it can be shown that such a
condition can slow down the phase velocity to a useable value (c in case of electrons). The other
way is to analyze the system of coupled cavities and deermine the dispersion relation in that way.
Needless to say the two have to be equivalent; here we will use the latter approach as it seems
conceptually simpler.

In analysing this chain of cavities we will use the equivalent circuit shown in the figure:

17
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Figure: Disc-loaded waveguide and equivalent circuit
We can make an ansatz for the currents coupling the three circuits:
i[j— 1]=t—a[j— 1]*exp(I* psi[jm]) *exp(I * omega[j — 1]*1)
. I\V'm o, —1 !
zj_1==tl—>aj_lej e ’ (5.3.8)
i[jt1]=t—>al[j+ 1]*exp(I*psi[jp]) *exp({*omegal[j+ 1]*¢)
‘ ly., lTo. n 1t
zj+1==tl—>aj+lejpej (5.3.9)
i[j]= t— al[j]*exp(I*psi[j]) * exp(/* omega[j] * 1)
Iy, Tw.t
i=1trae e/ (5.3.10)

where the a ; are the amplitude in each cell.

The equation for the center circuit element is
diff (i[ j1(?), t, t) + omega0"2* (1 + 2% kc) *i[ j](t) = kc * omega0™2* (i[j + 1](¢) + i[j

— 1](1))
Ty, lo. ¢ ly, To. ¢ ly, To, t
cae Toe ) ol (142k)ae e ) =kead (aj+1e P St (5.3.11)
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ly., To, t

Jm o j—1

If we postulate identical coupling between all cavities then all the ® and a coefficients will be the

same and we can simplify this:

subs(a[j— 1]=a[j],a[j+ 1]=a[/], omega[j+ 1]=omega[ /], omega[/j — 1]
=omega[j], (5.3.11))

Iy, 5 Tt ly, To. ¢ ( [y lw. t
a

-a.e ’ @ e / +a)()2(1+2kc) ae e/ =kcco()2 ;e e 7 (5.3.12)

J

I\p,m Tw. ¢
+aje JMe 7

We get rid of the exp(/*w*f) and the a[/] term
simplify((5.3.12) / (exp (I * omega[ j]*t)-a[j]))
Ty, Ty, Iy,

e/ (2ke o0 + o0 — mj) — ke o (e Py e f’”) (5.3.13)
and we can connect the y values by using the phase-advance/cell (i.e. per circuit) b:
subs (psi[ j]=j* b, psi[ jp] = (j + 1) *b, psi[ jm] = (j-1) * b, (5.3.13))

P (2keat’ + 00" — o ) =keon” (VD04 UTDP) (5.3.14)
lhs ((5.3.14)) = expand (rhs ((5.3.14) ) )

2 1jb
2 Ijbe”, ke 0 e’

& (2keal + a0 — o )=kt Vel 4 HEEE— (5.3.15)
€
and get rid of another exponential factor
o (5.3.15)
ey
2k + @0 — o =2k ol cos(b) (5.3.16)

and we can solve for ;

[solve((5.3.16), ®[ j]) |;
|/ T—2kecos(b) + 2 ke @0, -/ T —2kecos(b) + 2 ke 0] (5.3.17)

So we have a new dispersion relation. Note the two signs, which indicate forward and backward-
travelling waves. We can plot the relation for the forward wave against the phase advance/cell
using some chosen values for kc:

plot(

subs(@0 =1, ke= 05, G.3AT[1]), —2L2 | b= 0, fabels = ["b", "w/w0"]
27-0.03
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What we see is that the speed of the wave travelling through the system has sufficiently slowed
down to cross v=c at a reasonable phase advance/cavity cell. We also see that there is only a
limited range in omega/omega0l in the solution space. This represents the pass-band of such a
structure. The whole diagram repeats itself at higher values for b and also higher values for ®
which represent higher-order modes. Outside of the passbands no propagation of waves is
possible in the waveguide.
The value for kc represents the coupling of the individual cavities, which is facilitated by the holes
that also allow the beam to pass. Clearly if the area of the hole approaches 0, kc is zero. Likewise
we can postulate that k¢ becomes O(1) if the area of the hole approaches the cross-sectional area
of the waveguide since clearly that is the strongest coupling we can have. Then we can conclude
that kc is, to lowest approximation, equal to the area of the hole divided by the area of the
waveguide. The above diagram is for a SLAC-like cavity and actually comes fairly close although

e.g. the thickness of the disc affects the coupling (lowers it) and for exact numbers modelling the
cavities is necessary.

/00
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V Lorentz equation
This is a recap. of what we already saw previously.
F =gq*(E +beta & B )
F=q(E+pxB) 1.1
The momentum is defined relativistically (Units: ¢*p_ is momentum in eV, m0 is rest energy in

eV, q is charge in elementary charges)

beta_
c

p_ = mO*y*

- m0
e vB

(1.2)

C

and we define velocity and B-field in Cartesian coordinates

beta = (betal (t)* i+ beta2(t)™ j+ beta3(t)* k)

B = BI(r) i+ B2(1)] + B3(1) k (1.3)
B = (BI* i+ B2* j+ B3* k)

Bi=BIli+B2j+B3k (1.4)
E =EI* i+ E2* j+E3* k

E:=FEli+E2j+E3k (1.5)
So we get the force to be
F_
g (E17i+E2j +E3k+ (B2(1) B3 — B3(1) B2) i + (B3(t) B — Bl (1) B3) } (1.6)

A

+ (B1(t) B2 — B2(t) Bl ) k)

and by choice of units ¢ is already in m and v/c is B. We replace ¢ by s and get
p_ = subs(t=s,p )
> m0 1s2+2sﬁ'+3slﬁc
5 mOY(Bl(s) i+ P2(s)j + B3(s) k) an

C

= subs(t=s,F )
—q(E1i+E2j+E3k+ (B2(s)B3—B3(s)B2) i + (B3(s)BI — Bi(s)B3)j (L8)
+ (Bi(s) B2 — B2(s) BI) k)

and get a first equation of motion (NOTE: This a bit unclean as vy is assumed fixed.)
Lorentz := F _=diff (p_,s)

Lorentz == q (E1i + E2} + E3k + (B2(s) B3 — B3(s) B2) i + (B3(s) BI (1.9)
— Bi(s) B3) j + (BI(s) B2 — B2(s) BI) k)
d - d - d :
mOY((dS ﬁ](s)) i+ (ds ﬁ2(s))j + (ds [33(5)) k)

c

F
F:
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Note that the unit vectors (i,j,k) will be used as transverse horizontal, longitudinal, and vertical
unit vectors to keep the coordinate system right handed. Other conventions are possible and used.

Circular Machines: Constant B-field in vertical direction

As the accelerating rf structures are relatively complicated and expensive components, better use of
them is made by passing the beam through the same structure(s) several times. This requires us to bend
the beam in some form of "circular" shape and bring it back to the rf acceleration system. Hence the
large circular accelerators.

Coordinate system: _i: transverse horizontal; j: longitudinal; _k: vertical
Units: m0 is mc”2 [eV]; c*p [eV]

We will now treat the simple case of a uniform constant vertical B-field (B3)
subs(EI1=0,E2=0,E3=0,B1=0,B2=0, Lorentz)

g (B2(s)B3i —Bi(s)B3j) @.1)

oy [[g B i+ [ 20 )i+ [ ]

c

For Maple to solve this we need to convert this into a system of differential equations:
Component(lhs ((2.1)), 1) = Component(rhs ((2.1)), 1), Component(lhs((2.1)), 2)
= Component(rhs((2.1)), 2), Component(lhs ((2.1)), 3) = Component(rhs((2.1)), 3)

WOY(SS BI(s) | mOY(js p2(s) |

B3 B2(s) q = ; ,-B3Bl(s) q= ; 0 2.2)
oy (g B30 )
c
and a first integral is
dsolve([(2.2)])
Bi(s)= Clsin[ B3L5) & ocos[ BILE5 Y Bo(s) = —sin[ 2295 ) 2 2.3)
Ym0 Ym0 Ym0
B3gcs

—I—cos( j_CI,ﬁS(s)=_C3}

Ym0
Usual way to find the initial conditions:
simplify~ (subs (s = 0, (2.3)))

{B1(0)=_C2,B2(0)=_CI,B3(0)=_C3} 24
Let's launch a particle with only longitudinal motion B2=02,,.
subs~<_C2 =0, _C3=0,_Cl=p2, (2.3))

(2.5)
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. ( B3gcs B3gcs
Bl(s) = B2, sin| =—L=% |, B2(s) = cos| =L | B2,, B3 (s @2.5)
"y 1y

and back into the 3 vector:
subs ((2.5), subs(t=s, beta_))

B2 sin[ BEAES ) G o o[ BIUCS B2, ) (2.6)
0 Ym0 Ym0

and integrate again (note that Maple omits the integration constants!)
X = int((2.6), s)

" B3gcs ~
. ﬁZOZYmOCos(YmOj B2,j sm[
Xi=-
B3gqgc * B3gc
To find the integration constant we need to define the initial condition: let's launch our particle at
(x,,2)=(-p,0,0). Since X at s=0 is
simplify (subs(s =0, X ))

B3
gcs )Ym

Q2.7

B2, i Ym0
- 2.8
B3gc 2.8)
it turns out this is just -p, so our ref. orbit starts at X :
RefOrb = factor (X )
B3 A B3 .
B2, m0y (sin(qocs)j —cos(qgs) i)
RefOrb = rm ym 2.9)
‘ B3gc
where we used factor() to collect the constants.
This describes a circle with the radius 82, m0 y/(q*B3).
Let's plot this:
subs (testCase, beta2[0] =1, Component((2.9), 1))
-34.0901778122784 cos(0.0293339625714662 ) (2.10)

Circlel = plot([subs (testCase, beta2[ 0] =1, Component((2.9), 1)), subs (testCase, beta2[0]
=1, Component((2.9),2)),s =0.213]) :
plots:-display (Circlel )
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This is a circle with the radius

B2, m0y
ho i= —————
o qB3c
_ ,820 mO0y @1
P B3gc )
or
rho := subs | gamma = pe , tho |;
B2, mo
pc
= 2.12
P = 23 qc (2.12)
The value
B3-rtho
£e 2.13)
qc

is directly proportional to a particle's momentum and called the "Brho" value. For singly charged
particles it's numeric value is
24
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Brho =3.33564pc
Brho = 3.33564 pc 2.149)

with pc in GeV and Brho in Tm.

This particular circle will be our reference orbit for the next sections dealing with deviations from the
initial conditions given here.
Before we continue, we will use (2.11) to simplify our constants by assuming fully relativistic

particles and using p:

rho :='"rho'

pi=p

~ m0 gamma

rho = (q B3 ¢)

N Ym0

0 e (2.16)
solve((2.16), [B3])[ ][ ]
cqgp

This relation will allow an easy replacement of B3 by the bending radius p

Radial focusing in the constant B field

We may ask ourselves what happens if we introduce initial horizontal or vertical momentum
components.
To do this we use the same solution as above (2.3) but change the initial condition:

subs~((2.17), _C2=Bl, _C3=0,_CI =p2,,(2.3))

{Bl - B2, sm[ p ] + B, cos[ ] B2(s =—s1n[ p ]ﬁ] +cos[ ]ﬁ20,ﬁ3 3.1)

.

and put this back into the 3 vector and integrate:
X2 := subs((2.17), int(subs ((3.1), subs (t=s, beta_)), s))

X2 = i [ B2, pcos( ; ) +BI, sm( ; ] p] +j (ﬁ]opcos[;) 3.2)

(s
+ B2, sm[ — ) p)
p
Again we find the initial condition analogous to above:
simplify (subs (s =0, X2 ))
Now we have to be careful: we want to launch again on (x,y,z)=(p,0,0). So we need to subtract the y
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component to get the right particular solution
collect( factor (X2_ — op(2,(3.3))), [sin, cos])

. N oS T o ;
P (z BI, —|—[320j) sm[p] +p (—BZO i+ [310) cos[p] —Jj Bl,p 3.4
At s=0 we get
simplify (subs (s =0, (3.4)))
-i B2, p 3.5)
While this looks right, it actually is not: The particle is launched at an offset p*p2, which is not the
same as our reference orbit. The difference arises because we set B1, to 0 and ignored it. Here, B1,, is

not 0; but since we are fully relativistic the bending radius p depends on p=sqrt(B1°+p22). So the
factor in (3.5) should be P rather than 2. We evaluate this correction to first order and add it to (3.4):

2
collect[(3.4) — i rh;).- Z:Z;[[g]] NIRAA rho]J
B,
(s s ’ (s s
[sm(p) B1,— cos(p) B2, — 5 [330 pi+ [BZO sm[pj + B1, cos[pJ (3.6)

Plotting this together with the first result:
Circle? = plot( [Subs(testCase, [310 =0.2, beta2[0]=sqrt(1- 0.2 ), subs ((2.16), Component(
(3.6), 1)) ) subs(testCase, Bl, =02, beta2[0]= sqrt(1-0.2%), subs ((2.16), Component(

(3.6),2)) ) s=0.213 ] color = blue) :
plots:-display (Circlel, Circle2)
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30
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The salient point here is that the two particles do not drift apart but rather keep coming together after
about 1/2 turn and again after a whole turn.

This implies a restoring effect which we call focusing. In particular, note that the orbits intersect after
about 180° (for the reference orbit), so it appears that a 180° bending magnet performs point-to-point
imaging. This focusing is used in a race-track Microtron to keep the beams stable in a natural way.
subs ((2.16), Component((3.4), 1))

B3 B3
BZOYmOCos(qCS) B1, sin(qcsjymO
Ym0 n Ym0
B3gc B3gc

3.7

Frenet-Serret Coordinate System

Having established a reference orbit, we can express particle motion relative to this orbit. This will
turn out a suitable way to describe particle and beam motion in a wide variety of accelerators and
beam lines. This involves transformation to the Frenet-Serret, or TNB (for Tangent-Normal-
BiNormal) coordinate system. Maple has functions to setup this system and transform into it.
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We setup a basis for the Frenet-Serret system
FSBasis = simplify~ (convert( [ Vector Calculus:-TNBFrame( (subs ((2.17), Component(RefOrb,
1)), subs ((2.17), Component(RefOrb, 2)), 0), s) |, Matrix), symbolic)assuming positive

sin(s) cos(sj 0
p p
FSBasis = cos(s) —sin[s) 0 “4.1)
p p
0 0

—1

Let's have a look at it:
eval(subs ([320 =1, subs (testCase, Component(RefOrb, 2) ) ) )

34.0901778122784 sin(0.0293339625714662 s) 4.2)
Student:-VectorCalculus:-T. NBFrame( <subs ( B2, = 1, subs (testCase, Component(RefOrb, 1)) ),

subs ([320 = 1, subs (testCase, Component(RefOrb, 2)) ), O>,

s, output = animation, range = 0..214, frames = 50, axes = boxed,

binormaloptions = [width = 1, color = red],

tangentoptions = [width = 0.5, color = black],

normaloptions = [width = 0.5, color = green])
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Animation of the Frenet-Serret vector(s): binormal along the

curve defined by the given vector, principal normal, tangent.
In what follows we will denote the tangent vector (black) X7, the normal vector (green), X2, and the
binormal vector (red) X3. It should be noted here that this coordinate system is rotated by 180° about
the tangent direction relative to the one commonly used in accelerator physics. We will ignore this for
now and make the switch later.

Eq (4.1) establishes the basis of the TNB system, now we setup the actual transformation matrix
MFSTrans = simplify~ (LinearAlgebra:-MatrixInverse(FSBasis ), symbolic)

sin( S) COS(S] 0

p Y

MFSTrans = COS(S) —sin[sj 0 4.3)
p p

0 0 —1

To transform a specific trajectory to the TNB frame we need to subtract the reference orbit from it
(since a matrix transformation does not translate) and then apply MFSTrans. Let's apply this to the
off-axis trajectory from above:

(1.3)

BI(t) i+ B2(1) ] + B3(1) k (4.4)
diraj = subs((2.17), (3.4) — RefOrb)
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dtraj = sin(s] i pBI, —|—j’ [[3’]0 p cos(s) — BIOpJ 4.5)
p p

simplify~ (LinearAlgebra:-MatrixVectorMultiply ( MFSTrans, (Component(dtraj, 1),
Component(dtraj, 2), 0) )) assuming beta2[0] > 0,rho > 0

EE)

;)

0

(4.6)

and plot the normal (2nd-) component:
plot(subs (BIO = 0.2, subs (testCase, subs ((2.16), (4.6)[2])) ), s =0..1000, labels = [typeset('s',

" (m)"), hpeset('X2'," (m)")])

0 200 400 600 800 1000
s (m)
We find that the particle executes a harmonic oscillation about the reference orbit, with (in this case)

exactly one period per turn. In the language of circular accelerators the number of oscillations per turn
is called the tune.
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Now we will transform the Lorentz equation (2.1). Since the TNB transformation applies to
positions, we need to change the components of  to differentials of the transverse coordinates,
which we do under the assumption that the particle's velocity is c¢. Note that we use x/..x3 here rather
than the x,),z we will use later.

betas = [betal (s) =diff (xI(s),s), beta2(s) = diff (x2(s), s), beta3(s) = diff (x3(s), s) ]
betas = |BI(s) = ;S xI(s), B2(s) = (;is x2(s), B3(s) = (;15 x3(s) 4.7
(subs (betas, subs ((2.17), Component(lhs ((2.1)), 1)) ), subs (betas, subs ((2.17), Component(lhs (
2.1)),2))), subs(betas, Component(lhs((2.1)),3))) =

(subs (betas, Component(rhs((2.1)), 1)), subs (betas, Component(rhs ((2.1)),2)),
subs (betas, Component(rhs ((2.1)),3)))

&

] mOy[2 xI(s)
0 i 2 ds
m y( & © (S)J .
cp d2

m0y x2(s)

d - as” @48)

_m()y(dsxl(s)) ;
cp Fe

mQ0y x3(s

0 | ds? (s)
c

We now need to express this in terms of the transformed positions and velocities. We can transform a
general coordinate vector <x/,x2,x3> to a vector X=<X1,X2,X3> in the Frenet-Serret system:

simplify (LinearAlgebra:-MatrixVectorMultiply(MFSTrans, ((xI(s),x2(s),x3(s))-~(subs (
(2.17), Component(RefOrb, 1)), subs ((2.17), Component(RefOrb,2)),0))))

sin(ij](s) + cos[ > ij(s)
p P

B2,p — sin[sj x2(s) + cos(s) xI(s)
P P

-x3(s)

solve([(4.9)[1]=XI(s), (4.9)[2]=X2(s), (4.9)[3]=X3(s)], [xI(s),x2(s), x3(s) ])[ ]

—ﬁ2opcos(s) +sin(S)X](s)+cos(S)X2(s)
xl(s) = P £ —F ,x2(s) = (4.10)
sin[sj +cos(SJ
P P
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—[320sin(ijp+)(2(s)sin(ij—cos[ JXI()
) p p p 3

5 5 x3(s) = -X3(s)
. S S
s1n(—j +cos[—j
p p
simplify((4.10))
xI(s) = -B2, pcos[ > j +sin[i]X1(s) +cos[i]X2(s),x2(s) 4.11)
p p p

= B2, sm( ]p X2(s )sin(i)+cos[i]X](s),x3(s)=—X3(s)}
P P P

Putting it back into the equation
simplify (subs ((4.11), (4.8)))

oz [or (- (G e s Jo oo 5
()l
- Emov(s- )
o= ) eon( 0] |
|

) (% X](s)) P (4.12)
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dZ
m0y (dsz X3(S)J

c

solve([Ihs ((4.12))[1]= rhs ((4.12))[1], Ihs ((4.12))[2] = rhs ((4.12))[2], Ihs ((4.12))[3]= rhs(
@.12)) [31], [diff (X1 (s). 5. ), diff (X2(s), 5. 5), diff (X3(s), 5.5) D ]

d d

2 - X2(s) o —— XI(s) o
d—ZXJ(s)z ds : d2 X2(s) = - ds : d2 X3(s)
ds p ds P ds

We are really interested primarily in the normal component (X2) so we combine the first two

equations by integrating the first one and substituting the result into the 2nd one:
subs (int(lhs (op (1, (4.13))), s) = int(rhs(op(1, (4.13))), s), op(2, (4.13)))

0 4.13)

2
L o) - - 2L (4.14)
ds p
dsolve((4.14))
X2(s)= _CI sin[sj + C2 cos[s] 4.15)
P p
simplify(subs (s = 0, (4.15)))
X2(0)=_C2 (4.16)

This is the initial position relative to the reference orbit

eval (diff ((4.15),s5),5s=10)

((i XZ(S)) - L 4.17)
{s=0)

This is the initial angle against the reference orbit.
plot(subs(_CI1=0.0, C2=.1, subs(testCase, subs((2.16), rhs ((4.15))))), s =0..1000)
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0 200 400 600 800 1000
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So we have now shown the horizontal focusing of the dipole to be 1/p? and the tune is always 1 in
the homogeneous field.

The important point here is that X2 is the radial coordinate relative to the reference orbit. This allows
us to add focusing and other fields in a localized manner.

Field Gradient

We can now use the equation in the Frenet-Serret reference coordinate system to examine the effect

of a field gradient.
Such a gradient will manifest itself as an additional force on the beam particles that depends on their

deviation from the reference orbit.
Maxwell's equations demand (in the absence of longitudinal fields) that equal but opposite gradients
exist in the horizontal and vertical planes so the two planes will not be independent of each other.

We use a general parameter & to describe the gradient (k>0 => the B field increases with X2) and
write
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Ihs ((4.13)[3]) = rhs ((4.13)[3]) + (KX3(s))
2
2

(i X3(s) = kX3(s) (5.1)
and
Ihs ((4.14)) = rhs ((4.14)) - (kX2 (s))
2
d—zxz(s)=-X2(2S) — kX2(s) (5.2)
ds p

First we solve the vertical (3-) component
convert(dsolve((5.1)), trig)

X3(s)=_CI (cosh(Vk s) + sinh(V& s)) +_C2 (cosh(y& s) —sinh(V& s))  (5.3)

We see immediately that stable vertical motion demands negative k. So a negative gradient produces
vertical focusing, thus allowing periodic motion in the vertical plane.
Now we solve the horizontal plane

dsolve((5.2))
[ 2 [ 2
X2(s)=_ClI sin[kp—i_ls +_C2 COS[M 54
P P

The horizontal motion is affected also and its tune is reduced by negative k. Once —k goes below l/pz,
the argument of the sine functions become imaginary
and periodic motion is no longer possible in the horizontal plane. It appears that £ is bounded

between 0 and —1/p? for stability in both planes. & is directly related to the field index n: kp*=—n.

We get C7 and C2 from the initial conditions:
simplify(subs (s =0, (5.4)))

X2(0)=_C2
eval (diff ((5.4),s),s =0);
2
(dXZ(s)j _ ClJkp +1 (5.6)
ds p
{s=0)
So we have
Cl=X2 0
Cl=X2 0
- )(7’)2_0-rh02
sqrt(l + kp )
XP2
c2= 2220 (5.8)

- \/kpz—i-l
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subs ((5.7), (5.8), (5.4))
2
2 0, [Jkpﬂ ]
JVkp +1s J n P

P \/kp2+l

This is the basis of the constant-gradient or weak-focusing synchrotron. The following figure shows
field lines and forces for positive and negative field gradient.

X2(s)=X2_0sin [ (5.9)

V Z

><V

Fig: Schematic of a gradient dipole magnet

Equation (5.9) indicates that the beam size in the ring has a tendency to grow proportional to the
machine radius p, since the initial divergence XP2,, will have a lower bound.

E.g., if XP2,, is between 0 and 0.1 mrad (not an unusual range), a 27-km ring like the LHC would

have potentially a 2.7 m wide beam.

Dispersion

So far we have assumed all particles of a beam are at identical momentum (are "on momentum"). In
practice the particles have slightly different momenta (just as any real beam has some divergence) and
we need to analyze the off-momentum case as well. Trivially, eq.(2.16) tells us that the orbit radius
changes proportional to the energy deviation. To analyze this in the Frenet-Serret coordinate system
we parametrize the distance to the reference energy by 9, i.e. y becomes y*(1+3) and redo the
transformation starting from (4.8).

lhs ((4.8)) =rhs((4.8)) -~ (1 + delta);
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d2
. mOy | — xI(s) (1+3)
d ds
mOY(ng(S)) c
cp d2
0y | —5 x2(s) | (1 +39)
d " 2 .
MOV(ax](s)j ds - (6.1)
_ cp 4
0 mO’Y[dS—x3() (1+3)
c

We take the same general orbit vector as before and put it into this equation and go through exactly
the same calculation as above.

Old coordinates as f(new coordinates) back into the above:

simplify (subs ((4.11), (6.1)))

Hj(mOv([% X2(s)j sm[ . jp+cos( : ) [% X](s)) o 6.2)
+B2Opcos(§j—sin[%jXZ(s)—cos[%jXZ(s)jN,
['j(m“[““(i)(% )+ sl oo D) (G
s ] o )|
0 =H%(m0y(1+6 sm— [—XJ J

cp
2] [ )2 {2 ()
X](s))p—i—ﬁZOpcos(;)—sm[p XI(s —cos[éj)@(s)]”,

J
e (o) () 3
Xl(s))pz—zsin(i)(% 1(s) )p—ﬂ2 Sm[pjp_2cos(;)(%

X2(s)) P+ X2(s) sin(ij —cos[%] X](s)]J

=}

2
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dZ
nmy(dﬁXﬂﬂ (1+39)

c

and cast into a form recognizable as a system of diff equations:

collect( solve([lhs ((6.2))[1]=rhs((6.2))[1], lhs((6.2))[2]=rhs((6.2))[2], hs((6.2))[3]
=rhs((6.2))[3]], [diff (XI(s),s,s),diff (X2(s),s,s),diff (X3(s),s,s)]),delta)[ ]

ilxuw= @(;1Xﬂﬂ)p;ijg:+(glxﬂw)p’i;Xm” 63
‘(2p(52quj+li116?§?)8+p(glXu”)’;i'B“)O

We insert the integral of the first equation of (6.3) into the second one to get a differential equation
for X2:

subs (int(lhs (op(1,(6.3))), s) = int(rhs(op(1,(6.3))),s), op(2,(6.3)))

2
i;f”“”“ 1 |2p]- 8X2(s)s(28p+p) 6.4)
(1+8)p - POS PS5 (25+1)
28+1  28+1
( Xl(s)d S]S
28+1
_ pé ) B 6__Cls(26p+p) £ p2,p
. pos __PJ _pos __PS p(28+1)
284+1 28+1 28+1  28+1
- POS PS5 (28+1)
28+1  28+1
Xl(s)d S]S
_ Up(28+1) B Cls(28p+p)
_ pds  ps _ pds  ps 0 (25+41)
284+1  28+1 28+1  28+1

This can be further simplified by taking the first order in 6 only:

lhs ((6.4)) = collect(convert(series (simplify (expand (rhs ((6.4))) ), delta, 2), polynom), [ X2(s),
_CT)

d’ 1 8
dS2X2(S):(_p2 —pz]X2(S)+

1 26
- 2—-:Z]Jﬂ (6.5)
PP
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(ﬁzo o° + |x1(s) s) 8
3

P
collect(simplify (subs (X1 (s) =0, CI=0,beta2[0]=1,(6.5))),X2(s))
2
%X2(S):_ (1+8)2X2(s) 9 (6.6)

Compared to eq (5.2) we have acquired an inhomogeneous term &/p which indicates an additional
force dependent on the particle's energy only. Solution is again straightforward and we expect to get
an additional, special solution for the inhomogeneous term.

dsolve((6.6)) assuming rho :: positive

X2(s) = sin| VLTS | h 4 gos| VEFOS | () 0P 6.7)
p P 1+

In this first-order treatment we have acquired term dp/(1+93), i.e. dp. We will call this the dispersion
as it is dX2/do, and it is equal to the bending radius. If 6=0..1E-4, already a fairly small energy
spread, then the dispersive beam size of an LHC-class constant-gradient machine would be 2.7 m. It
is no surprise, then, that the vacuum chambers of he largest weak-focusing synchrotrons ever built
(Bevatron (LBL): 6.3 GeV, Synchrophasotron (JINR Dubna): 10 GeV) could (almost) accommodate
a person; the Bevatron vacuum aperture was 1 by 4 ft.

The keen reader will note that the oscillatory component acquired a \'1+8 term. This indicates a
change in machine tune with particle energy and is referred to as chromaticity. It appears to be
positive here; indicating a (small) increase of tune with particle energy. For constant-gradient
machines this term is too small to be of concern; however, we will encounter it again later.
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Hill's Equation

Envelope equation

Constant-gradient machines are limited in their reach due to the restriction in focusing force. The
way out is to lift this restriction and allow the focusing to vary along the reference orbit. This
leads to the notion of strong focusing—or alternating-gradient focusing—which is the basis of
all modern high-energy accelerators. It is interesting to note that the development was in part
done in analogy to optics, where it was already known that a series of lenses of alternating
focusing could lead to an overall focusing effect.

To treat alternating-gradient focusing we start from eqs. (4.13 and 4.14) in the previous chapter,
which we reproduce here, except that we now allow for variation in the gradient and bending

radius:
2
subs[rho — tho(s), k= k(s), % X2(s) =- —XZ(ZS) — kX2(s)
p
2
- x2(5)= - 2L — ki) x206) (AL1)
ds p(s)
d2
subs [kZ k(s), ? X3(s)=kX3(s)
d2
el X3(s) =k(s) X3(s) (1.1.2)

We postulate the existence of a closed orbit around the ring, which by necessity has to be
periodic with the period L. With this condition, egs (1.1.1) and (1.1.2) become Hills equations
for which both stability criteria and a solution ansatz are known. The solution has the general

form
xil == s—a-w(s) *cos(psi(s))

&l =5 aw(s)cos(y(s)) (1.1.3)
xi2 == s—a-w(s) *sin(psi(s))

E2 =15 aw(s)sin(y(s)) 1.1.4)

where both functions w(s) as well as y(s) a priori are complex, although it will turn out that
stable periodic solutions are real. w(s) reflects the periodicity of the ring:
w(s)=w(s+L);

w(s)=w(s+L) (1.1.5)
whereas y(s) does not. Clearly, w(s) is an amplitude function whereas y(s) is a phase function.
For simplicity we will use (1.1.2) in the following derivation and insert the solution ansatz and

expand the derivatives:
subs (X3 (s) =xil(s), (1.1.2) — rhs((1.1.2)))

2
O (awis) eos(w(s))) = k(s) aw(s) cos(w(s)) =0 (1.1.6
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We need to find equations for w(s) and for y(s).
eval((1.1.6))
a & w(s) |cos(y(s)) —2a 4 w(s) 4 W(s) | sin(y(s)) (1.1.7)
ds? ds ds
2

d? . d
— aw(s) (dSQ w(s)] sin(y(s)) — aw(s) (ds w(s)j cos (w(s))

—k(s)aw(s)cos(y(s))=0
collect(simplify((1.1.7)), [sin, cos ])

a [—2 (& )] (g v ) —wio) [j; ws)]] sin(y(s)) +a ( (& a1

2 2
d
Wis) | wls) = wls) Ks) + s w(s)j cos (y(s)) =0
Since this has to be valid for all values of y(s) (and a # 0), the expressions in the parentheses
have to be 0 individually:

, d d ¢
whlchop[lhs((l.l.S)), [—2 & w(s) & y(s) —w(s) ? \u(s)J]
[1,2] (1.1.9)
op([1,2], lhs((1.1.8))) =0
d d d*
-2 (ds w(s)) (ds w(s))—w(s) [dsz W(S)):O (1.1.10)
op([2,2], lhs((1.1.8))) =0
2 2
_((fs ql(s)) w(s)—w(s)k(s)—i—jszw(s)ZO (1.1.11)

Maple needs hand-holding to make progress here. We can multiply (1.1.10) by w(s):
expand ((1.1.10)-w(s))

d d d’
-2 w(s) (ds w(s)) (ds \u(s)) —w(s)2 (2 \y(s)] =0 (1.1.12)

and compare it to this relation

Diff (w(s)*-Diff (psi(s), s), s) = diff (w(s)*-diff (psi(s), 5), )

d d d?
= (w(s)z o W(S)) =2 w(s) (ds w(s)) (ds w(s)) + w(s)? [dsz (1.1.13)
w(s)]
therefore
Ihs ((1.1.13)) =0
& [0 v ] =0
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solve(int(lhs ((1.1.14)), s) = const, [ Diff (psi(s),s)])[ ]

const
— yY(s)= 5 (1.1.15)
s w(s)
Putting this into (1.1.11) we get an equation for w(s):
subs (subs (Diff = diff, const =1, (1.1.15)[ ]), (1.1.11))
# Maple technical note: subs won't recognize Diff when substituting diff
2
1
- —w(s)k(s)+ —5 w(s)=0 (1.1.16)
w(s )3 ds?

where we also replaced the constant with the value 1.

We have two relations:

1. w(s) has to be > 0 for y(s) to be real (for periodic solution) and a smooth function of s.
2. We have a differential equation for the amplitude function w(s), the envelope equation.

Matrix representation of solution to Hill's equation

Solving the envelope equation requires us to define the focusing function 4(s); we will keep this
for later. For now we will make use of another feature of Hills equations, which is the ability to
express their solution in matrix form. Specifically:

Vector ((x(L), eval(diff (x(s),s),s=L))) = R.Vector({(x(0), eval (diff (x(s),s),s=0)));

" x(0)
—r| (4
dde(L) =R (ds X(S)J (1.2.1)
{s=0}

A fundamental solution matrix is the matrix made of both solutions and their derivatives and
transforms in the same way:

Matri( ({£100). et - &1(5).5- o))/, eval - 2(5).5=0] )}
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v { {210, omi{ & e1t01,5-1))(2(2) ot 2000511} ) -
s {(z1 0t & 106150 {22000 et & €261,5-0)))

aw(L)cos(y(L)),aw(L) sin(\p(L))}, 1.2.3)

a (ddL W(L)) cos(y(L)) —aw(L) [;L w(L)] sin(y(L)),a (ddL

. d
w(L) ] sin(w() +aw(L) [ gr wiL) Jeos(w(z))

_a w(0) cos(y(0)),aw(0)sin(y(0)) |,

o)
a(fs w(s) | sin(y(0)) +aw(0) (- vis) |
(s=0)

where the matrix R is defined as
R = Matrix({{ri11,r21y|(ri2,r22)))

d
cos ((0)) —aw(0) g wis) |
(s=0)

rll ri2
r2l r22

R = (1.2.4)

We can now make use of the periodicity of w(s) by setting w(L)=w(0) and likewise for the
differentials and solve for the rij:
subs(w(L)=w(0), subs(diff (w(L), L) = eval(diff (w(s),s),s=0), eval(diff (W (s),s),s
=L) = eval(diff (w(s),s),s=0),(1.2.3)))
# Maple technical note: make sure differentials aren't being clobbered

aw(0) cos(y(L)),aw(0)sin(y(L)) |, (1.2.5)

|
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sin(w(0)) |, 711 aw(0) sin(y(0))

{s=0}

—aw(0) (% vis) |

sin(y(0)) + aw(0) (- vis) |
(s=0)

{s=0}
r21 aw(0) cos(y(0)) + r22 cos (y(0))
{s=0}

,721 aw(0) sin(y(0))

()

d .
—aw©) (gvi ]| sin(w)

(& 0)

cos (y(0))
{s=0}

simplify~ (solve([seq (seq(lhs ((1.2.5))[ii][ jj]=rhs ((1.2.5)) [ii][ ji], ii=1.2),j=1.2)],
[r1l,r12,r21,722]))

+r22

. d
sin(y(L)) w(0) [g v(s) (1.2.6)
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cos(w(L)) sin(w(0)) |, r12

{s=0}

: (& v "
{s =0}
_ ! _(i
o (v |
{s =0}
\V(L)) sin(y(L)) w(0)* cos(y(0)) (% W(S)j n (%
{s=0}
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—sin(y(L)) cos(w(0)) [(fs w(s) |

2

sin(y(0)) |,

{s=0}

{s=0}

cos (W (L)) sin(y(0))

{s=0} ‘
Get rid of the differentials of y(s):

combine~( [collect[expand~ (subs~ [subs (Diff = diff, const =1, (1.1.15)[ 1), diff (psi(L), L)

(10)2 , (1.2.6)] j, [eval(diff (w(s),s),s=0),diff (psi(L), L), sin, cos]] j, trig)
w

(1.2.7)
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(1.2.7)
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d -
(ds w(s) sin(W(L) = y(0)) w(0) + cos(w(L) — (0))
_ {s=0}
_ w(0)” —
w(s)®
{s=0} /]
To make this more readable we will introduce the standard notation for the "Twiss" parameters: a,
B and y:
w(s) =+ B(s)
w(s) =y B(s) (1.2.8)
i w(s). ) =- L)
;S w(s) = - ZE;; 1.2.9)
1 + alpha(s)*
g =L 2
2
I+ of(s)
= — (1.2.10)
Y(s) B(s)

a(0)’

1.2.11)
B(0) (

r11=0/(0)sin(u(L)) + cos(u(L)),rI2=sin(u(L)) B(0),r21= [

collect(subs (psi(L) — psi(0) =mu(L), subs(w(0) = sqrt(beta(0)), eval~ (collect(subs (
— IJ sin(W(L)),r22=-0(0) sin(u(L)) + cos(u(L))

(1.2.8), subs ((1.2.9), (1.2.7)) ), eval) ) ) ), sin)
B(0)

# Here we have an expression for the R matrix in terms of the periodic functions a and [ as well
as the phase advance p.

Rp == subs((1.2.11)[ ], R)

0(0) sin(p(L)) + cos(n(L)) sin(u(L)) B(0)
Rp = 2 1.2.12
: [—0[;((%)) - 3(10) ]sin(u(L)) a(0) sin(u(L)) +eos(n()) |

Rp represents stable motion if its Eigenvalues are finite. Note that the factor a no longer shows up
here. (1.2.12) will represent stable motion if its determinant is 1:

simplify(det(Rp));
1 (1.2.13)

and if (L) is real, or the Trace of Rp 1s <= 2:
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LinearAlgebra:-Trace((1.2.12));
2 cos(u(L)) (1.2.14)

We need to attend to one more detail in this section: in the derivation, by basing everything on the
phase advance p(s) and the envelope function B(s), we seem to have lost the connection to the
focusing function A(s). Matrix optics allows us to make this connection.
To find this connection we need to find the one-turn matrix at a different location—different by a
small amount ds—than the location where we calculated the one-turn matrix (1.2.12). In general
this is a similarity transformation:
M1 turn](s2=s +ds)=M(ds)M[1 turn](s)M(-ds)

M, (s2=s+ds)=M(ds)M _ (s)M(-ds) (1.2.15)

tur

In our ring, the matrix M(ds) is the transfer matrix of a (short) piece of ring with the focusing
strength k(s). Note that £(s) can be 0 when we pass through a drift section; or take on any other
value. We define (and note that we are jumping a bit ahead here in that we will establish that this
is indeed the right formulation later):

M{ds] = ((1|ds), (-k(s)-ds|1))

: s 1.2.16
M = oo
ds -k(s)ds 1 ( )
and get (evaluating Rp at a location s rather than 0)
simplify~( M ds |.subs (alpha(0) = alpha(s), beta(0) = beta(s ), Rp).LinearAlgebra:-
MatrixInverse(M[ds]))
1 - (-sin(W(L)) B(s) o(s) k(s) ds’ (1.2.17)
B(s) (1 +ds” k(s))

+sin(u(L)) B(s) k(s) ds + cos(L(L)) B(s) k(s) ds* — sin((L)) o(s) ds

+sin(p(L)) B(s) ou(s) —sin(p(L)) ds + cos(u(L)) B(S)),
sin(R(L)) (ou(s)” ds® — 2 B(s) ou(s) ds + B(s) + ds)
B(s) (1+ds” k(s))
sin(u(L)) (B(s)" k(s)? ds® + 2 B(s) au(s) k(s) ds + o(s) + 1)

B(s) (1+ds” k(s))

(sin(R(L)) B(s) ou(s) k(s) ds

b

b

1
B(s) (1+ds” k(s))
— sin(p(L)) [3(s)2 k(s)ds + cos(u(L)) B(s) k(s) ds’ + sin(u(L)) OC(S)2 ds
—sin(W(L)) B(s) au(s) + sin(p(L)) ds + cos(u(L)) B(s))]]

We limit ourselves to first order in ds and
collect( subs (ds2 =0, (1.2.17)), ds)

2
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l (sin(u(L)) B(s)” k(s) — sin(u(L)) o(s)" — sin(u(L))) ds (1.2.18)
B(s)
L sin(w(L)) B(s) Ot[(;’() )+ s BG) 5 o) sin(u(L)) ds
S

+sin(p(L)) B(S)],

~2sin(p(L)) o(s) k(s)

Bs)
(-sin(p(L)) B(s)” k(s) + sin((L)) er(s)” + sin(n(L))) ds
B(s)
L osin(u(L) B(s) ofs) + cos(u(L)) B ]
B(s)

The difference of (1.2.18) from Rp evaluated at location s, divided by ds, is then the differential of
the matrix elements for a given A(s).
subs (alpha(0) = alpha(s), beta(0) = beta(s), Rp)

o(s) sin(W(L)) + cos(p(L)) sin(W(L)) B(s)
(1.2.19)

collect(simplify(((1.2.18)[1, 1] —~[(1.2.19)[ 1, 1]])), ds)

sin(u(Z)) (B(s)" k(s) —o(s)” — 1) ds ] (12.20)
B(s)

collect(simplify(((1.2.18)[1,2] — ~[(1.2.19)[ 1, 2]]

[-2a(s) sin(n(L))

collect(simplify(((1.2.18)[2, 1] — ~[(1.2.19)[2, 1]]

[-2sin(w(L)) o(s) k(s) ds] (1.2.22)
collect(simplify(((1.2.18)[2, 2] — ~[(1.2.19)[2, 21]) ), ds)

2

_sin(w(L)) (B(s)” ks) —o(s)” —1) ds
B(s)

The matrix (1.2.25...1.2.28) is the differential or Rp wrt. s so we can compare the coefficients of

the sine functions to the straight differential of Rp:
diff~((1.2.19), s)

=
l\.)

(1.2.21)

(1.2.23)

(i oc(s)j sin(w(L)), sin(1(L)) (ds B(s)ﬂ, (1.2:24)
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d d d
2as) (g o) e (g B g BO)
B + 2 + 2 Sm(“([‘)):
P(s) B(s) B(s)

(1.2.20)[ ]

ﬁontend(coeﬁf [(1.2.24)1’ P sin(Ww(L)) ]) Zﬁfontend(coeﬁi s ,sin(p(L)) D

2 2
o (s) = BOY k) —als)” —1

4
ds B(s)

(1.2.21)[ ]

() ||
(fs B(s)=-2a(s) (1.2.26)

ﬁontend(coeﬁ: [(1.2.24)1, 5 sin(w(L)) ]) Zﬁontend(coeﬁf

(The other two are just variations of the first two elements).
simplify (solve((1.2.25), [k(s)]))][ ]

d
(ds a(s)j B(s) +o(s) +1
k(s) = "™e 1.2.27)
)

Here we have the connection between the beta function and the focusing function (s).

Floquet transformation

The matrix Rp (eq (1.2.12)) is the fundamental solution to our equation of motion and by our
ansatz can be used to transport particle coordinates around the ring. It looks somewhat similar to
a rotation matrix. In fact, we can transform into a suitable coordinate system to bring out this
similarity in a better way. For this we transform the general solution into the normalized or
Floquet coordinate system using the matrix

F := Matrix(((1/sqrt(beta(s))|0), (alpha(s)/sqrt(beta(s))|sqrt(beta(s)))))

: 0
B(s)
F = (1.3.1)
2l Bs)
B(s)
and get
0 = F.(x,p)
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o
B(s)
0= (1.3.2)
M + /B(S) xp
B(s)

for a phase-space vector and
Rn = simplify~ (subs (s = 0, F.Rp.LinearAlgebra:-MatrixInverse(F) ) );

cos(w(L)) sin(p(L))
-sin(W(L)) cos(p(L))

for the transformation matrix. This is just a rotation in phase space by the phase advance p(L).
Now transporting the vector Q using Rn

Rn = (1.3.3)

Rn.Q
< B sin(ui0)) |2+ B v
Vv B(s) B(s) (13.4)
M + COS(M(L)) [OC(S)X + /B(S) xp]
_ B(s) B(s) _
and taking its length (which has to be constant) we get
a* = simplify((1.3.4),* + (13.4),%)
2o [3(s)2 xp2 +2B(s) 0;3((s))xxp + OL(S)2 24 (1.3.5)
s
algsubs ((1 + alpha(s)”2)/beta(s) = gamma(s), collect((1.3.5), [alpha(s), beta(s)]))
a2=xzy(s)+xp2[3(s) +2xxpo(s) (1.3.6)

We have thus found a to be constant of motion that does not change as we transport beam
particles around a ring. (1.3.6) describes an ellipse in phase space the tilt of which is given by a,
see the figure below, taken from [26]. e=a’/m is the area in phase space of the ellipse expressed in
units of  and called the emittance. Its units are m*radians. It is not uncommon, but highly
confusing, to quote the emittance in units of "n m-rad", except that the number given times = is the
area of the ellipse. Note that the lattice functions are a property of the machine, whereas the
emittance is a property of the beam.
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Propagation of particle coordinates.

Having found the Twiss functions at one particular location establishes betatron stability to first
order (if the Twiss functions exist and are real!), but we also need to know how to propagate
particles along a machine over a fraction of a turn, from point 0 to point s in this case, by just
knowing the lattice functions at either end and the phase y in between these locations. To this
extent we rewrite the general solutions &, (1.1.3) and (1.1.4), at some point s in terms of § and a:

x(s) = collect(subs (w(s) = sqrt(beta(s)), xil (s) + %52@)], beta(s))

x(s) = (cos(w(s)) a+sin(y(s)) &) B(s) (1.4.1)
and its differential
diff (1.4.1), s)
d

& 0= ([ ve) sin(we) a+ [ G- wio Jeoslwis) 0] VBET (142

With ((1.2.9)):
subs (w(s) = sqrt(beta(s)), (1.2.9))
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d ( o(s)
— (VB(s) ) =- (1.4.3)
@ B()
solve((1.4.3), [alpha(s)])[ ]
d
(& B
o(s)=- — 5 (1.4.4)
and
subs~(w(s) = sqrt(beta(s)), const =1, (1.1.15))
1
ey e
we get
collect(algsubs (rhs ((1.4.4)[ 1) = lhs ((1.4.4)][ 1), (1.4.2)), [a, b]) #%ﬁedﬁ
. d
; [~sin(w(s)) Bs) (g5 ws) | = cosw(s)) (o) |
A x(s) = (1.4.6)
Vv B(s)
d :
(o5 (w(5)) Bs) (ds w(s) | = sin(y(s)) oc(s)) b
_+_
Vv B(s)
subs~ (value((1.4.5)), (1.4.6)) # replace dy _ds, need to use value here to match the diff
ldx(s): (=sin(w(s)) — cos(y(s)) a(s)) a w47
ds
B(s)
, (eos(w(s)) = sin(y(s)) a(s)) b
B(s)
We now use the initial conditions (x(0);xp(0) with y(0=0) to find a and b:
solve(simplify (subs (psi(0) =0, subs(s =0, (1.4.1)))), [a])[ ][ ]
1 (. (1.4.8)
B(0)

] xp(0), solve(simplify (subs ((1.4.8), subs (psi(0) =0, eval((1.4.7), s

0
=0)))). [b])[]}[]

xp(0) B(0) + (0) x(0)
B(0)

We can now insert these into our general solutions:
collect (simplify (subs ([ (1.4.8), (1.4.9)], (1.4.1))), [x(0),xp(0)])

b=

(1.4.9)
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B(s) (a(0)sin(w(s)) + cos(w(s))) x(0) (1.4.10)

x(s) =

+ B(s) ap(0) { B(0) sin(y(s))
and
collect(collect(simplify (subs ([ (1.4.8), (1.4.9) ], (1.4.7)) ), [sin, cos]), [x(0),xp(0)])[ ]
d :[ (-0(0) (s) — 1) sin(y(s)) (1411)

JB(s) v B(0)

This can be be then expressed in matrix form to yield, finally, the matrix from 0 to s expressed in
terms of B(0) and B(s), a(0) and a(s) and the phase y(s) between the two points.

R T := collect( {{coeff (rhs((1.4.10)), x(0))|coeff (rhs ((1.4.10)), xp(0))), {coeff (rhs(
(1.4.11)), x(0))|coeff (rhs ((1.4.11) ), xp(0))) ), [beta(s), beta(0) ])

R 7o || BE) (@(0)sin(y(s)) +eos(ws)) 5T [B70) D a4
B(0)
(-0(0) axfs) = 1) sin(w(s)) + (@(0) = (s)) cos(w(s))
JBO) VB(s) |
(cos(w(s)) = sin(w(s)) e(s)) VB(O)

V Dispersion

We replace eq. (1.1.1) with the dispersive term kept:

1
2 ngn(—) cggn(l) R
subs 1—|—delta=1,d—2)(2(s):_ (1+6)2X2(S) . p
ds p p

(1.5.1)
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1
5 csgn[j )
Lz X2(s) = - XZ(ZS) _ P (1.5.1)
ds P p

where we have omitted the chromatic term in the dipole focusing as it is of little consequence for
this part.
In order to keep the math from becoming too cumbersome we will restrict ourselves to a
symmetry point in the lattice, where a(0)=0.
We can also simplify the notation by writing for the particular solution
x(s)=C(s)x, +S(s)xp[0] + Disp(s)-delta
x(s)=C(s) x, + S(s) xp, + Disp(s) &

xp(s)=Cp(s)-x,+ Sp(s)-xp, + Dispp(s)-delta

xp(s)=Cp(s)x, + Sp(s) xp, + Dispp(s) )

We can make an ansatz for Disp(s):

Disp(s) = S(s)- an(mﬁ, sigma = O..Lj — C(s) -Im(ﬂi)((i%, sigma = 0..Lj
L L
pisp(s) =5(s) || CL i | —cesy || 2L 46 (1.5.4)
, P(o) , P(o)
and
: d d .
Dispp(s) =subs(a S(s)=8p(s), & C(s)=Cp(s), dﬁ(rhs((l.SA)),s)j
L L
Dispp(s) = Sp(s) c(o) o|—Cp(s) S(o) o 1.5.5)
p(o) p(o)

0 0

(the ansatz can be verified by putting it back into the original eq. of motion)
The solution ansatz in matrix form is,

(x, xp, 8) = ((C(5)IS(5)IDisp(s)), {Cp()[Sp(5)IDispp (5)) (O10]1)). (xy, xp,, delta)

C(s) x, + S(s) xp, + Disp(s) d

X
Xp|=| Cp(s)x, + Sp(s) xp, + Dispp(s) d (1.5.6)
0 5

For the solution with no betatron oscillations but at a momentum offset delta, we require that x
and xp remain the same after one turn (as the momentum does not change), and we call this
particular set of coordinates 1 and efap.

(eta, etap, 8) = ((C(s)|S(s)|Disp(s)), (Cp(s)ISp(s)|Dispp(s)), (0[0]1)).(eta, etap, delta)

(1.5.7)
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n C(s)n+ S(s) etap + Disp(s) &
etap |=| Cp(s)m + Sp(s) etap + Dispp(s) & (1.5.7)
) )

and we can solve for n:
subs~(delta= 1, solve([ eta=rhs((1.5.7))[1], etap = rhs ((1.5.7))[2]], [eta, etap])[ ])

__ Disp(s) Sp(s) — Dispp(s) S(s) — Disp(s)

~ Cp(s) S(s) = Sp(s) C(s) +Sp(s) + C(s) — 1"
Cp(s) Disp(s) — Dispp(s) C(s) + Dispp(s)

~ Cp(s) S(s) — Sp(s) C(s) + Sp(s) + C(s) — 1

etap = (1.5.8)

denom (rhs ((1.5.8)[1]))
Cp(s)S(s) —S8Sp(s) C(s) +Sp(s) +C(s) — 1 (1.5.9)
subs(Cp(s)=Rp[2,1],Sp(s)=Rp[2,2],C(s)=Rp[1,1],S(s) =Rp[1,2],(1.5.9))
a(0)’ 1 ] .
[ so) oy ) )
+cos(u(L))) (e(0) sin(p(L)) + cos(u(L))) + 2 cos(u(L)) — 1
combine(%, trig)

2

B(0) — (-0(0) sin(p(L)) (1.5.10)

-2+ 2cos(u(L)) (1.5.11)
2
subs[cos(mu(L)) - (1 - 2~sm(%@)) ],(1.5.11))
2
-4 sin( “(2“ J (1.5.12)

so the denominator is Tr(Rn)-2.
The numerator in 1) is
numer (rhs ((1.5.8)[11]))
Disp(s) Sp(s) — Dispp(s) S(s) — Disp(s) (1.5.13)
subs ((1.5.4), (1.5.5), (1.5.13))

sis) || 0L ol — e S(0) s So(s) — | Sp(s) €(0) 15| @.5.14)
p(o)
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L L L

S(9) 5| cpsy ses) — || 3L o | spisy cs) — sty || COL s | @.5.19)
, P(o) , P(o) , (o)
L
+C(s) S((G)) G
0 plo

We see that the factor in front of the sine integral has Cp*S-SP*C in it; that is the determinant of
Rn and therefore 1:

n,,.,= simplify((1.5.15), {C(s) Sp(s) — Cp(s) S(s) =1})

L L L
M= -56) || S o] 4y || A uo| — || S ig | s1g)
, P(o) , P(o) , P(o)
NOTE: This is just the numerator!!
collect((1.5.16), Int)
L L
T]num_ - ( & G|+ (C(S) - 1) S(G) 9] (1.5.17)
, P(o) , (o)

We will not go through the evaluation of this as it is tedious and not particularly instructive.
(Note: see "Dispersion evaluation detail. mw"). At the end one arrives at

n,,= 2 sart(beta(0))-sin(Pi-Q0)
-int( sqrt(beta(sigma)) -cos(mu(‘sigrna) —mu(0) — Pi-Q0) sigma = O..L)
rho (sigma)
L
,,,= 2y B(0) sin(x Q0) J Blo) COS(_“(?))”(O) 100 45| sas)
plo
0
and n becomes
o= rhs ((1.5.18))
“7 Subs (mu(L) = 2-Pi-00, (1.5.12))
L
o J (o) cos(-u(c) +m(0) +m00)
. p(o)
n=- 2 sin(m 00) (1519

What this tells us is that the dispersion scales with Vf and V B, o

the machine tune; and is smallest for Q0 = (2n+1)/2, everything else being equal. In practice, eq.
(1.5.19) is not as useful as one might think as the local dispersion is controlled by specifics of the
lattice, as we will see later.

in the dipoles, and is sensitive to

¥V Element wise Matrix optics
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In establishing the R matrix for a ring we actually did not invoke the periodicity until we established the
closed solution in eq (1.2.5). In fact, matrix optics works perfectly well for any section of a machine. In
the following we will establish the matrices for the simplest and most important elements of a ring
accelerator, in fact, of any beam guidance system.

We start from eq. 3.3.1 and 3.3.2 from Sec. "Field Gradient", which we restate here:

2
% X2(s) = —% — kX2(s)
‘122)(2(3)=-X2(2S) — kX2(s) @.1)
ds p
d2
7 W) =k )
dZ
PERCCRIEID 2.2)

We now take k and p as piecewise constant and will find the 2x2 matrices that represent the solutions
for the most important elements: drift section (i.e. no field); quadrupole (i.e. pure gradient) and dipole
(gradient and bending).

Drift section

The drift sections is easiest: &~0 and p=o0:
subs (tho = infinity, k=0, (2.1))

&
g X2(s)=0 2.1.1)
dsolve((2.1.1))
X2(s)=_Cls+ _(C2 2.1.2)

Initial conditions: X2(0)=x0, dX2/ds = xp0 for s=0:
eval((2.1.2),5s =10)

X2(0)=_C2 (2.1.3)
eval (diff ((2.1.2),5),s=0)
d
( < xas) ) - I (2.1.4)
{s=0}
so Clisxp0Oand C2 is x0:
subs(_CI =xp0, C2=x0,(2.1.2))
X2(s)=sxp0 + x0 2.1.5)
diff ((2.1.5), s)
d —
& X2(s) =xp0 (2.1.6)

or in matrix form
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Rdrift :== ({coeff (op(2, (2.1.5)), x0)|coeff (op(2, (2.1.5)), xp0)),
(coeff (op(2, (2.1.6)), x0)|coeff (op (2, (2.1.6) ), xp0) ) )

1 s
01

Rdrift :==

This indeed is the R matrix for a drift section.

¥V Quadrupole

Bolstered by this success we will now treat the case with a field gradient:
subs (tho = infinity, (2.1))
&
@ XZ(S) = —kX2(S)
dsolve((2.2.1))
X2(s)=_CIsin(Jk s) + _C2cos(Jk s)
with the initial conditions
eval((2.2.2),5s=0)

X2(0)=_C2
eval (diff ((2.2.2),5),s=0)
d
(ds)(z(s)j = ClJk
{s=0}
bs[ c1=—20 C2-x0,[222). diff (222
subs (_C1= 0 €220, (222, dif (22.2).5) )
X2(s) = xpOsin(ﬁs) -I—xOCos(\/?s), £X2(S):xpOCOS(ﬁS)
NG ds
—x0ﬁsin(ﬁs)

Rquad = ({coeff (op(2, (2.2.5)[1]), x0)|coeff (op(2, (2.2.5)[1]), xp0)),
(coeff (op (2, 2.2.5)[2]), x0)|coeff (op (2, (2.2.5)[2]), 2p0)) )

Ccos s 7sin(ﬁs)
Rquad = (\/7 ) ﬁ

-Jk sin(ﬁs) cos(ﬁs)

V Dipole
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For the dipole we also need to carry the dispersive term that we actually haven't done yet.

delta
Ihs ((2-1)) = rhs (2-1)) =~
2
d—zxz(s)z-XZ(;) _kxs) — 2 2.3.1)
ds P Y
dsolve((2.3.1));
2 2
X2(s)=sin[vkp+ls o teos| VRIS o 00 g3y
P P kp +1

To use the matrix approach we need to carry a third component along for 6; which is a beam
property and not a property of the element.

Our matrices then become 3x3 matrices, acting on 3-vectors [x,xp,0].

The initial conditions are now

subs (X2(0) =x0, solve(eval((2.3.2),s=0), [ CI]))[ ]

2
_C]:kap j&p—l—x() (2.3.3)
kp +1
subs (eval(diff (X2(s), s),s =0) =xp0, solve(eval(diff ((2.3.2),s),s=0), [ _C2]))[ ]
= P0P 2.3.4)
N kp2 +1
collect(subs ((2.3.3)[ ], (2.3.4)[ ], (2.3.2)), [x0, xp0, delta])
2
Y sin| VKR FLs g,
X2(s) = cos [ NER TS 0 + b 2.3.5)
P N/ kp2 + 1
2
+ = -5
kp +1 kp +1
diff ((2.3.5), s)
q kp +1 sin| ——— | x0 m
A X2(s)=- P + cos NP TS xp0 (2.3.6)
p P

o

2
sin[\/kp +1s
p

V kp2+1

Rdipole :== ({coeff (op(2, (2.3.5)), x0)|coeff (op(2, (2.3.5)), xp0)|coeff (op(2, (2.3.5)),
delta)),

(coeff (op(2, (2.3.6) ), x0)|coeff (op (2, (2.3.6) ), xp0)|coeff (op(2, (2.3.6) ), delta) ),
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(0[0[1))
Sin[\/kp2+1 s]
\/kp2+1 s] p P

V kp2+1

: 2.3.7)

0,0,1

Machine ellipse vs Beam ellipse

At this time we need to return to the phase-space ellipse defined by the Courant-Snyder invariant,
eq. (1.3.6). The derivation of this invariant was done solely based on the transfer matrices of a
ring and therefore the shape and orientation are properties of the magnet lattice.

How does this relate to a beam? For a single particle the answer is that it will trace out exactly the
ellipse defined by (1.3.6) with a value of € given by its amplitude. If we have e.g. a beam with a
Gaussian distribution that has the same parameters, this distribution will be stationary and it is
said that the beam is matched.

Therefore we can describe a beam in the same way, except that there are no matching conditions e.
g. in a single-pass beam line or linac. To distinguish the machine ellipse and the beam ellipse, and
to extend the algorithm to the 6-d case, we describe the beam with a X matrix:

Sigma = ((Sigmall|Sigmal2), (Sigma2l|Sigma2?2))

211 %12
221 222

3= 2.4.1)

We can draw the same ellipse as above for a machine, except that now it represents a beam
property and is parametrized by the ). Matrix:
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/
X =/

x/ / deto
int =
' T

. / deto
/ Y
Beam

Centroid

7-84 4809A25
The figure is again taken from [26] and note the small c used in the figure are the same as the
capital )| used in the text here.

We define the average as a linear function
undefine(avg)
define(avg,'flat', avg(a :: (nonunit(algebraic)) + b :: (nonunit(algebraic))) = avg(a)
+ avg (D),
'conditional'(avg(a :: algebraic) = a, type(a, freeof (x)) &and _type(a, freeof (xp)) &
and tpe(a, freeof (mu)) ),
'conditional'(avg(a :: (nonunit(algebraic))-b :: (nonunit(algebraic))) =a-avg(b),
_type(a, freeof (x)) &and _type(a, freeof (xp)) &and _type(a, freeof (mu))) )
and then

Sigmall = avg(x2 )

X171 = avg(x*) (2.4.2)
Sigmal2 = avg(x-xp)

2I12=avg(xxp) 2.4.3)
Sigma?22 = avg(xpz)

522 = avg(xp?) (2.4.4)

and X12=%21, with an obvious extension to 6-d description. Here the averages are to be taken
over the particle ensemble making up the beam.

The determinant is then

subs ((2.4.2), (2.4.3), (2.4.4), subs (Sigma2l = Sigmal2, LinearAlgebra:-Determinant(rhs (

(24.1)))))
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avg(x2 ) avg()cp2 ) — avg(xxp )2 (2.4.5)

We can now insert the solutions for x and xp,

x=+/ epsilon-B(s) sin(u(s))
x=y eB(s) sin(u(s))

xXp = simplifj/(subs (diﬁ’(beta(s), s) =-2-alpha(s), diff (mu(s), s) = !

beta(s) ’

simplify (diff (rhs ((2.4.6)), s), symbolic) ), symbolic)

= L€ (in(R(s)) afs) = cos(u(s))) 2.4.7)

We put this into the determinant,
subs ((2.4.7), (2.4.6), (2.4.5))

. 2
avg(eB(s) sin(},t(s))z) avg[ ¢ (sin(u(s)) o(s) = cos(u(s))) ] — avg[ (2.4.8)

expand (simplify ((2.4.8), symbolic) )

_EZB(S)avg[ (sin(n(s)) ex(s) = cos(u(s)))
B(s)

2

) avg(cos ((s))’) 2.4.9)

+ € B(s) avg[

. avg[ sin(i(5)) € (sin((s)) 0i(s) = cos((s))) ]

map (simplify, (2.4.9))
_EQB(S)avg[ (sin(r(s)) ox(s) — cos(u(s)))
B(s)
. 2
(sin(p(s)) (s) — cos(u(s))) ]
B(s)
sin(p(s)) € (sin(p(s)) o(s) —cos(p(s))) ]
B(s)

and will now replace the averages of squared sines and cosines with 1/2, whereas the product of
sine and cosine vanishes. Note that some of the substitutions here were verified on a separate

sheet to prevent the algebra here from becoming too cumbersome. Some substitutions have to be
done repeatedly to get to our goal of a most simple expression.

2

) ave(cos(n(s))’) (2.4.10)

+ € B(s) avg[

2

—€eP(s) avg[
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eval(simplzﬁz(subs (sin(mu(s) )2 = l, cos(mu(s) )2 = l, cos(mu(s))-sin(mu(s)) =0,

o)) -

~eB(s) | - B(s) 2.4.11)

+ avg

We deal with some other terms:

2
eval[subs (sin(p(s)) o(s) —cos(u(s)))zz [ (1 + alpha(s)”) ),(2.4.11)))

2
€ [; + 0((;)2 ]
- - 2.4.12
€B(s) 2B(s) ( )
+ avg[ S(HE) V€ (sin(1(5)) e(5) — cos (w(s))) JJ
B(s)
whichop ((2.4.12), (sin(p(s)) o(s) — cos(p(s))))
[4,2,1] (2.4.13)
op([4,2, 1,11, 2.4.12))
sin(p(s)) € (sin(p(s)) o(s) —cos(p(s))) 2.4.14)
B(s)
applyop (expand, [4,2, 1, 1], (2.4.12))
) [1 . W] | )
CeBs) | -2 2 + avg sin(u(s))” € ai(s) (2.4.15)
2PB(s) B(s)

~ sin(u(s)) V€ cos(p(s)) ﬂ
B(s)

We average the sine and cosine terms again:

eval(subs (sin(mu(s) )2 = % (2.4.15)) j

(2.4.16)
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2
e[;—l— (X(ZS) ]
+

-eB(s) | - Je o) (2.4.16)
2B(s) 2 B(s)
2
— avg

[smuum)J?f%(Msﬂj]

B(s)
1], (2.4.16));
subsop([4,2,1,2,2,1]=0, (2.4.16))

sin(p(s)) '€ cos(u(s))
B(s)
€ [1 + a(S)z j 2
CeBs) | - —2 2 ) [ Ee) o) 2.4.17)

2B(s) 2 B(s)

and finally we get
simplify (eval((2.4.17)))
2
€
; (2.4.18)

This result reflects the fact, that an oscillation with amplitude Ve has a mean-square amplitude of
¢/2 with the beta and alpha values normalized away. The evaluation above was done for a matched
beam; i.e. the ) ellipse is the same as the ellipse defined by the Twiss parameters, which we
ensured by using the alpha and beta values in the expressions for x and xp.

We can use what we did here to derive the formalism needed to track the Twiss parameters
through a beamline. This is useful e.g. in determining the properties of beam in an extraction line.
But it also lets us investigate what happens to a non-matched beam in an accelerator lattice.

To do this we restate the Courant-Snyder invariant:

(1.3.6)
at = Y(s) + xp? B(s)+2xxpo(s) 2.4.19)
This can be expressed in matrix form as
X117 x=d
1 _ 2
X 77t X=a (2.4.20)
(Maple uses the a bit unconventional notation 1/7'7 for T1~!) where
X=(x, xp)
X
X= (2.4.21)
xp
and

T1= ((beta(s),-alpha(s))|(-alpha(s), gamma(s)))
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B(s) -ofs)
—o(s) ()

TI= (2.4.22)

We now use a matrix R/2 that transfers particle coordinates from location 1 to location 2 along a
beam line (or ring). At location 2, the Courant-Snyder invariant ((2.4.19) is valid as well for the
transported particles, so there we have in complete analogy:

subs(X=RI2. X, T1 =T2, (2.4.20))

1
(RI2+X)" — * (RI12+X) = @ (2.4.23)

and
subs((R12.X)"=X"R12',(2.4.23))

1
X «RI2- — RI2-X= a* (2.4.24)

so comparing to (2.4.20) we have for 7/-!
717" =RI12'.T27 RI2

1 ;1
—7 =RI2'e —— «RI2 (2.4.25)
or, inverting this
T2=RI12.TI.RI2
T2=RI2+TI+RI2 (2.4.26)

It will be left as an exercise to find the explicit equations for the Twiss parameters.

We can now relate the ) matrix to the T matrix:
rhs ((2.4.1)) = epsilon-rhs ((2.4.22))

311 XI2 eB(s) -eo(s)
_ (2.4.27)
21 322 —ea(s) ey(s)

where we also define e=a”. It is then clear that the > matrix of beam properties is transported in
the same way as the Twiss parameters. In fact, in practical use many people use the Twiss
parameters to describe a beam line even though the ) matrix is a better description of what is
being done. Nevertheless the analogy we just derived demonstrates that the use of Twiss
parameters is mathematically valid as long as one is aware of what is being done.

An interesting case, however, is when the ) ellipse of a beam is nof matched to the beta function
in a lattice. The situation is shown in the following picture. E1 stands for the machine ellipse
defined by beta and alpha, whereas E1 and E2 are beam ellipses. Upon one turn, say, E1
transforms into E2, which is analogous to transforming the Twiss functions from one location in
a beam line to another. If the two locations happen to be the same in a closed ring, this is another
way of saying that the beam ellipse is not matched to the ring: they are not constant turn after turn.
Each point on the beam ellipse will, upon repeated turns, trace out an ellipse similar to the machine
ellipse (meaning that the tilt and aspect ratio are the same). If there are slight tune shifts with
betatron amplitude in the machine due to nonlinearities (and in practise, there will be), then
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eventually the beam will fill the machine ellipse. The beam emittance has now effectively grown.
We will explore this a bit more in-class.

5~84 4807A
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Chromaticity

Up to now we have considered momentum dispersion but not in any detail the effect of a momentum
deviation of beam particles on the betatron tune. We will now analyze this effect, chromaticity, which is
analogous to the change of the focal length of an uncorrected optical lens with the wavelength of the
light.

A magnetic focusing system has chromatic terms due to the focusing strength depending on the
inverse of the momentum deviation 6(p/p)). Chromaticity is important esp. in large machines.

Chromaticity can in principle be corrected by placing in a dispersive location an element the gradient
of which varies with the dispersive offset of the particles. The corrective element will just add the
required gradient to compensate the chromatic tune shift.

Diff (B(x), x)

— kD *

Brho k2%

— B
Brho * )
We integrate this to get the field
(ths((l.l)) deJrhs((l.l)) dr)-Brho
Brho k2 x°
B(x) = % 1.2)

As we already know, this is a sextupolar field. Due to Maxwell's equations and the form of vector
potential 4 this specific field dependence is not the whole dependence for a physical sextupole
magnets, but in what follows we will ignore those other components as they do not affect the
chromaticity per se.

In order to get an idea what strength of sextupole we may need, we will analyze a FODO lattice and
work out its chromaticity and the sextupole strength needed.

OF = ((1/0), (~kq|1)) :

OD = ((1/0), (kq1)) :

DR = ((1|L/2), (O|1}) :

FODO := simplify~(QF.DR.OD.DR)

kq L 1 2
1+ —— L+ —kqlL
+ 5 + 4 q
FODO := 5 1.3)
kq~ L 1 525 1
2 1 kg™ L 2 kg L + 1
We get the tune from the trace:
cos(mu) = LinearAlgebra:-Trace(FODO) /2
2,2
L
cos(n) =1 — "48 (1.4)

solve((1.4), [n])[ 1[ ]
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2

kq L?
g 1 J (1.5)

Chromaticity comes in by the fact, that kg depends on the deviation of the beam momentum from the
central momentum, i.e.

w=1m — arccos(

_ kq[0]-1
ka 1 + delta
kg = o (1.6)
s '
We put this back into the equation for the phase advance mu:
subs ((1.6), (1.5))
2,2
kg, L
u=m—arccos| —— 5 — 1 1.7
8(1+9)
and expand to Ist order in the (presumably small) momentum deviation 9d:
convert( convert(series (rhs ((1.7)), 8, 2), polynom ), arccos )
kg, L 2kg L* 3
T — arccos 2 —1 (1.8)

/ —kqg L' + 16 kqé L?
Comparing this to (1.5) (evaluated at kg=kq ) we can write down an expression for the difference

from the undisturbed tune:
dmu = ((1.8) — subs (kq = kq[0], rhs ((1.5))));
2 kqé L*$
dmu = - 1.9
J gy L+ 16 kg, L

(We will leave it as an in-class exercise to find dmu as function of the tune and plot the result).

Having found the chromaticity we can now introduce the tune shift due to a sextupole placed at QF in
the FODO lattice. Note that in a multi-cell lattice this would imply a sextupole placed at each focusing
quadrupole. We can parametrize the sextupole in the following way (using (1.1)):

S = ((1|0), (-k2 * eta* delta|1))

1 0

1.10
-k2ndé 1 (1-10)

where we accept the notational uncleanliness of having an element a parameter of which depends on
the beam properties. Note the — sign in (1.10) which we introduce so a focusing sextupole has a k2 >

0.
We append this to the FODO cell:
(FODO.S)
L 1 1
1+qu—(L+4qu2)kzn6 L—i—quLz
12 (1.11)
kgL (1 5 2 1 Lo 1
. ( ki’ L 2qu+1)k2n8 kL= kgL
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and get the cosine of the phase advance
LinearA =T 1.11
cos(nn1):=subs(kq== kq[0]  (Lineardlgebra:-Trace((1.11))) )

1 + delta’ 2
kg, L
L+———|k2nd 2,2
4(1+38) " kqy, L
cos(n)=1-— 5 — 5 1.12)
8(1+9)
We subtract the cosine of the on-momentum phase advance:
dcos (mu) = rhs ((1.12)) — subs (kg = kq[0], rhs ((1.4)))
kq,, L’
L+ ————— |k2nd 2 ;2 2,2
MEDI A kgL~ kgL
deos () = - 5 — 5>+ g (1.13)
8(1+39)
We expand this to 1st order in d:
dcos (mu) = convert(series (rhs ((1.13)), delta, 2), polynom)
1
[L + qusz R0 g2l
deos (1) = | - +—2— 15 (1.14)
2 4
and solve for £2 to make this 0:
solve(rhs((1.14)) =0, [R2])[ 1] ]
2 kq(z) L
k2 = (1.15)
(L kqo + 4) n

We have made a number of Ist-oder approximations to get to an expression for k2, so we can expect
that the chromaticity correction will be only effective very near the reference momentum. This is
indeed the case, esp. with lattices more complicated than a regular FODO.

Sextupoles do introduce nonlinearities into a machine lattice and therefore potentially reduce the
machine acceptance; we will see more of this soon. However, we can show that sextupole pairs 7 in
phase advance apart from each other cancel as far as the geometric aberrations are concerned, while,
if the dispersion has the same polarity at each of them, their effect on the chromaticity adds up.

The matrix for a cell is given by
RI == Matrix(2,2, {(1,1) =sin(mu(L)) *alpha(s) + cos(mu(L)), (1, 2)

= sin(mu(L)
alpha( )A2/beta(s)—1/beta(s))*sin(mu(L)) (2,2)=

)
-sin(mu(L))

*beta(s), (2, 1) = (-
*alpha(s) + cos(mu(L))})
sin(W(L)) o(s) + cos(p(L)) sin(W(L)) B(s)
Rl = 2 1.16
ﬂ%ﬁﬁ—Bé)}mwun-ﬂﬂmm)mm+wdwm) a1
A particle coming in at an offset x and passing through a sextupole can be parameterized by
Xs == (0,x"2) +~(x, 0)
1.17)
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X
Xs= | (1.17)
X
and transported through R/:
RI1.Xs
(sin(n(L)) o(s) + cos(m(L))) x+sin(n(L)) B(s) ¥
2 1.18
[— ols) 1 Jsm(u(L))H (sin(u(2)) als) +oos(u(@))) 2 |
B(s) B(s)
For w(L)=n, we get
simplify (subs (mu(L) = Pi, (1.18)) );
-X
2 (1.19)

so an identical sextupole placed at the end will cancel X dependent angle thus compensate the
quadratic aberration of the first sextupole. Note that we implicitly have made a number of
approximations and assumptions and therefore this cancellation, while quite effective in practice, is
not perfect and higher-order effects remain. For lattices with high chromaticity, like in light sources
and in colliders with their low beta sections, the chromaticity correction system limits the acceptance
of the machine and thus the ability to carry high beam current for a long time.
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Multipole Expansion of B-field

In a current-free region, we have curl(B)=0 and can write the B field as gradient of a scalar potential ®
[3] (note: the signs are chosen to agree with the convention in [3]). This potential can be written as a
Fourier series:

Phi = Sum (" (-A[m]-( (cos(theta) + I-sin(theta))”) + I-B[m]-( (cos (theta) + I
-sin(theta))™) ), m = 0 ..infinity)
®= > (-4, (cos(8) +1sin(6))" + 1B, (cos(6) +Isin(6))") (1.1)
m=0
Here the real terms are the horizontal field component and the imaginary, the vertical component. 4, *r
is the horizontal coordinate and B, *r, the vertical.

We can simplify this by using the exponential representation of sin and cos:
convert((1.1), exp)

o0

D= eln(r)m (—A

m=0

16 10
eln(e )m+IBm eln(e )m) (1.2)

m

simplify ((1.2)) assuming real, m :: nonnegint # Maple

®= ) /" (1B, —4,)e"" (1.3)

m=0

This is significant as it demonstrates the direct connection between the polynomial field expansion and
the field harmonics. It is the basis for measuring multipoles using rotating coils. Fourier analysis of the
induced voltage gives the order of the multipole (frequency) while the phase encodes the tilt of the field
about the coil axis.
For beam calculations we need B(x,)). We can directly replace the radius times the cosine and sine
terms with the cartesian x and z terms and get
subs (cos (theta) = x, sin(theta) =z, r =1, (1.1))

CI)=m:0(—Am (x+1z)"+1B (x+lz)’") (1.4)
and get the field components as differentiation of ®:
B[x]=Diff (rhs((1.4)), x)

[oe]

(x+1z2)"+1B (x+ lz)’") (1.5)

and
B[z]=Diff (rhs((1.4)), z)

B = (—Am (x+1z)"+1B (x+lz)'") (1.6)

‘ Z m=0
We can now investigate the individual field harmonics:
Phi[m]= ( -4 ((x+12)") +IB ((x+12)") )

® =-4 (x+1z2)"+1B (x+1z)" 1.7)
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and get, e.g. for m=1 (dipole component, normal),
subs(m=1,rhs((1.7)))
-4, (x+1z) +1B, (x+1z) (1.8)

Normal or upright components have 4, =0, and the normal terms are the imaginary ones, so we get
evalc(subs(A[1]=0, (1.8)))

IB x—B z (1.9)
and
B[z] = diff ((1.9), z)
B =-B, (1.10)
The general solution is then (normal)
subs (A[m]=0, (1.7))
® =IB (x+1z)" (1.11)
m m

(skew)
subs(B[m]=0, (1.7))

O =-4 (x+1z)"
m

m

With these we can directly find the potential for any order mA=1 (dipole), 2(quad), 3 (sext), 4 (oct),

etc.
mh =4
mh == 4 (1.13)
Normal:
(expand (subs (m = mh, (1.11))))
_ 4 3 2 2 3 4
®,=1B,x —4B,x z—61B,x"z" +4B,xz” +1B,z (1.149)
simplify ((1.14))
®,=1B,x' —4B,x’z—61B,xX 2 +4B,xz> + 1B,z (1.15)
evalc(Re((1.15)))
®,=-4B,x z+4B,x2 (1.16)
B[x]= collect(diff (rhs ((1.16)), x), B[mh])
B.=(-12xz+42) B, (1.17)
B[z]= collect(diff (rhs ((1.16)), z), B[mh])
B.=(-4x"+12x2") B, (1.18)

We see that the sextupole has a coupling term when z # 0 since B, e x. This is one of the main causes
of vertical emittance in electron rings as we will see when we discuss synchrotron radiation.
plots:-display (Array(1..2,
(plot3d(subs (B[mh]=1,rhs((1.18))),x=-3.3,z=-3 .3, labels = [typeset('x"), typeset('z'),
tpeser('B'[2])]),
plot3d(subs (B[mh]=1,rhs((1.17))),x=-3.3,z=-3..3, labels = [ typeset('x'), typeset('z'),
typeset('B'[x])])) ), projection = 0.7)
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We can plot the field around a circle by going back to the phase-amplitude representation of x and y:
B[x] = subs(x = cos(theta), z = sin(theta), ras ((1.17)))

B =(-12cos(6)” sin(6) +4sin(6)’) B, (1.19)
B[z]=subs(x = cos(theta), z = sin(theta), rAas ((1.18)))
B.=(-4cos(8)” + 12 cos(0) sin(0)”) B, (1.20)

plot(subs (B[mh]=1, [rhs((1.19)), rhs ((1.20)) ]), theta= 0..2-P1, labels = [typeset( 'theta'),
typeset('B'[x], "(red). ",'B'[z], "(green)") ]);
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Bx(red). BZ(green)
RS- ST

This is the basis of the magnetic measurement using a rotating coil as shown in the sketch below. A
(long) coil is rotated inside the magnet under test and its output voltage is integrated. The induced emf
(Which is o< to dB/dt) is integrated and Fourier analyzed to produce a spectrum of the magnetic field.

B-field

: Jdt DAQ

The coil will however pick up any field harmonic there is and therefore gives a measure of the field
nonuniformity parameterized in terms of the field harmonics. These data can be directly entered into
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tracking and machine design programs and their effect studied via particle tracking.

Skew:
(expand (subs (m = mh, (1.12))))
D, = -A,x — 414,24+ 64,57 +414,x2° — 4,7 (1.21)
evalc(Re((1.21)))
@, =-A,x+64,x7—4,7 (1.22)

B[x]= collect(diff (rhs ((1.22)), x), A[mh])

B.=(-4x +12x2°) 4, (1.23)
B[z]= collect(diff (rhs ((1.22)), z), A[mh])
B=(12xz—42)4, (1.24)

plots:-display (Array(1..2,
(plot3d(subs(A[mh]=1,rhs((1.24))),x=-3.3,z=-3 .3, labels = [typeset('x"), typeset('z'),

fypeset('B' [Z])])
plot3d(subs(A[mh]=1,rhs((1.23))),x=-3.3,z=-3 .3, labels = [typeset('x'), typeset('z'),

[ 1,
typeset('B'[x])])) ), projection = 0.7)

79



USPAS 2016 at UT Austin Accelerator Physics with Maple Multipole Expansion

V¥ Realization and measurments of Accelerator Magnets

Bending magnets provide a most uniform field in the appropriate direction (mostly vertical). Typical
field uniformity specifications are near dB/B=10"*% across the good-field region. A cross sectional
diagram (from []) and a specimen are shown here:
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8 %//////////ﬁ _ -

Y ) WO

Neqgative Pole

Fodusing magnets produce a field gradient and are realized as quadrupoles (4-poles). Typical tolerances
are 1073 to 10~* (and these are measured as the difference of the actual field from the nominal field
normalized to the nominal field at the nominal aperture radius).

81



Multipole Expansion

rrrrrrrrrr

R

PDle

// -

// ooooooooo

n
P




USPAS January 2016 at UT Austin Accelerator Physics with Maple Hamiltonian Description

Hamiltonian Description in one Dimension

Hamiltonian mechanics is a powerful tool to investigate beam dynamics in particle accelerators, esp. to
understand nonlinear motion, machine resonances and other effects that may reduce the abbility to store
and accelerate beams in circular machines. It would be beyond the scope of this course to give a
comprehensive introduction to Hamiltonian mechanics (there are more than enough highly suitable
textbooks in existence), but the course would be incomplete without giving at least an overview and
demonstrating the way canonical transformations are used to elicit invariants of the motion and thereby
gradually simplifying the description as much as possible to bring out the physics involved.

When we analyse a physical system mechanically, we operate in a coordinate system of our choice,
with the "Physics" being encoded in a differential equation. Dealing with electromagnetic phenomena
these are Maxwell's equations, for particle motion in electromagnetic fields we use the Lorentz equation

diff(p_(1),t) =e (E+ B x B)
p(t)=c(E+BxB) 1.1)
Here the Physics is in the specific properties of the fields £ and B.

In Hamiltonian mechanics, the coordinate system used is quite different in that we use generalized
positions and generalized momenta, often denoted ¢, and p,. They can be in certain cases the same as

our regular coordinates and momenta, but they do not have to and often are not. The "physics" of the
problem is encoded in a function called the Hamiltonian [function] which describes the system, and
Hamilton's equations of motion which connect the generalized coordinates (understood to include
momenta) and their derivatives. Without proof we state that for many cases—including our particles in
electro-magnetic fields—the Hamiltonian of a system is just its total energy, understood to be the
relativistic energy and including the rest energy.
H=T+7,

H=T+V 1.2)

It is then intuitively understandable that the Hamiltonian is a constant of the motion as long as we are
looking at a conservative system (no friction and no energy injected from outside). As we have already
seen, in many cases the transverse motion in a storage ring can be analysed in this way (and in many
cases even the motion during acceleration can be approximated to good accuracy in this way).

The Hamiltonian equations of motion are given by

diff (q[1(2), ) = diff (H(q[i], p[i], 1), p[i])

. 0
1) = 5, H(4:p 1) (1.3)
and
A (LIY0). ) ==l (H 111 PL1L 0. a11)
By(1) = - (aq_ H (4,0, r)) (1.4)

The Hamiltonian of a Particle in Free Space
Following (1.2) we can state the general relativistic Hamiltonian of a particle in free space:
H:= sqrt( p_.p_~c2 +m*-c )# Maple technical note: don't use p2 here as it is misinterpreted
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Hi=|p|* & +m>c (1.1.1)

To get this into a more useful form, we write the components of ¢ and p in an explicit form in the

Cartesian coordinate system defined by unit vectors 7,/ and & (and note that this needs Maple's
Physics package loaded to work):

q_=ql(t) _i+q2(t) j+q3(1) 'JZ

q=ql(1)i+q2(t)] +q3(t) k
D= pl(1) i +p2(1) ] +p3(0)k (1.1.2)
H
J (pI(0? +p2(6)> +p3(1)%) & +m* (1.1.3)

simplify (diffF (H, p1 (1)) _i + diffF'(H, p2(t))-_j + difif (H, p3(1))_K);
& (pl(1) i +p2(1)j +p3(t) k)

(1.1.4)
V& (Em® +p1(0) +p2(1)* +p3(1)°)
so (1.3) becomes
diff (q_. 1) = (1.1.4)
2 B B ?
. " . . . , 1(t) i +p2(t)yj +p3(t) k
gl(t) i +q2(t) j + q3(t) k= —— (p1(1) i +p2(1) ) +p3(1) ) (1.1.5)
JE(Em’ +pI(e) +p2(1)° +p3(1)°)
which Maple can solve for p:
solve((1.1.5), [p_])
Warning, solving for expressions other than names or functions
is not recommended.
pl(1) i +p2(1) j +p3(1) k (1.1.6)

JE(Em +p1()> +p2()* +p3(1)%) (q1(1) i +q2(2) ] +q3(t) k)

2
c

For Maple to put all the p; on one side we need to convert this vector equation into a system of 3

equations:
seq(Component(lhs ((1.1.6)[1][ ]), i) = Component(rhs((1.1.6)[1][ ]),i),i=1..3)

2 (2 2 2 2 2y
pl (1) = \/c (c m~ + pl () +§2(Z) + p3(2) ) ql(t) p2(1) (1.1.7)

C

_JE(Em +p11) +C§2(t>2 +p307) 20 o

_JE(Em’ +pI(1) +p2(1): +p3(1)°) 43(0)

2
c

which we can now solve for the p,(7):
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convert(solve([(1.1.7)], [ pL(t), p2(¢), p3(t)])[1], radical)

E—ql(t)’ = q2(t)" — g3(1)

1 .
= . . - 2(t), p3(t
/cz—ql(r)z—qz(r)z—qs(r)z cmast i

1 .
= s : . 3(t
/cz—qf(r)z—qz(r)z—qsmz et

This directly gets us to the relativistic equations of motion
2 2 D
algsubs( -ql(t) —q2(t) —q3(t) = v2, (1.1.8))
where the square root is just y/c. We have shown that the Hamiltonian (1.1.1) yields the correct

relativistic expression for the momentum of a particle in free space.
H

pl(t) = / : L —— cmql (1), p2(1) (1.1.8)

\/ (p](t)2 +pZ(t)2 +p3(t)2) E+mt (1.1.9)

The Hamiltonian of a Particle in a Magnetic Field

We now add the electromagnetic field. It turns out addition of the field modifies the canonical
momentum p to be
p_=beta (t)-gamma-m-c + e-A_

pI(1) i +p2(1) ] +p3(1) k=B (1) yme+ e 1.2.1)
So we modify the Hamiltonian H:
H=sqt((p_—ed ) (p —ed)+m )
! ’ MK 2 4
H = \/”pl )i +p2(t) ] +p3t)k—ed|l +m?ec (1.2.2)
The first Hamiltonian equation of motion give us
diff (q1(¢), t) = difft’ (H, pI(1)); o
q.l(t)= (p](t) i +p2(t)j +p3(t)k—eA) i (1.2.3)

Jpt@y i +p20)j +p300 & — ed||” +m? &

which, in complete analogy to the above, yields in the confirmation of (1.2.1).

It turns out that the second equation of motion becomes too clumsy to solve in Maple due to
limitations in its Physics package in the version used for preparing this course. We end up with the
relativistic formulation of the usual equation of motion.

We now need to transform H into the Frenet-Serret coordinate system. Conceptually this happens

like the TNB transformation we used in the previous chapter, however, here we will use a slightly
different transformation. We will want this to be a canonical transformation, in order to ensure this
we will make use of a generating function.

In the context of Hamiltonian mechanics, a generating function connects the new and the old
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variables. If we call the old variables ¢ and p (lower case) and the new ones Q and P (upper case),
then we can formally write 4 different function, each one depending on one of the new and one of
the old variables:

F1(q.0.0.Fy(q.P.).F;(p.0.0).F,(p.P.y)
Each of these can perform a specific set of transformations, e.g. F is useful for finding invariants
that are combinations of the transverse coordinates and momenta, while F, can be used for rotations

and perturbations in displacement and momentum space.
For each generating function, a set of formulae prescribes how to perform the transformation. E.g.
for F'}, we have

pi = dlff(Fl (Q,-a Qi’ t)s ‘],)a and Pi:_diff(Fl (ql's Qis t)aQi)a
where the index i counts the dimensions.
The Hamiltonian then gets transformed by
K = H+diff(F(q,, Q;, 1), 1);
(and H has now be expressed in the new coordinates).
We now use a generating function of the form F; to transform into a Frenet-Serret coordinate

system:
F3:= (Ql,pl,02,p2,03,p3)— - ((rho—l— Q])~cos(%) —rho)-p] — ((rho + Q1)
) 2
-s1n(rQh—Ojj-p2—Q3-p3
2
F3 = (Q1,pl, 02,p2,03,p3) = - ((p + Q1) cos[%j — pjpl — (p (1.2.4)

+ Q1) sin(Qz)pZ—Q3p3
p

The relationships for the old coordinates are then given by
ql =-diff (F3(Q1,pl, Q2,p2,03,p3),pl)

q1=(p+Q1)cos[Qp2)—p (1.2.5)
q2:_dlff(F3(Q1ap1a Q29p29 Q3ap3)ap2)
q2=(p+01) sin[Qz] (1.2.6)
p
q3: _dljj(‘(Fj’(Q]’p]: Q25p25 Q3>p3)>p3)
43 =03 1.2.7)

Note that this is a rotation by the angle 02/p, and Q1 is not equal to g1 because of the rotation in the
coordinate systems against each other. The situation is shown in the following sketch:
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=
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Fig. 1: coordinate system transformation. x,z are the original coordinates. Q1 and Q2 are the
coordinates in the new, beam-following Frenet-Serret system. Eventually these get renamed to x (for

Q1) and s (for Q2). The y coordinate is into the plane. p is the (local) bending radius of the
machine.

For the new momenta we get in a similar fashion
Pl :_dW(F3(Q]9p]9 QZ,PZ, Q39p3)9 Q])

Pl = c:os(Q2 ) pl + sin[Q2 ) p2 (1.2.8)
p p
P2=-diff (F3(Q1,pl,02,p2,03,p3), 02)
(p—l—Ql)sin[QzJpl (p+Q1)cos(Q2Jp2
P2=- P + P (1.2.9)
p p

P3=-diff (F3(Q1,pl, Q2,p2, 03,p3), 03)
P3=p3 (1.2.10)

We can solve for the new coordinates as function of the old ones if we want to see this relationship.
simplify~ (solve([(1.2.5), (1.2.6) ], [Q1, Q2], explicit) )

[ Q1=—p+\/q]2+2q]p+q22+p2,Q2 (1.2.11)
2 ]
= arctan q , gL+ p pl, |01
2 2
\/q12+2q1p+q22+p \/q]2+2q]p+q22+p

=—p—\/q12+2q1p+q22+p2,Q2=arctan[
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q2 ) gl +p 0
JalP+2qip+qP+p°  JqlP+2qlp+q2+p°
and for the old momenta in terms of the new ones
simplify~ (solve([(1.2.8), (1.2.10), (1.2.9) ], [ p1, p2, p3]), trig)
sin(QZJ P2p — cos(Q2J Pl QI — cos[Q2) Plp
p p P
1= - , P2 1.2.12
o+ 01 p ( )
sin(wj Pl QI + sin(wj Plp+P2p cos[QzJ
- P P P/ ,3=p3
pt+0OI

For the vector potential 4, in addition to replacing ¢1 and g2 by the above relations we also need to
express the rotated new components:

A[QI]ZA[QI]-COS[%) —A[q2]-sin(£)

rho

2
A, =4 cos(QJ — A sin(QZJ (1.2.13)
(o) ql q2
p p

2
A[Q2]=A4[q2] cos[ Qh ) + A[q!l]-sin Qh j

AQ 5 o8 ( o2 j sm( ) (1.2.14)
A[Q3]=A4[q3]

AQ3 = qu (1.2.15)

We will need the inverse relation so we solve for 4 in the old system as function of 4 in the new

system:
simplify (solve([(1.2.13), (1.2.14), (1.2.15) ], [4[q! ], A[q2], A[g3]]), trig)

HAq]—sm[Q2)AQ2—I—cos(QZ)AQ],A Ay s (QJ—I—AQZCOS[%J, (1.2.16)

p p p
4,4, H
H = (1.2.2)
. . MK 2 4

H := \/Hp] z+p2 )] —I—p3(t)k—eAH +m c 1.2.17)

The transformation of H is better done by explicitly writing out the absolute value involved in H:
2
H = sqrt( (pl — A[q1])” + (pz —A[q2]) + (p3 — 4[g3])" + m’ ")
H = / pl—d, ) + (p2=4,) + (p3—4,) +m (1.2.18)

map(collect, szmphﬂ(subs((l.Z.M)[ ], Subs((1.2.12)[ ], Hz) ), size) , [rho])
! 02y (02 2,
m ([(Pl _AQI) cos(p] — sm[ ) ) (AQZ + PZ)) p +2 [Ql (P](1.2.19)
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—AQ,)cos[%) —sin(%jAQZQJJ ((P]—AQI)COS[
_sin[ j(AQ2+P2))p+[Qz(pl_AQI)COS(QJ
(&) aperf )¢ (s e 2)
+(

j (P2 —AQZ)jZ 0’ +2 (Q] (P1+4y,) sin(%]

o[ L) 01) (P14 [ L) e 2 (2210 )5

=R 2R =8

(02 02 2
+ (Q] (P1+4y,) sm[T) —AQZCOS(TJ Q]] ] + (P3—AQ3)2

+m2 c4

simplify((1.2.19), trig)
2
Z(ZQIpAZQ]+2P]Q]2AQ]+2P1p 4, +2P2p 4, +2Q1pA (1.2.20)
(p+01)
+ 2P Qlp+4PIQIpA, +2P201p Ay + P2’ o’ + 01 Ay, + OF 4,

+p 4, + PP QP + PP’ 0 +p , 0Pttt w2 PR 0l p

—2P301% 4, —2P3pA +201p Ay +201c" m’p—4P301p 4,

2 2
—4cos[Q—] PIQP 4, —4cos[Q2) P1p2AQ1
p p
02’
_4cos[7] P2p’ 4, L+ P3* Q1" + P35’ o’ + 07 A +p AQ3
— 4 sin o2 Ccos P]Q] A, — 4sin o2 cos o2 P1p2A2
p e p p ¢
2
+4sin(%jcos[ ) pZAQ]—Scos[%) PIQIpAQ]
2
—4cos[£j P2QIp A +4sm(Q jcos(Q2)P2Q1pA
o2 oI
p p p
—SSin(—chos[ )P]Q]pA ]
p
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subs(cos(%j =1, sm(gj = g, (1.2.20))

rho rho

| 4Q2P1Q12AQ2
Y - ; ~402p Pl Ay, +402p P24
p+

o (1.2.21)

+402P201 4, —802PI QIAQ2+2Q]pA2Q] —2PI QIZAQ]

—2PIp A, —2P2p A, +201p Ay, +2PI Qlp—4PIQIp A,
~2P20Ip 4, + PP p —l—Q]zAé] +or AZQ2 +p AZQZ + PP ol + PP p
+p2A2Q] v ol i+ At 2P 01 —2P3Q12AQ3—2P3p2AQ3
+201p AL +201 M p—4P3QIp A, +PF QI + P + 0P 4,
+p2A2Q3

factor ((1.2.21))
1

(p+01)
+ P2 p’ —402PI QIZAQ2—2P1 Q12AQ1 p—802PI0IA

—(or ¢t mp+201ctm o e’ + PP 0Rp +2PIR01p (1.2.22)
p

02 P

—4PIQIp 4, —402p PIA,,—2PIp A, +P2p +402P2014

02 or P

—2P20I p2AQ2+4Q2p2P2A —2P2p3AQ2+P32 0 p+2pP301p

ol
+P3p —2P30I% 4 p—4P30Ip A, —2P3p A + QI A
p Q3p P 03 P 03 le
2 2 2 2 2 2 2 9 2 9 3 5
+ QP 4,0+ O 4 p +201p A +201p A, +201p Ay +p A,
3 9 3 2
+p AQZ—i-p AQ3>
collect((1.2.22), [A[Q1], A[ 021, A[03]])
2 3
(0P p+201p" +p") 4,
2
(p+o0I) p
(-2P1QPp—4P1QIp —2PIp +4P20102p+4P202p") 4,

(p+01)°p

(1.2.23)

+

90



USPAS January 2016 at UT Austin Accelerator Physics with Maple Hamiltonian Description

2 3
(0P p+201p" +p) 4,

2
(p+0I)p
(—4P1Q12Q2—8P]Q1Q2p—4P]Q2p2—2P2Q1p2—2P2p3)AQ2
+
2
(p+01)p
2 3
+(Qﬂp+2Qu>+p)A;
2
(p+0I)p
(-2P3QPp—4P301p —2P3p’) 4,
+
2
(p+01)p
+;Z(lec“mzp+2Qlc4m2p2+c4m2p3+P12Q12p
(p+01)p

+2PPQIp + PR +P2p + PO p+2P30lp +P3p)
map (simplify, (1.2.23))

, 24y (PIOI+PIp—2P202)
a5, = y + 4, (1.2.24)
P
24 (2P10201+2P102p +P2p°)
02 2
- +A, — 24, P3
p(p+0I) ¢ ¢
1
—|——2(Q]204m2+2Q]c4m2p+c4m2p2+P]2Q]2+2P]2Q]p
(p+01)

+ PR+ PP + PR O +2PF0lp + P3p )

map (simplify, map (collect, (1.2.24), [P1, P2, P3]))

44 P202 4P1 024 24 p P2
AL =24, Pl+ —or = + 47, — @ _ & + 47, (1.2.25)
p+ 01 p p+ 0!
2 2
P2
—24,,P3+PI" + ——— 4 P34’ *
(p+0I)
subs (02 = 0, (1.2.25))
24 pP2 2P22
A =24, Pl+ Ay — ——— + 4% —24, P3+PI+ —P = PP (12.26)
p+ QI (p+0I)
-I-m2 c4

mtaylor ((1.2.26), [A[Q1]= P1, A[0]= P2 *tho/ (tho + Q1), A[03]= P3], 6)
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2
2 4 __P2p 2 a2
m”- ¢ + [Ao o+ 0l j + (AQ] PI) + (AQ3 P3) (1.2.27)
Note that using mtaylor here is a bit of a dirty trick in that one has to be sure all orders are found. In
this case that is simple enough to do, however. Note further that the above is the squared

Hamiltonian, H2, as the square root otherwise will make our life unnecessarily hard.

In doing this computation we have omitted the partial derivative of F; against £ It turns out this is a

bit of a messy calculation to do and we will not do this here. If we do it correctly we will end up
with the new Hamiltonian.

P rho P P

! -ed,, + PI)’ -ed,, + P3)’
H::_QPQZ (1+ o j/1— (e Q;ﬂ ) _ Q; ) (1.2.28)
p

where we also snuck in the transformation of the independent variable from ¢ to s.

If we consider only transverse fields—which is a good assumption for large rings without
solenoidal fields as the end fields of the magnets are short and therefore negligible—we can retain
only the longitudinal (Q2) component of the vector potential 4 and, again for large rings, we can go
to the limit of infinite bending radius p:

limit(subs (A[Q1]=0,A4[Q3]=0, (1.2.28)), tho = infinity)

P — PI — P3?
/ P—eA

pom A0 () Oy ((PL=eAIQN) Y (P ediQi) V)

2

(1.2.29)

This is not a good approximation for small rings, where fringe-field effects can become quite
noticeable.
Finally the transverse momenta P1 and P3 are usually to good approximation very small compared
to the total momentum P so we can develop to second order in P1 and P3:
mtaylor ((1.2.29), [P1, P3], 3);

# Maple technical comment: mtaylor returns an ordinary expression

_eAQ2 —P n P’ n P3*
P 2P 2P
The constant 1 in the Hamiltonian is not relevant as the equations of motion involve derivatives of
the Hamiltonian and we can rename P1/P and P3/P to p_and p_, respectively, to get
H:= expand(subs (P] =p P,P3=p P, (1.2.30) + 1 ) )

(1.2.30)

Y 2 2
P N N (1.2.31)
' P 2 2 -

This is the 2-dimensional Hamiltonian that many papers in the literature start from. While being
extremely useful to analyse transverse motion in the presence of nonlinearities, the approximations
made should not be forgotten. In particular if coupling or fringe fields become a significant effect,
the Hamiltonian derived here does not have the relevant field components and one needs to back up
to eq. (1.2.28) or add the effects in the correct way in the potential AQ2 in (1.2.31).
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What have achieved so far? We have derived the Hamiltonian function for a particle in the beam-
following Frenet-serret coordinate system. The potential A ) encodes the forces that act on the

particle in this system and which govern the (transverse) beam dynamics. This potential will in
general be a function of s so this Hamiltonian can in principle describe the strong of magnets
making up a beam line. Typically, however, Hamiltonian mechanics is used to describe the apparent
transverse motion of a particle in phase space at a certain point s in order to analyse the phase space
topology and the behaviour of beam particles in the transverse dimensions, in other words the
betatron oscillations but in presence of no nlinear forces. A well functioning machine needs to have
well controlled transverse motion; strong resonances lead to phase-space distortions and potentially
unstable phase-space trajectories that can lead to particle loss. Nonlinear motion implies that the
dynamic become amplitude dependent; the amplitude at which point particles no longer execute
controlled and bounded betatron oscillations is also known as the dynamic aperture. Every machine
has such a limit; beyond this amplitude, particles get lost irrespective of the size of the beam pipe as
the betatron oscillations tend to grow unbounded. Dynamic aperture is closely related to the
presence of machine or betatron resonances; certain values of the betatron tunes where (naively
said) a small disturbance like a field error will add up coherently turn-after-turn, leading to ever
larger oscillations and eventual loss of some of the beam particles. As we will see below, betatron
resonances lead to characteristic deformations of the phase space picture of the motion.

The power of the hamiltonian formalism lies in the ability to isolate, by a series of canonical
transformations, constants of the motion (also called "cyclic" variables). This allows insight into the
dynamics of the system without explicit solution of the equations of motion. For example, the
existence of bounded or unbounded motion under certain conditions allows assessment of beam
stability and dynamic aperture with our worrying about details of the motion that are usually of little
interest.

We now clear H as it is used below anew:
H [ VHV
H:=H (1.2.32)

Linear Motion and Action-Angle variables

We will restrict ourselves here to one-dimensional motion so we set p_ in the Hamiltonian

(1.2.31) to zero. We first need to analyze the linear motion—essentially recasting the Hill's
equation for an accelerator in the Hamiltonian formalism. The linear oscillator potential has
quadratic dependence on the particle's coordinates so our ansatz for the 1-dimensional linear
Hamiltonian is as follows:

H=px"2/2 + k(s)*x"2/2;

= px2 n k(s)x2

2 2
The first canonical transformation we will do is into a system where one of the variables is
constant, the transverse "action", i.e. the amplitude of the particle oscillation. For a beam this

would be the emittance. To do this we use the known form of the solution:
x=a(J) *sqrt(beta) * cos (Psi)

(1.3.1)

MIN
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x=a(J) /B cos(¥) 1.3.2)
px=-a(J)/sqrt(beta) * (sin(Psi)-1/2* betap * cos (Psi))
o)) (sin(‘l’) B betapczos(‘l’) ]
px= - (1.3.3)

B

The particular transformation we want is derived from a generating function of the first kind,
which is
( betap  tan(¥) ] 2
4 2

Fl=

4 2
Fl= (1.3.4)

B

as in this case can be found by integration of p (after getting rid of a(J) using (1.3.2)). We find
one new variable as function of the old one, and one old one as function of the new one by

[ beiap  tan(¥) ) E

differentiating F'/:
p= % rhs((1.3.4))
5 ( be;ap B tan(z‘P) Jx
p= B (1.3.5)
and

J=—% rhs ((1.3.4))

(_1 B t(w]
J=- 2 (1.3.6)

We then solve for the new variables as function of the old ones
solve( [(1.3.5), (1.3.6) ], [J, ¥ ]) []

2 2 2.2 2
4 —4 4 2pP—
S B p B betap p x + betap™ x” + 4 x - —arctan[ p B — x betap J 1.3.7)
8B 2x
collect(2 (13.7),, [x, p])
betap” + 4) x*
- (betap” +4) x — betap p x + B p*
48
collect(subs (betap =-2 o, (1.3.8)), [x, p], simplify)
2 2
1
2J—<°°+)x+2ocpx+ﬁp2 (1.3.9)

This is just the Courant-Snyder invariant we already encountered before.
The new Hamiltonian is
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H1 =H + Diff (Fl,s)

H,=H+ - FI (1.3.10)

H =— (1.3.11)
Note that proving (1.3.11) is not trivial but ultimately not instructive so we skip this step.

H 1 is not quite a constant of motion because f=B(s). Also the phase advance is not uniform wrt.
s. We can use another canonical transformation to linearize the phase advance and also get rid of
the 1/B dependence of the Hamiltonian using a generating function of the 2nd kind:

F2=J1* (2*Pi*Q*s/C - Int(1/beta(sigma), sigma=0..s)) + JI *Psi

2 T
pr=gr | 2728 | L ol s (1.3.12)
c || Blo)
Y= i hs ((1.3.12
= 7 rhs((13.12)
py— 219s L ol +w (1.3.13)
¢ |l B0
J1 0 hs ((1.3.12))
= —— rhs((1.3.
oY
J1=Jl (1.3.14)
The integral for s=2*n*R is
—op(2,rhs((1.3.13)))=27w Q
S 1
c=2nQ0 (1.3.15)
B(o)
and the new Hamiltonian is
0
H,=H + Bs rhs((1.3.12))
=t +1 | 222 - (1.3.16)
¢ B(s)
simplify (subs ((1.3.11), beta(s ) = beta, (1.3.16)), {J=JI})
_2JInQ
H,= —c (1.3.17)

We are now 1n a system with H2 and J/ a constant of motion and the phase W1 advancing
linearly. It should be noted that this last transformation is not strictly necessary for the following,
but it simplifies the equations.
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Perturbation Theory

The above method of subsequent canonical transformations until H is a constant of motion does not
work directly in case of nonlinear fields. However, in case of relatively small nonlinearities we can
use a perturbative ansatz to approximate a constant Hamiltonian and in that way gain insight in the
motion of particles in the presence of non linear fields.

To do this we use another canonical transformation using a generating function of the 2nd kind:
F2 := (J2, Psil,s) — J2* Psil + chi(J2, Psil, s)

F2:= (J2, ¥1,s) — J2 VI + y(J2, ¥, s) (1.4.1)
where  causes a small deviation from the identity transformation (‘V*J2).
We have
J1 =diff (F2(J2, Psil, s), Psil)
0
JI=12+ ——x(J2, VI, s 1.4.2
oy X ) (14.2)
and
Psi2 = diff (F2(J2, Psil, s), J2)
¥Y2=WYI+ Y} x(J2, W1, s) (1.4.3)
and

H, = H, + diff (F2(J2, Psil, s), s)
G
Hy=H,+ - 1 (J2, ¥1,5) (1.4.4)

Up to now H?2 for us was a constant of motion. However, if we include a nonlinear term in the B-
field, H2 will not be a constant of motion if we do the same transformations as before. There will
be a more-or-less strong modulation (perturbation) of H/, that we will cancel by the differential of
the function .

To carry this out, we split H2 into a constant part H20 (which is (1.3.17)) plus the perturbation
U(J1,Y1,s):

subs (H2 =H,,(JI) + U(JL Psil, s), (1.4.4))

0
H,=H,,(JI) + U(JI, ¥1,s) + ™ x(J2, W1, s) (1.4.5)

We can replace the dependence on JI using (1.4.2):
subs ((1.4.2), (1.4.5))

4 0 0
H,=H |J2+ ——y(J2,¥],s) |+ U2+ —— x(J2,¥],s), ¥Y],s |+ — (1.4.6
(24 g U2 ) | U2 2 W), W+ (4

x(J2, W1, 5)
and now replace the chi dependence in 20 and U by their first-order approximations:

0 0
H, = convert| thaw | convert| series | subs J2, WY1, s) = freeze J2, V1,
0
S)j,rhs((1.4.6))),ﬁfeeze( Py x (J2, 'f’],s)],2),polyn0m)j,diﬁ”j
H,=H, (J2)+ U(J2, WI )+i (J2,W¥1,s) + iH J2 +i 1.4.7
3~ (J2) P 0s K\J2, L8 [dJ2 20(/2) 0J2 (147
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(e, ‘f’l,s)] [a‘;] (2, ‘f’],s)j

Analogous to 1.1.17, H20 is Q/R*]2:

expand(subs (Hzo (J2) = % -J2, (1.4.7)) j

0
oy (2 ‘I’],S)JQ

_0x2 L4

: |
+ U(J2,¥1,s) + — x(J2, ¥1,s) +

H, R » P (1.4.8)
+ 0 (J2,¥1,s) iU(sz )
(G‘I’IX ’ ’S)(GJZ ’ ’S)
and since U is of order x, we omit the last term involving the product of  and U:
0 ]
Ihs ((1.4.8)) —Subs[ gy K2 WLs) o U2, ¥1s) =0, rhs((1.4.8)))
0
p ) (aw % (2, ‘Pz,s)) 0
H, = QR + U(J2, ¥1,5) + ™ x(J2,Wl,s) + n (1.4.9)

In many cases it is more convenient to change from s to the periodic azimuthal variable ® (which
goes from 0 to 2*P1):

simplify ( PDEtools : - dchange(s = O R, (1.4.9), [© ], params = R) -R)
0 0
RH,=0J2+ U(e,J2,WI)R+ [(’)‘I’] x (0,2, 'f’l)) 0+ Py x (0,72, V1) (1.4.10)

H, = rhs ((1.4.10))
3 5
H,=QJ2+ U(©,J2,%1) R + (W} (0,12, ‘P])j 0+~ (0.2, %1) (41

To make H4 independent of s, we impose the condition
0=o0p(2,rhs((1.4.11))) + op(3, rhs((1.4.11))) + op(4, rhs((1.4.11)))

0 0
0=U(0,J2, Y1) R+ | —— x(0,J2, ¥I + — x(0,J2, VI 1.4.12
( )R+ (g 2l o+ gl ) a4y

which is a differential equation for . This we can potentially solve if we know the perturbation U.

Betatron Resonances

We can make an ansatz for the perturbation U that is periodic in the azimuth ® as well as the
phase variable W1:
U(Theta, J2, Psil) = Unm (J2)-exp(I- (n-Psil — m-Theta))

U(0,J2, ¥1) = Unm(J2) " ¥1 = m®) (1.5.1)
where we just state one harmonic out of the whole spectrum (sum over n and m). Here m is the
harmonic (around the ring) of the resonance, whereas 7 is the order (in terms of betatron motion)
If we use a function

R- 2
chi(Theta, J2, Psil ) = I- R-Unm(J2)

(-0 —m) exp (/- (n-Psil — m-Theta))
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IR Unm(JZ) eI (n WY1 —m0O)

v (0,2, V1) = nO—m

(1.5.2)

we can put this into (1.4.12):
subs ((1.5.1), (1.5.2), (1.4.12))

d [ 1R Unm (J2) ' ¥ —m®) ]
W1 nQ—m
1R Unm (J2) ' ¥l = m®) j
nQ—m
simplify (value((1.5.3)))

0=Unm(J2) " ¥ =m®) g4 [

d
0+ (53

0=0 (1.5.4)

and verify that the choice of i is correct.

Since we have only kept one harmonic of the perturbation (presumably the one with the strongest
effect on particle motion), we can apply one last canonical transformation to transform into a
"resonance system" that rotates with the resonant frequency and thus freezes the resonance we are
investigating in phase space. The generating funcion is

F2 = (Theta, J3, Psi2) — (Psiz-ﬁ -2 -Theta-J3)
n

m0OJ3

F2:=(0,J3,¥2) — ¥Y2J3 — » (1.5.5)
diff (F2 (Theta, J3, Psi2), J3)
py - MO (1.5.6)
n
J4 = diff (F2(Theta, J3, Psi2), Psi2)
J4=J3 (1.5.7)
H = collect(subs (J3 = J2, rhs ((1.4.11)) + diff (F2(Theta, J2, Psi2), Theta) ), J2)
H.= (Q m)J2+U(® J2, V1) R+ 0 (©,J2,¥1) | 0+ o (0, @1.5.8)
5 n 9 ) [ allj] X ) ) ) a@ X 5 oJe
J2, ¥1)
and substituting  back in
collect(subs ((1.5.2), (1.5.8)), [R, Umn(J2)])
H—(Q m)J2+U(@J2 WI) R+ 0 (1.5.9)
> n T ov1 o
1R Unm(J2) ¢ " ¥ —m®) 0+ & [1RUmM(R) el (1 #1 = mO)
nQ—m 00 nQ—m
map (value, (1.5.9))
R 2 [(n W] —mO)
Hsz(Q—m)J2+U(®,J2, ) g — RUmm(J2) ne Q (1.5.10)
n nQ—m

R Unm(J2) m & ¥ —m®)

nQ—m
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collect((1.5.10), [R, Unm (J2), exp |, simplify)

- —m)J2
Ho=(-Umm(22) " "9 y(e,J2, 1)) R + (nQ —m) (1.5.11)
n
(The U(®,J2,¥1) term will be nonzero if there are any 0 harmonics contributions;
We can now apply this to the case of a third-integer resonance in the presence of a sextupole field.
to this end we add a sextupolar field component to the Hamiltonian (1.3.1)

Ihs ((1.3.1)) = rhs (1.3.1)) + k2(s)-x°

X k(s) X
H= p2 T R2(s) X (1.5.12)
We transform into Action-Angle variables J and Y to get
H = subs(a(]) = sqrt(2-J), subs((l 32), — +k2(s x3) ]
J 32
Hy= 2R J_ J ’ 12 cos ()’ (1.5.13)

and then into the J1,¥1 coordinate system where H/ would be a constant of motion in the linear

case:
expand (simplify (subs ((1.5.13), (1.3.16) ), {J=JI, beta = beta(s), Psi= Psil }))
32 32 3 2JInQ

Hy=2B(s)" ' k2(s) V2 I | 2 cos (w1)” + o (1.5.14)
with W1 given by (1.3.13).
We can expand the cosine term:
combine((1.5.14), trig)

1
Hz—2C(3[3(5)3’2k2(s)ﬁﬂ3’2cos(w)C (1.5.15)
3)2 32
+B(s) T k2(s) 2 I P cos(3 W) C+4JIRm Q)
and omit the cos(W'1) term as we are not near an integer resonance:
subs(cos(¥1) =0, (1.5.15))
B(s)’ 2 k2(5) VT I 2 cos(3 WI) C+ 4uim 0
H, = (1.5.16)
2 2C
The cosine term is the perturbatlon U(@ JI,¥1) so we can rewrite (1.4.12):
2 vi
subs| U(0,.2, w1) = PO J—J " cos (3 1) : (1.4.12)]
0— B(S)3/ s)\/?J23,Zcos(3‘I’])R+ 0 (0.2, 1) Q—I—i (15.17)
2 ( w1 ] e
%(0,.J2, ¥1)

and solve for y
pdsolve((1.5.17), . (©, J2, 1), explicit)

M2 005y VT2 2 Rsin(3 W)

(0.0, wi) = - B 0

+ FI(J2,-00 + V1) (1.5.18)

We can now insert this into H4:
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subs ((1.5.18), (1.4.11))

o |
— (1.5.19)

H, =02+ U(©,J2, V1) R+
T ( ) oW1

32 5
) kz(s)Jzéz Rsin(3 ¥1) +_F](J2,_Q®+W]))]Q

|2 32, .
0 ( Bs) P k2(s) yZ 22 2 Rsin(3 W) ) ]
- % + FI(J2,-0©+ ¥I)
simplify ((1.5.19))
32 32
- BN TR V22 TeosB¥NR e powi) R (1520)

4 2
and apply the transformation into the resonance system:
F2(Theta, J2, ¥2)

w2 — 2 (jjz (1.5.21)
H, = collect(rhs ((1.5.20)) + diff (F2(Theta, J2, Psi2), Theta), J2)
32 32
H,=- P(s) k2(s)ﬁ2‘lz cos3¥I R | (Q— ’:sz+ U(e, ., (1.5.22)
¥I)R

In this case there is no zero harmonic in U so the last term vanishes and we get our final result
subs (U(©,J2, ¥1) =0,J2=J2(s), Psil = Psil (s), (1.5.22))

32 32
i, B(s) k2(s)ﬁJ2(23) cos(3 WI(s)) R (Q_ IZJJZ(S) (15.23)

We can now state the Hamiltonian equations of motion:
diff (J2(s), s) = thaw (- diff (subs (Psil (s) = freeze(Psil (s)), rhs ((1.5.23))),

freeze(Psil(s))))
;S PR 8(s)> 2 k2(s) ﬁJ22(s)3 12 5in(3 Wi(s)) R (1524
diff (Psil (s), s) = thaw (diff (subs (J2(s) = freeze(J2(s)), rhs ((1.5.23))), freeze(J2(s))))
éis w15y = -3 B(s)3,2k2(s)\/7\/A;JZTCOS(3 VIR % (1525
To be able to plot this we will collect some of the constants into two parameters:
s ((1.5.24)) = algsubs (B (s)° | > k2(s) VT -R = epsilon, rhs ((1.5.24)) )
;SJZ(S)_‘ 3‘]2(‘?)3/281;(3 #lis)) € (1.5.26)

32

lhs ((1.5.25)) = algsubs (B(s) k2(s) /2 ‘R = epsilon, subs (Q =0+ %, rhs ((1.5.25)) ] )

(1.5.27)
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VJ2 Yi
4 gy (ey = - 2N20) cos(3WI(s)) €\ & (1.5.27)
ds 4
It is possible that both of these become zero at W1 0 or n*Pi (where n is even or odd depending
on the sign of delta) and solve(subs (cos(3-Psil(s)) =1, rhs((1.5.27))), [J2(s)])[ ]
2
16 &

9 2

J2(s) =

(1.5.29)

This is an unstable fixed point in (W¥1-J2) space and indicates the presence of stable and unstable
motion.
We can plot the phase space portrait of this system by numerical itegration:

Range = 0..40000 :

eps = 8-107*:
del := 0.0005 :

16-del”
J20 = evalf 6—dil ;

9-eps
JO = 0.065;

J20 = 0.694444444444445
JO = 0.065 (1.5.30)
desys = subs (delta = del, epsilon = eps, (1.5.26) ), subs (delta = del, epsilon = eps, (1.5.27))
d 32 Psin(3wi(s)) d B
desys = ds J2(s) = 2500 C ds Yi(s)= (1.5.31)
3 J2(s) cos (3 Wi(s)) 4 0.0005

5000

soll = dsolve([desys, Psil (0) =0,J2(0)=J0], [J2(s), Psil (s) ], numeric, range = Range,
output = listprocedure)

soll == [s=proc(s) ... end proc, J2(s) = proc(s) ... end proc, ¥I(s) = proc(s) (1.5.32)

end proc]
plot([op(2, soll[2]), 0p(2,soll[3]), Range],
style = point, symbol = point, coords = polar, coordinateview = [ -4 * J0 ..4* J0,-4*J0 .4
*J0],
scaling = constrained )
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0.2

0.1

| .

-0.1

-0.2

The figure exhibits the typical topology of a 1/3 iteger betatron resonance. Note that the shape is
distorted compared to the clean triangle that is often shown, this is a consquence of the
approximations we made in getting to the system of differential equations we can work with. Note
also that the figure is stroboscopically frozen so particles on an unstable path will stream out only
on one branch.
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V Introduction

Nowadays designing an accelerator requires of modern tools. Matrix optics are quite useful for
designing the "first order machine", however to reach their best performance more powerful tools are
required.
There exist two approaches to exactly describe the motion of a charged particle travelling throughout an
accelerator; Hamiltonian (Classical) and Maps (Modern).
* Hamiltonian approach allows to write down the equation of motion of a particle, thus we can
determine its motion at all times.
This is the natural approach for objects moving in smooth potential. However an
accelerator is anything but a smooth potential. It combines drift spaces, magnets,
accelerating cavities...

Is anyone willing to find the Hamiltonian that describes the accelerator chain for the Large Hadron
Collider?
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LHC

| Nq‘r_"th Area

LHCDB

SPS
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> ion > N rons » p (antiproton) —— / antiproton conversion » neutrinos » electron

LHC Large Hadron Collider SPS Super Proton Synchrotron PSS  Proton Synchrotron

AD Antiproton Decelerator CNGS Cern Neutrinos to Gran Sasso
LEIR LowEnergylon Ring ULINAC LINear ACcelerator n-ToF igh

Figure.2: The full complex of accelerators that dumps protons into the LH C and other CERN
experiments (Switzerland).

* Map is a better suited approach for describing non-continuos systems. The map is a mathematical
modelisation of a single or group of elements. In essence, the map transports the coordinates of a
particles throughout the element or sequence of elements. Therefore the map only provides
information at the exit of the element. Actually, we do not need to know the position of particles at
all times. what we want is to understand and analyse the properties of the motion of an ensemble of
particles at some point of interest, e.g. colission point of a particle collider.

Now the question is how we can obtained the map?
It must be derived from the physics, i.e. equation of motion.
Maps are better suited for computers contrary to equation of motions.

Our reference system is the Frenet-Serret coordinate system introduced in Chapter 1.
Each particle is then described by a vector of the following form,

X = Vector([x[0], px[0], y[0], py[0], 2[0], 8]);
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Yo

2
Yo
1.1)
Y,

20

0

Xy, ypand z, refers to the horizontal, vertical and longitudinal position with respect to reference

particle (closed orbit). px, and py, refers to the horizontal and vertical momentum. § is the relative

energy deviation ( % ) with respect the ideal particle.

We intend to describe the accelerator by a map. To this end, each accelerator component can be
described by its own map, which transports the vector coordinate (X) from the upstream face of the
element to the downstream face of it. The accelerator global map (M ;) is obtained by concatenating the

individual maps. The motion of the particle throughout the accelerator can be described by the global
map (M,).

(Note: Remember the order of the maps is written in reverse!)

X; M M, M, M, M, M; M, X;
1 Accelerati ing
. Quadrupole cce el:a ing Bendin >
Cavity

Mg =Mp* Mg * Mp* M* Mp* Mo* M,

Xp= Mg X
MQ’D’ Ap are mathematical representation of the accelerator components. Once the global map is known

we can evaluate the particle coordinates only at the exit of the map, once the initial coordinates are
given.
M; can represent a linear transformation (matrix) or a non-linear transformation (Taylor serie, Lie form,

integration algorithm...). But in any case, it is derived from the physics describing it.

Matrices
Linear elements as drift spaces and quadrupole magnets can be represented by linear transformations.

* Drift Space of length (L):

M[D] = Matrix([[1,L, 0,0,0,0],[0,1,0, 0,0, 0], [0,0,1,L,0, 0], [0,0,0,1,0,0], [0, 0,0, 0,
1,01, 10,0000 11]);
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1 L0000 ]
010000
001LO0O
000100
000010
000001

(1.2)

* Quadrupole magnet of length (1) and strength (k) can be represented by,

M[Q] = Matrix[ cos(ﬁl), ésm(ﬁl), 0,0, 0, 0], [—ﬁsin(ﬁl), cos(ﬁl), 0,00,
0], [0, 0, cosh(Jk1), ! sinh (1), 0, 0], [0, 0, J&sinh(Jk1), cosh(V& 1), 0, 0], [0, 0,

Jr
0,0, 1,0] [0 00,0,0, I]D

sin+/ k [
cos (% 1) (f_k_) 0 0 00
—ﬁsin(ﬁl) cos(ﬁl) 0 0 00
sinh(/ &k [
0 0 cosh (% 1) yf_) 00 (1.3)
0 0 ﬁsinh(ﬁl) cosh(ﬁl) 00
0 0 0 0 10
0 0 0 0 01

M[Q] :=Matrix({[1,0, 0, 0,0, 0], [-k*], 1,0, 0, 0,0], [0, 0, 1,0, 0, 0], [0, 0, k*,, 1, 0, 0], [0, 0, 0, 0,
1,07, 0,0,0,0,0,1]]);

1 00 000 ]
-kI'1 0 000
0 01 000
(1.4)
0 0kI100
0 00 010
0 00 001

* Non-linear elements: Sextupoles and higher order magnets cannot be represented by matrices if
vector position is described as (1.1).
For example a thin lens sextupole of strength k, and length / transforms X, into X; as;
X 0 = Vector([x[0], px[ 0], y[ 0], py[0], 2[0], 8[0]]) :
(1.5)
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2 2
X1=X0+ Vector[lof k[2]1-(x[0]-¥[0]). O, - k[2]l-(x[0] —y[0] ) 0 OU;

(1.6)

1.7)
One way to overcome this issue is to expand (1.1) to include all second order terms.

with (LinearAlgebra) :

with (ArrayTools) :

X := Vector (6, symbol = x) :

X exp = Concatenate(2, convert(X, Vector|[row]), convert(Outer ProductMatrix(X, X), vector)) :
interface(rtablesize = 42) :

print(X exp);

interface(rtablesize = 10) :

2 2
[xl, Xy Xgs X gy Xoy Xy X[ Xy Xy Xy Xy X Xy Xy Xgy Xy Xy X Xy Xy Xy Xy Xy Xy Xy X, X Xy Xy X (1.8)

2 2 2
Xy Xy X35 Xy Xy Xy Xy Xy X Xy Xy X Xy Xy X, Xy, Xy Xy Xy Xy Xy Xy X Xy Xy Xy Xy X, X,

2
Xg Xy Xy Xy Xy Xy Xy Xy Xy Xy X X x6]

The matrix (M, ,) that can represent a non-linear element would be extended as follows;
MText] :== Matrix({('R(6, 6)'|'T(6,36)"), ('O(36, 6)'|'RxR(36, 36)")));
R(6,6) T(6,36)

(1.9)
0O(36,6) RxR(36,36)
R is the already known 1%' order transport matrix and 7 is the 2" order transport
matrix (first introduced by K. Brown in 1965, see Ref[3]) implemented in the
TRANSPORT code). The second order matrix relate the final coordinates as a product of 2 intial

coordinates. For instance, we all know that R, relates x,(sy) = R}, X,(s;). In a similar way, the
second order matrix T ,, relates x,(sp) = T|,, X,(s;) X,(s;). An
alternative to this approach are the high order maps.

High Order Maps

The High Order Maps are an equivalent formalism, but more elegant (in my opinion), since we replace the
big matrices by summations, ehich makeis it easily extendable to higher orders. The particle vector is the
original one (1.1). The particle coordinates after an accelerator component are described as;
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6 6
*[j] = Z R ke[ k] +ZZT{ﬂm Ix[m] + ZZZ ULjnpq W[n [ pI[q] +"O( = »*)

I=1Im= n=Ip=1Iq=
.
R, T, U and subsequent maps, are refer to the linear, second, third and higher order maps of the accelerator
component. The global map representing the entire machine is constructed by concatenating the individual
maps. But here comes an issue: Truncation. Let's assume that we have 2 consecutive non-linear elements
described by R, T, and R, T, respectively.

6 6 6
xl[p]: xHZ RA[pqIx0[q] + > D TA[prs W0[r]x0[s];

r=1s=1
ZRA[pq]xa + Z ZTA[prs IO[r 0[s ]

r=1s=1

6
x1—>ZRA X0, + z
=1

ZTA X0 on

s=1

TA ,x02—|-2TA x0, x0,+2TA x0,x0,+2TA x0, x0, +2TA x0, x0 1)
prs 1 prs 1772 prs 1 3 prs 1774 prs 1 5
+2TA X0, x0 +TA x0°+2TA x0,x0, +2TA x0,x0, +2TA _x0, x0
prs 1 6 prs 72 prs 72773 prs~ 72774 prs = 72775
+2TA4  x0,x0 +TAﬁx02+2TA x0,x0, +2TA x0,x0.+2TA x0,x0
prs= 2776 prs =73 prs = 73774 prs 3775 prs 3776
+TA x0°4+2TA _x0,x0.+2TA x0,x0, +TA x0°+2TA x0.x0 + TA
prs =4 prs = 4775 prs = 4776 prs~ 5 prs = 5776 prs

x02+RA x0 —I—RA xO —I—RA x() +RA xO + RA x0.+ RA x0
4 pq~ 5 pq =6

6 6
x2[J]: x2—>ZRB A k]+ZZTB Jim el [1]x1[m];
I=1Im=
6 6

x2—>kZORBjkx]k + z z TB/.lmx]lx]m] )

subs(xI =), 2));
6
2

x2— ZRBjk (TAprS x0, +2 TAprS x0, x0, + 2 TAprS x0, x0; + 2 TAprS x0, x0, A3)

k=0

+2TA  x0 x0.+2TA _x0 x0 + TA sz—I—ZTAAx() x0, +2TA  x0,x0
prs 1775 prs 1776 prs =72 prs 72773 prs 72774
+2TA  x0,x0.+2TA x0,x0 —i—TA‘sz—l-ZTA x0,x0, +2TA _ x0, x0
prs 72775 prs 727776 prs =3 prs = 3774 prs = 3775
+2T4 x0,x0, +TA x0°+2TA x0,x0.+2TA x0,x0 + TA _x0°
prs 73776 prs =4 prs = 4775 prs = 4776 prs =75

+2TA _ x0.x0_ + TA ‘x02+RA x0, +RA_ x0,+RA x0,+ RA_ x0,+RA_x0
prs 5 6 prs 1 Pq 2 Pq 3 pq = 4 Pq 5

6
2
+ R4, 20) + IZ 2} 18, (TA, X0"+2T4 30, x0,+2TA x0, x0,
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+2TA4
p

+2T4
p

+2T4
prs

+ T4
prs

rs xol X04
rs X0, X0,
x03 x05

x0§ +27TA
prs

+ 274
p

+2T4
P

+2TA4
prs

rs xol

rs x02

x03

x()5 x06 + TAprS

Accelerator Physics with Maple

x05 +2 TApm xO1 x06
x0, +2TA4
P
x()6 + TA
prs

x0z + RA
prq

+ T4

P

o x()2 xO6 + TApr
xoj +27TA

prs

xO1 + RA
Pq

2
rs XOZ

x04 xO5 +2 TAprS

+RA x0.+ RA xo) (TA x0° +2TA  x0.x0.+2TA  x0. x0
pq -5 pq 6 I prs 1 prs 1 2 prs 1 3

+2TA4
prs

+2TA4
prs

+2TA4
p

+ T4
p

x()1 x0 4
x02 x0 4
s X053 X05

x0° +2 T4
rs =5 )2

+2T4
P

+RA, x0;+RA x06)m)

+2TA4
prs

+2TA4
prs

x0 {

x02

rs x03

o x05 )cO6 + T4

x0, +2TA
prs
x0, +2TA
prs
X0, + TA x0; + 2 TA
prs =4 )2

x0> + RA
prs 6 Pq

x()1 x06 + T4
prs

x02 x()6 + TAprS

xO1 + RA
g

o x04 xO5 + 2 TAp

The linear and second order maps of the combined maps (R,,,T,,) read as;

RAB[ pk] : RAB— Z RA[ pq |RB

[gk]

6 6
TAB[qrs]: TAB—>ZRA[qk 1TB[krs] + 22 Blqlm ] RA[Ir ]RA[ms ;

TAB—>ZRA TB, + .

qg=1

6
RAB— RA RB
=1 P gk

6 6

=1

m=1

2. TB,, RARA]

+ 274
p

X0> +27T4
s 73 )2

x02 + RA
P4

xog +2 74
prs

x0§ +27TA
prs

sz + RA
rq

Modern Tools

rs X02 x03
s X053 X0,
x0 4 x0 p

x()3 + RA
P4

x()2 x03
xO3 x0 4

s X0, X0

x03 + Rqu x0 4

Notice the truncation of the 3™ and 4™ order terms, in other words, we are loosing

accuracy.

¥V High Order Maps Motivation

High order maps are of extremely interest when studying the performance of a machine. Nowadays,
non-linear effects are the limiting factors for improving accelerators. A few examples of non-linear

sources arc:

* Non-linear elements deliberately introduced in the machine (e.g. sextupole magnets for correcting

chromaticity)

» Unwanted non-linear elements as field error magnets
* Collective effects (e.g. wake-fields, beam-beam,...)
High order maps permit to study the impact of these non-linearities, bringing a physical insight on their

effect on the beam.
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How to obtain the MAPS

We want to model a beamline element by a map. This map has to be sufficiently accurate while keeping
its features, for instance preservation of the phase space area for conservative systems. These two
aspects are not independent and need to be taken into account when obtaining the map.

Accuracy depends on the order of the map. Generally speaking, the map is truncated at the minimum
order where the remaining higher orders do not have a significant impact on the beam. However
symplecticity is usually compromised when truncating the map.

There exist different mathematical tools to get high order maps up to the desired order, but note that not
all of them respect symplecticity (are symplectic methods);

* Taylor series

* Lie maps

* Symplectic integrator

* Differential algebra or Truncated Power Series Algebra (TPSA)

Symplecticity
All Hamiltonian systems are symplectic, which means that they obey Liouville's theorem;
phase space volume is preserved as the system evolves in time.
A non symplectic map leads to a wrong interpretation of the system (in case of conservative systems),
specially when considering the long term evolution.
For a 1-dimensional systems, the evolution of the system is specified by a 2x2 matrix (M).
Simplecticity imposes that
det(M)=1
For a linear n-dimensional system, the system is described by a 2n x 2n matrix (M). In this case the
symplectic condition reads as:
MISM=s,
where S is a 2n x 2n matrix of the form,
S=((0] 1), (-1]0)) :
For a non-linear n-dimensional system we can identify the Jacobian matrix J of the map as the first-
order partial derivatives of a vector function X=(x,px,y,py,d),

0x(s2) 0x(s2) 0x(s2) 0x(s2) 0x(s2)
Ox(sl)  Opx(sl)  Oy(sl) Opy(sl) 93(sl)
opx(s2) Opx(s2) Opx(s2) Opx(s2) Opx(s2)
Ox(sl)  Opx(sl) Oy(sl)  Opy(sl) 88(sl)
Oy(s2)  Oy(s2)  Oy(s2)  Qy(s2)  Qy(s2)
ox(s1) Opx(s]) dv(sl) Opy(sI) 08(sl)
Opy(s2) Opy(s2) Opy(s2) Opy(s2) Opy(s2)
Ox(sl)  Opx(sl)  Oy(sl) Opy(sl) 93(sl)
08(s2) 08(s2) 088(s2) 088(s2) 0d(s2)
ox(s1)  Opx(sl) Av(s]) Opy(s]) 83(sl)
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Simplecticity is satisfied when J? S J = S for all initial coordinates.

Truncated maps are usually not symplectic, thus the volume in phase space is not conserved. The value
of det(M) has the physical meaning of the magnification factor of the phase space volume.
However the good news is that the truncated map can be "symplectified". Let's see an example;

Symplectification of a Quadrupole
Recall the matrix of a thick ((1.3)) and thin quadrupole (1.4). Both matrices are symplectic,
simplify (Determinant((1.3)));
simplify (Determinant((1.4)));
1

1 @.1.1)

The transfer matrix of a slice of a quadrupole (assume only horizontal plane) would be;
Ox:=@13)[1..2,1..2]:
Ox = subs(l =ds, Ox);

nord := 2 : # remember it would expand up to nord-1

Ox[1, 1] :== mtaylor (Ox[1, 1], [ds], nord) :
Ox[1, 2] :== mtaylor (QOx[1, 2], [ds], nord) :
Ox[2, 1] :== mtaylor (Qx[2, 1], [ds], nord) :
Ox[2, 2] :== mtaylor (Ox[2, 2], [ds], nord) : Ox;
print(1 — Determinant(QOx));

sin(ﬁ ds)
cos(ﬁ ds) —\/7

-Jk sin(ﬁds) cos(ﬁds)
1 ds
-kds 1

-k ds* 4.1.2)

Truncating at higher orders only improves accuracy but it does not provide symplecticity!
The first order map of a slice of a quadrupole can be symplectified by adding a second order term -k

ds? to the Ox/[2,2] coefficient,
Ox[2, 2] = Ox[2, 2]-k-ds’ : Ox;
print(Determinant(Qx));
1 ds
~kds -ds’k+1
1 4.1.3)

the map is accurate up to O(ds).
Actually this additional term is equivalent to represent the slice of a quadrupole as a drift space of
length (ds) plus a thin lens quadrupole of strength (-k ds).
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Dx = 1.2)[1..2,1.2]:
Dx := subs(L = ds, Dx);
tq = A4[1..2,1..2]:
tq == subs(l=ds, tq);
Multiply( tq, Dx)

1 ds
0 1
1 0
-kds 1
1 ds
) “4.1.4)
-kds -ds" k+1

We have just constructed a first order symplectic integrator! However the map is still inaccurate to
(9(afs2 ). We can improve accuracy by placing the kick at the center of our map quadrupole.
Dx :=1.2)[1..2,1.2]:

Dx := subs (L = %, ij;

tqg = QA4[1..2,1..2]:

tq == subs(l=ds, tq);

simplify (Multiply (Dx, Multiply( tq, Dx))),

Determinant( Multiply (Dx, Multiply( tq, Dx)) ),
1

IEdS

0 1
1 0]
-kds 1

] 1
—Eka’s2+1 ds—zkds3

~kds ; kds® + 1

1 (4.1.5)

So the map is symplectic and accurate up to (9(ds2 ).
Alternatively, we could construct a map accurate to 2 order and symplectic map by using 2 kicks

placed at the center and at the end.
Dx = 1.2)[1..2,1..2]:

Dx = subs (L = % ij :
tq = A4)[1..2,1..2]:
tqg = Subs[l = é tq) :
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Determinant( Multiply (tq, Multiply(Dx, Multiply( tq, Dx))));
1 (4.1.6)

But in terms of computation time the previous map is faster.
This can be extended to high order integrators

_”_______
~
Y

-~

|
|
|
|
|
|
|
|
|
| (4
Higher order of symplectic integration can be achieved simply by dividing the magnet into more
pieces and solving much more complicated set of equations.

Truncated Power Series Algebra (TPSA)

The Truncated Power series Algebra is a purely calculation technique to relate ouput coordinates to
input coordinates given by an arbitrary algorithm. It was first introduced in 1989 by M. Berz. It has
been applied in different fields, being the accelerator physics one of the most popular, since it allows
to obtain the high order map which represents the accelerator. The obtained map is usually non-
symplectic (but it can be simplectified!). This technique can be applied to any well-defined algorithm
and is limited nowadays by the computer memory space.

The algorithm can be for instance a 10000 lines computing code (each line can represent an
accelerator element). Certainly the computing time for tracking 104 particles over the 10000 lines
can be pretty consuming. Whereas a map that connects the initial with the final coordinates is much
faster, it is a single calculation for each particle. The goal is to obtain a map to reduce the
computation time while preserving precision.

X=X ,%9,X5,XX5,Xg ) M Xo==(X,X),X3,X4,X5.X )
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O Map —>

A, A, Aj Apo A

n-1 n >

_ _ ‘ N _ ' 2 3 4 >4
X,= M.Xl_ZCG).XIU) =R-X, + TU)'XI( )+U.X1( )+V.X1( )+ @(Xl(n ))

TPSA is a powerful calculation technique to obtain the CY coefficients up to the required order of a
well defined algorithm.

Once the required CY coefficients are obtained, tracking a particle from s to s, is done by one

single calculation instead of (number of elements) x calculations. This reduces the computational
time dramatically.

TPSA permits to evaluate the derivatives of any given function g(x) at a certain location (x=a) up to
the desired order (n) if g(x) is well-defined.

The Taylor expansion of g(x) reads as:

GTaylor := taylor(g(x), x=a, 4) :

Gpoly := convert(GTaylor, polynom);

1 1
gla) +D(g)(a) (x—a) + 7 D (g)(a) (x—a)’ + =DV (g)(a) (x—a)  (@421)
The function can be represented by the so-called vector form of f(x), which is;
GO = subs(a=0, Gpoly);
VectorForm := CoefficientVector (G0, x);
1 2 | NG 3
g(0) +D(g)(0) x+ - D () (0) " + = D (g)(0) x
g(0)
D(g)(0)
1
> D(z)(g)(O) 4.2.2)
1 56) 0100
-~ D% (g)(0)

The vector form is also called the TPSA representation of the function f(x) at x=a
The virtue of TPSA exists in its calculation technique. In essence it converts an analytical
computation into a algebraic one.
Let's see a simple example;
1
=

X+ —
X
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eval( f,x=2);
2
< 4.2.
5 4.2.3)
We can evaluate f'(x=2) by 4 different methods, Maple, explicit analytical, numerical and TPSA:
Maple:
eval(f", x=2);
3
o5 4.2.4)
Explicit Analytical:
fder = f";
eval( fder, x = 2);
1
==
) X
)
X+ —
X
3
"5 4.2.5)
Numerically:
fderaprox := (eval(f,x=2+d) —eval(f x=2) )fl;
L2
1 5
2+d+ ——
2+d
4.2.
7 (4.2.6)
eval( fderaprox, d = 0.1);
limit( fderaprox, d = 0);
-0.1182994450
3
"3 4.2.7)

TPSA:

To calculate that first we need to construct what we call the TPSA vector (v). Since we are interested
in the first derivative then v will have 2 components. The first one corresponds to the value at which
the derivative is going to be calculated, and the second one is always 1.

v := Vector (2, [2, 1]);
2

1 (4.2.8)

To calculate the first derivative we just need to apply the function f{x) to the TPSA vector v. Now
TPSA has its own rules for manipulating TPSA vectors.

TPSArules :=module( )
description "TPSA tools for 1 order derivative";
option package;
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export invec, prodvec , sumvec, cprod,

invec :=proc(v :: Vector)

1 -v[2]
Vector[2, l itk v[1]2 D

end proc;

prodvec :=proc(u :: Vector, v :: Vector)
Vector (2, [ u[1]-v[1], u[1]-v[2]+ u[2]-v[1]])
end proc;

sumvec = proc(u :: Vector, v :: Vector)
Vector (2, [u[ 1]+ v[1],u[2]+ v[2]])
end proc;

cprod :=proc(c :: algebraic, v :: Vector)
Vector (2, [c-v[1], cv[2]])
end proc;

end module;
module( ) 4.2.9)

option package;
export invec, prodvec, sumvec, cprod,

description "TPSA tools for 1 order derivative";

end module
with(TPSArules) ;
[cprod, invec, prodvec, sumvec | 4.2.10)
fvec == subs(x=v,f);
1
4.2.11)
2 1
1 2
1

According to the manipulation rules we have to first inv(v)
invec(v);

(4.2.12)

After, sum (v) and (invec)
sumvec (v, invec(v));
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bl
2
3
4
Finally invert the obtained vector,
fv=invec(sumvec(v, invec(v)));
2
5
= 3 (4.2.14)
© 25

We can identify v(1) as f{x=2) and v(2) as f'(x=2)!

The secret of the calculation relies on
* how the TPSA vector (v) is constructed
* manipulation rules of TPSA vectors

Construction of TPSA vector

Now, we can better understand how the TPSA vector needs to be constructed and how the
manipulation rules are established by considering the identity function f{x)=x.

How do we have to construct the vector of 2 components in order to obtain the value of the function
at x and f'(a) as the first and second components respectively when applying the function to the
TPSA vector v?

v=[a,b]
J)=fla.b])=[fla).f (@] =[a 1] >v(])=a=[(x), v(2)=1=f(x)

First component v(1) is the value where the derivative is to be taken.
Second component v(2) must be equal to 1.
The TPSA vector that represents a constant function f{x)=c is of the form [c,0].

TPSA Multiplication rules
The definition of the prodct between 2 TPSA vectors is the following;

"la_l,a 2]-[b 1,b 2]=[a lb l,alb2+a2bl]

"la_l,a 2]*[b 1b 2]=[a 1*b 1,a 1*b 2+a 2%b 1]" (4.2.15)

Demonstration
given the TPSA vector v=/a,1] and f(x) and g(x) functions which satisfy,

JO=lft@).f(@)]
gv)=[g(a).g'(@)]

h(v)=1(v)-gv)=[h(@),h'(@)]
hv)=fv)-ev)=[ [fla).f'(@)] - [g(a).g'(a)]]
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RHS:

[h(a).h'(a)] = [ fla)-g(a). ['(a)g(a)*f(a)g'(a) ]
Left and Right sides are equal if (4.2.15) applies.

For the particular case where f{x)=g(x)=x
h(x) satisfies h(v)=[h(a) , h'(a)], indeed any integer power function A(x)=x" satisfies multiplication
rule, therefore we can evaluate the TPSA of any function which is expandable in a Taylor series.

Higher Order Derivatives

In order to evaluate higher order derivatives we simply need to modify the TPSA vector by adding
zeros. As many as derivates of order greater than one are desired. For instance the 1°¢, 2" and 3™
order derivatives of f{x) would be obtained by applying f(x) to the following TPSA vector,

Vector (4, [a, 1,0,0]);

a
1

4.2.16
0 ( )

0

Example: Calculate the first 3 derivatives for f{x)=x at x=a
v := Vector (4, [a, 1,0,0]) :
f=x:

eval(f,x=a);eval(f,x=a);eval(f",x=a);eval(f",x=a);

S O = Q

(4.2.17)

Vector Manipulation rules for high order derivatives
Constant Product :

c-[ay,a;,8y,...,a,] = [cay,ca,,ca,,...,ca ]
[a),3;,8,,...,a,] + [by,b;,by,....b 1 = [ )by, a,b,,a,b,,...,a +b ]
[39»2;,8,,...,8, ] - [Dy,b},by,....0 1 = [€),€},C5,...,C, ] DEINg,

i!

cli] =Sum(m alk]-b[k— 1], k= 0..ij

1 ' ) B
¢ =D —HroL (4.2.18)

Multiple Variables
Given the function of 2 variables z(x,y). The Taylor series (4th order) is ;
mTaylor = mtaylor(z(x,y), [x=0,y=0],3);

2(0,0) + D, (2)(0,0) x + D, (2)(0,0) y + ; D, (2)(0,0) ¥ +D, ,(2)(0,0) xy (4.2.19)
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1 2
+ 5 D, ,(2)(0,0) y

VectorForm := coeffs (collect(mTaylor, [x, y],distributed"), [x, y]);

1 1
2(0,0),D, ,(2)(0,0), - D, 1 (2)(0,0), 5 D, ,(2)(0,0), D, (2)(0,0), D, (2) (0, (4.2:20)

0)
The TPSA vectors v, and v, should be constructed in such a way that z(v,,v,)=(4.2.20), hence
(800531 08015320581 1>3025++580n 1 T [Dg0:b 105D 15D205P1 1502509, 1 = [ 89Tbgg > 219Dy 5 39 by 5
2y tbyg 5es 39y Hby, |
(3001 0530 1320581 153025>++>30n | * [bg0>D10:bg1:D20:011:D925-+2D0n 1 = [ €95 €195 €015 €205 €115 € 5000
Con ] » Where

il
KIGi—K) (=)

(L itjla, b,
k1 70—k j—1
E [ E i £ ] 4.2.21)

L(i—k)! (j—1])

C ‘= Sum (Sum(

- alk,1]-b[i — kj— l],l=0.j),k=0..i);
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Optics matching

In this section we will investigate the concepts of matching as it applies to beam lines (which includes

linacs) and to circular machines. We will distinguish between two different cases of matching:

» Matching of a beam to the beam functions of a circular machine. Once designed, a circular machine
has a given set of beta functions which (together with the emittance) determines the shape of a beam.
The matching problem occurs at the beam transfer: how do we ensure that a beam being injected has
the correct shape in all 6 dimensions? What happens if not??

* Matching of a section with specific properties into a ring. The most obvious example of this is
insertion of an interaction region for a collider into an otherwise regular magnet lattice.

In this section we will deal with the latter, to keep the former problem for next week when we discuss

beam injection and extraction.

Insertion matching

We consider a general ring lattice, which is described by its matrix

R[ring]| == Matrix(4,4, {(1,1) =sin(mu(L)) *alpha(0) + cos(mu(L)), (
*sin(mu(L)), (1,3)=Disp(s), (1,4) =dLdx(s), (2,1) = (-alpha(0)"2/beta(0)-1
/beta(0)) *sin(mu(L)), (2,2) = -sin(mu(L)) *alpha(0) + cos(mu(L)), (2, 3)
=diff (Disp(s),s), (2,4) =dLdxp(s), (3,1)=0,(3,2)=0,(3,3)=1, (3,4)
=dLddelta(s), (4,4) =1});

1,2)=beta(0)

ying = | |SIn(R(L)) 0(0) + cos(u(L)), B(0) sin(W(L)), Disp(s), dLx(s) |, (L.L1)
2
_o0) 1 . - a
[ B(0) B(0) )sm(u(L)), sin(u(L)) 0(0) + cos(p(L)), i

Disp(s), dLdxp(s) |,

0,0, 1, dLddelta(s) |,

0,0,0,]1

Here B(s), a(s) are the lattice functions at location s, and p(L) is the phase advance around the
ring, i.e. 2nQ. We do want to express the dispersion Disp(s) by the close solution n(s), which is

[Disp(s) =-R[ring][1, 1]- n(s) -R[ring][1, 2] etap(s) + (s), diff (Disp(s), s) =
-R[ring][2, 2] etap(s)-R[ring][2,1]- n(s) + etap(s) |

Disp(s) = - (sin(p(L)) c(0) + cos(i(L))) n(s) — B(0) sin(K(L)) etap(s)
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d )
F1(s). o Disp(s) = - (~sin(k(L)) @(0) + cos(i(L))) etap(s) —

NLIC) N ] i L s) + etap (s
8(0) 8(0) sin(w(L)) n(s) p(s)
R([ring] = collect(subs ((1.1.2), R[ring]), [eta(s), etap(s)])

= [[sin(n(L)) a(0) + cos(p(L)),B(0) sin(p(L)), (-sin(p(L)) a(0)  (1.1.3)
—cos(p(L)) + 1) n(s) — B(0) sin(u(L)) etap(s). dLdx(s) ]
2
(

ring

L%& _&m)mwunnmmwnmm+mwum-
2
_%%1—B&)}mwwnmw+wmwm>wm—wﬂwm>

+ 1) etap(s), dLdxp(s)

2

2

0,0, 1, dLddelta(s)

0,0,0,1

This description is naturally extended to the full 6x6 case resulting in the first-order
TRANSPORT matrix.
LinearAlgebra:-Determinant(R| ring|)

sin(w(L))” + cos(n(L))’ (1.1.4)

The most straightforward way to insert something into this ring is to make that "something" have
a unit matrix. Assuming that the inserted piece can be described by the same form as (1.1.1) we
can see that making p(L) an integer times 27 gets us close:

subs(mu(L) =2-Pi, R[ring])

[[sin(27) ot(0) + cos(2m),B(0)sin(2mw), (-sin(27) o (0) — cos(27) (1.1.5)
+ 1) n(s) —B(0) sin(2 1) etap(s), dLdx(s) ],
2 2
- 0[;(((2))) — B(IO) jsin(z n), -sin(2m) a(0) + cos(2m), - _0[;(((2)))

] sin(2m) n(s) + (sin(27) o(0) —cos(27) + 1) etap(s),
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0,0, 1, dLddelta(s) |,

0,0,0,1

eval~((1.1.5))

[ 1 0 0 dLdx(s)
0 1 0 dLdxp(s)
0 0 1 dLddelta(s)
000 1

(1.1.6)

Note that the dispersive terms have vanished as well. To get there fully, we have to impose that
the the path-length terms are 0 as well. If the piece to be matched is a straight piece this is
automatically fulfilled. We will treat the case where this is not so soon.

It turns out this is not a good path because the B functions become undefined when p(L) is 2.
Intuitively this is clear: for an identity matrix, all  are equal. So practically speaking, the insertion
needs to be described by the element matrices as we discussed them earlier. Having said this; if
we have a matrix description in terms of the magnet parameters we can, in principle, solve the
matching problem by finding the magnet parameters that make the overall matrix an identity. This
can be done analytically in relatively simple cases, numerically in others. Lattice codes like MAD
will do this.

While this approach is perfectly valid and used in a number of cases, the restriction to a 2w phase
advance is a rather stringent one. The question is then whether there is a way to relax this. As it
turns out, there is. Heuristically, it can be argued that what is to be matched are the lattice
functions, so if we have a section that has matched lattice functions at its ends that match those of
the ring at the insertion point, we can expect a good match, even if the overall tune changes. We
can write this scenario as follows:

Let RI describe a ring with tune pl/(2m)

Rl = subs(mu(L) =mul, R[ring])

RI := [[sin(ul) o(0) + cos(ul),B(0) sin(ul), (-sin(ul) o(0) — cos(ul) 1.1.7)
+ 1) n(s) — B(0) sin(ul) etap(s), dLdx(s) ],
0 (0) 1

"B " Bo) )sin([,tl),—sin(,ul)0L(0)+cos(/,u),_

0

0

Ca(0)”
B(0)

B B(lo)] sin(ul) n(s) + (sin(ul) 0(0) — cos () + 1) etap(s), dLdxp(s)

|

0,0, 1, dLddelta(s) |,
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0,0,0,l”

Let R2 describe a straight section with the same matched B and o functions but a different phase

advance p2:
R2 := subs(mu(L) =mu2,eta(s) =0, etap(s) =0, dLdx(s) =0, dLdxp(s) =0, dLddelta(s)
=0, R[ring]);
| sin(u2) 0 (0) + cos(u2) B(0) sin(u2) 00|
2
o(0) 1 . .
- — sin(u2) -sin(u2) o(0) +cos(u2) 0 O
Py ( 5(0) 0 ] (u2) -sin(p2) 0.(0) + cos(u2) (1.1.8)
0 0 10
0 0 01
We put these together:

collect(subs (mul + mu2 = mu3, combine~(R2.R1, trig) ), [sin, cos )

[[0(0) sin(u3) + cos(u3), B(0) sin(u3), (a(0) n(s) + etap(s) B(0)) sin(u2) (1.1.9)
+ (-a(0) n(s) —emap(s) B(0)) sin(u3) —n(s) cos(u3) + cos(u2) n(s),
(dLdx(s) o.(0) + dLdxp(s) B(0)) sin(u2) + dLdx(s) cos(u2) |,

(-e(0)” — 1) sin(u3)

,cos(u3) — o (0) sin(u3),

B(0)
(-0(0)" n(s) — (0) etap(s) B(0) —n(s)) sin(p2)
B(0)
4 (20" n(5) +0(0) etap(s) BO) +n(s)) sinm3) oy
B(0)

— etap(s) cos(u3),

(-dLdx(s) 0.(0) — dLdxp(s) c(0) B(0) — dLdx(s)) sin(p2)
B(0)

+ dLdxp (s ) cos(u2)

9

2

0,0, 1, dLddelta(s)

0,0,0,1

colle_ct(collect(simpllﬁ/((1.1.9)[ 1,3]), [alpha(0), eta(s)]), [eta(s), etap(s), beta(0) ])
((-sin(u3) +sin(u2)) o(0) —cos(u3) + cos(u2)) n(s) + (-sin(u3) (1.1.10)

+sin(u2)) B(0) etap(s)
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R[ring][1, 3]

(-sin(R(L)) 0(0) —cos(u(L)) + 1) n(s) — B(0) sin(k(L)) etap(s)  (LLI11)
What we now see is that the match works perfectly well for the transverse coordinates, but not for
the dispersion unless p2 is 2w. So for the case of matching of a straight section with no
dispersion, we do need to maintain the +/ transformation if we want dispersion match (usually we
do). If we have a curved section to match, with a certain dispersion at the ends we can postulate
that the dispersions are matched as well and get (R3 is a curved insert).

R3 = subs(mu(L) =mu2, etap(s) = etap2, eta(s) = eta2, R[ring])

R3 = [[sin(u2) a(0) + cos(u2), B (0) sin(u2), (-sin(u2) o(0) — cos(u2)
1) n2 — B(0) sin(u2) etap2, dLdx(s) |,
2
. Oé((oo)) - 5(10) )sin(u2),—sin(u2)OL(O)+cos(/.L2),—[—
1

- B(O)] sin(u2) N2 + (sin(u2) o (0) — cos(u2) + 1) etap2, dLdxp(s) |,

0,0, 1, dLddelta(s) |,

0,0,0,1

(combine(simplify (RI1.R3), trig) )
[[o(0) sin(ul + u2) + cos(ul + u2),B(0) sin(ul + u2), -o(0) N2 sin(ul
+ u2) — etap2 B(0) sin(ul + u2) — n2 cos(ul + u2) — sm(u]) o (0)M(s)
+ sin(ul) o (0) N2 — B(0) sin(ul) etap(s) + sin(ul) B
—cos(ul) n(s) + cos(ul) N2 +n(s), -dLddelta(s) s1n(u1) o (0)n(s)
— dLddelta(s) sin(u]) etap(s) B(0) — dLddelta(s) cos(ul) n(s)
+ dLdx(s) sin(ul) o(0) + B(0) sin(ul) dLdxp(s) + dLddelta(s) M (s)
+ dLdx(s) cos(ul) + dex( ),
(

0) etap2

0.0 sin(ul + u2) — sin(ul + p2)
B(0)

,cos(ul + u2) — o (0) sin(uf

+ u2), [3(10) (sin(u!) 0.(0) etap(s) B(0) + OL(O)2 N2 sin(ul + u2)
— etap2 B(0) cos(ul + u2) + cos(ul) B(0) etap2 + o.(0) B(0) etap2 sin(ul

+ u2) —sin(ul) o (0) B(0) etap2 + n2 sin(ul + u2) — sin(ul) n2

— sin(ul) a(0)2 N2 + etap(s) P(0) + sin(ul) n(s) — cos(ul) etap(s) B(0)
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2

206s)), —— (dLddelta(s) sin(u) .(0)> n(s)

+sin(ul) o (0)" n(s) 8(0)

+ dLddelta(s) sin(ul) o.(0) etap(s) B(0)

— dLddelta(s) cos(ul) etap(s) B(0) — dLdx(s) sin(ul) ou(0)
— dLdxp(s) sin(ul) 0.(0) B(0) + dLddelta(s) sin(ul) n(s)
+ dLddelta(s) etap(s) B(0) + dLdxp(s) cos(ul) B(0) — sin(ul) dLdx(s)
+dLdxp(s) B(0)) ]

0,0, 1,2 dLddelta(s) |,

0,0,0,1

collect(subs (eta(s) = eta2, etap(s) = etap2, (1.1.13)[ 1, 3]), eta2)
(-o(0)sin(ul +pu2) —cos(ul +u2) + 1) n2 — etap2 B(0) sin(ul + u2)
(1.1.15)
R(ring][1, 3]
(-sin(u(L)) 0(0) — cos(i(L)) + 1) n(s) — B(0) sin((L)) etap(s)  (L.1.16)

Comparing the coefficients shows that indeed the dispersion 1(s) remains the same (n2=n(s) by
our stipulation, and p(L) becomes pl+u2).

So we have found the matching conditions in general to be 6 in total (B(x,z), a(x,z),n,.etap, ) for a

flat ring. This then is the minimum number of variable elements (usually quadrupoles) we need.
Sometimes we can employ symmetry to reduce the number of conditions, and if we match in a
dispersion-less section we may get away with only two elements to match the f3.

V Dispersion suppressor

Dispersion suppressors are some of the most common insertions. They are usually needed to match
zero dispersion in a straight section to the finite dispersion in the arc sections of a ring.

We consider the ring lattice with dispersion as given before
R[ring]

[[sin(u(L)) a(0) + cos(u(L)),B(0) sin(u(L)), (-sin(u(L)) a(0) (1.2.1)
— cos(u(L )) 1) n(s) — B(0) sin(k(L)) etap(s), dLdx(s) ],

[ B(((:))) B(lo>)Si“(““))"Si“(M(Wa(0)+cos(u(L)),-
2

] sin(u(L)) n(s) + (sin(p(L)) 0(0) —cos(u(L))
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+ 1) etap(s), dLdxp(s) |,

0,0, 1, dLddelta(s) |,

0,0,0,]1

The task is now to find a section that matches on one side to the dispersion above and on the other
side to a dispersion of zero. In order to keep this manageable we will assume the matching
happens at an a(s)=0 place as is frequently done in practice. This will also make etap(s) =O0.

With these conditions we want to find a section that transforms 0 dispersion to a finite dispersion
with vanishing dispersion slope (etap) in which case we can hope to make the finite dispersion
match to the ring by judicious choice of the dipole strength (which does not much affect the
focusing).

section := subs (alpha(0) =0, etap (s) =0, (1.2.1))

cos(i(L)) PB(0)sin(p(L)) (1 —cos(k(L) )) (s)  dLdx(s)
_sin(p(L)) sin(p (L)) n(s
section = B(0) cos(k(L)) B(0) dbdip(s) 1.2.2)
0 0 1 dLddelta(s)
0 0 0 1

We can further assume that the B match will be done right also, which leaves us with matching to
the dispersive terms. We can write then:
simplify (section.(0, 0, 1, 0))

(1 —cos(u(L)) )
sin (K (L)) (s
B(0) 1.2.3)
1
0
We need etap to be 0
solve((1.2.3)[2]= 0, mu(L), allsolutions))
T ZI~ (1.2.4)
W(L)=0 does not work as then the first term is zero as well and we cannot match to a finite n, so
try (L) ==
eval~((1.2.3), (L) =7)
2n(s)
0
(1.2.5)
1
0
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What this says is that a section with (2n+1)r phase advance and a closed-solution n function of
(s)/2 will match n(s) to zero, thus having suppressed dispersion. If the phase advance per cell is
the same as for the regular arc section, this requires us to lower the dipole strength by a factor 2.
Practically speaking, we can also leave out every second dipole and thus build a missing-dipole
dispersion suppressor. Because of the required m phase advance this requires at least two cells.
The advantage is that we automatically maintain the 3 match (more-or-less).

Simple interaction-region design

Colliding-beam machines, circular or linear, need to achieve a high particle density at the interaction
point to be able to achieve a respectable luminosity. This is achieved by a combination of high beam
intensity, small beam emittance, and strong focusing to a small beam spot at the interaction point.
We will outline the basic scheme how this is achieved.

Focusing the beam down to a small spot requires an optical arrangement not unlike that of a
microscope. We need a lens relatively near to the focal point, with a relatively short focal length,
and we need a second lens at some distance away to match the beta function into that of the ring
lattice. The schematic arrangement is shown in the figure:

Lp Y/ —

\

fo Vi

I I I I
0 50 100 150 200
Fig. 1: Simplest IR schematic
Deviating from the previous sections we will write the transfer matrix in terms of the magnet
locations and strengths:

Re= ({10, <_—f[1—0]\1>>.<<1|L[D]>, o). 10y, (- - 1>>.<<1|L[H_>]>, (1))
L L
1—; [1—fiDJLIP+LD
R L L, (1.3.1)
2 -2
e
A f; Jo f; v

We can guarantee a match into any accelerator lattice by requiring the section to have a -/ transfer
matrix; in that case the whole section will be the identity matrix and be matched without further
ado. This means R[1,2]=R[2,1] = 0.
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solve([R[1,2], R[2, 1]], [fTi}./Te]D[ ]

L. L L
P-D D
f= S = 1.3.2)
Ly+Ly"° L,+L,
and
simplify (subs ((1.3.2), (1.3.1)))
- LD 0
b 1.3.3
I (1.3.3)
O — i
L LD B
Inserting this in a ring lattice at a symmetry point (a(s)=0) the beta function at that point transfers
as follows
solve(beta(s) = (1.3.3)[ 1, 1 T -beta(IP), [beta(IP)])[ ][ ]
2
B(s) L
BUP)= ——F— (1.3.4)
Ly

This shows that the demagnification depends on the positioning of the lenses, with the focal
lengths then given by the phase advance. L has to be >> L .. The focal length of the inner lens

scales with L, i.e. the inner lens becomes very strong for short L .. The outer lens becomes
weaker with increasing L .

A not so obvious feature of this IR design is a large beam size in the inner lens. For a given value
of B(ZP), the B function at the inner lens is

2
beta[ 0i] = beta[ IP]-| 1 + Lf’]z]
beta[ IP]
L2
Bo =B |1+ 1.3.5)

Bip

IfBp<<Lj;p BQI. becomes substantial (potentially km size in large rings with small 8,5). This leads

to large-aperture quadrupoles with high power demand as well as tight field tolerances.

To get from this simplified example to a practical IR, two features need to be added: First, it has to
work in both planes. This is done by replacing the lenses in the example with doublets that have
net focusing in either plane. Secondly the matching condition of © phase advance across the half-
IR is too restrictive. It is rather straightforward to relax this condition and obtain matches by
fitting the element strength, at least over a limited parameter range.

If B,p is to be very small, chromaticity of the IR quadrupoles becomes prohibitively large and has

to be corrected close to the IR quadrupoles in order to preserve the focusing across the needed
band in energy. This requires very specific IR design strategies manipulating the dispersion in a
way to allow this correction to happen locally.
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Longitudinal Beam Dynamics

We will now investigate what happens to the beam in the longitudinal direction. For practical
acceleration using rf systems we have already seen that the beam particles have to remain in sync with
the rf voltage; in a circular machine this ensures that they gain energy on each pass through the rf field.
Besides getting a handle on the parameters necessary for the rf system it needs to be shown that
sufficiently small deviations from the nominal energy do not cause particles to go out of sync and fall
behind in energy. Here the term sufficiently small needs to be quantified. In fact, it is this situation we
will deal with first.

Phase stability and acceleration

A particle or a group of particles—called a bunch—on the reference orbit with the reference
energy and momentum go around the ring with a circular frequency

_ 2-Pi-beta-c
(Dr = f
_2mBec
(Dr = T (1.1.1)
The total differential of the revolution frequency is then
domega = Dzﬁ( o, beta) -dbeta + Dzﬁ( o, L) -dL
domega = T3 o _dbeta + L o dL (1.1.2)
and therefore
1.1.2 1.1.2
‘hs(A.1.2)) = expand[value[subs [(1.1.1), rhs[ ( ) ) ] ] )
0} o,
domega 7
r _ dbeta  dL (1.1.3)
o, B L
and
dbeta _ 1 (dp\ dL_ . (dp
thaw[collect(subs( beta YZ freeze( » J, I Ocp ﬁ’eeze( » ), (1.1.3)],
ﬁeeze( dp ) ] ]
p
1
— —a_|d
domega, [ yz p ] v
= (1.1.4)
® p
r
where
_ Diff (L,p)-p
p L

(1.1.5)
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_Op
o, = —— (1.1.5)

is the so-called momentum compaction. It follows from that do /dp can go through zero and

change sign depending on the beam energy (y) and on the momentum compaction, which is a
property of the lattice and closely related to the machine tune. The beam energy where do,

becomes 0 is called the transition energy, v,.
Y, = solve(rhs((1.1.4)) = 0,y)[1]

¥, = —— (1.1.6)

The expression in () in is referred to the slip factor 1. It is proportional to the phase slip a particle
at energy gamma suffers against the rf period for a given deviation in momentum.
eta=op(l,rhs((1.1.4)))

n=—- —o (1.1.7)

We can now describe what happens in a ring accelerator with one rf system at a particular location
in the ring. Particles will be accelerated once per turn as they pass through the rf field.

During the remainder of the turn the energy remains constant, but the B-field is ramping up
therefore it actually appears the particle energy is drifting downwards wrt. the reference energy.
Furthermore we need to keep track of the phases of the particles relatively to the rf waveform. We
introduce the concept of the synchronous particle, which is that particle that takes just the correct
time for one turn to exactly maintain its phase relationship w.r.t. the rf wave. Its properties carry
the subscript s. It has a certain phase angle relative to the rf wave that gives it exactly the energy
gain on one turn it needs to keep up with the acceleration rate:

PDEtools:-declare(Phi(t))

@ (t) will now be displayed as ® (1.1.8)
Delta £ = g- V-sin(d)s>
AE =gq Vsin(dD ) 1.1.9)

S
Other particles are at potentially different phases @ and therefore get a (slightly) different energy
gain:
Delta E= g V-sin(®(t) )

AE=gqVsin(®) (1.1.10)

Where we use A to denote the change in one turn, in particular A E is the energy gain per turn.
We now need to find out what happens to non-synchronous particles. For multi-turn acceleration
to be possible they need to stay close to the synchronous particle in both energy and time. In fact,
as we will see in a moment they will oscillate in energy and time about the synchronous particle,
these energy oscillations are called synchrotron oscillations.
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1.00 -
A(SE) OF = (E+AE)-(Eg+ALy)
4 l
! '
0.50 1 | AGBE)_ W}
! AE AE
AES AES

0.00 . . .
/ T T
000 157 3\a 471 fe2s 785

-0.507 this turn (n) next turn (n+1)

-1.00-

Figure: Phase-Energy diagram (below transition)

Just before the rf field we then have for the energy difference between an arbitrary and the
synchronous particle:
delta(E) = (E + Delta E) — (Eq — DeltaES)

8(E)=AE+AE +E—E, (1.1.11)

and the change in 6 E over one turn is (note the double deltas):
Delta(delta(E) ) = Delta £ - Delta E

A(3(E)) =AE—AE, (1.1.12)
factor (subs ((1.1.9), (1.1.10), (1.1.12)) )
A(S(E)) =¢q V(sin(d)) —sin(d}g)) (1.1.13)
or
Ihs((1.1.13))  7hs((1.1.13)) o

T (2-P1)

N

_ /) s (1.1.14)

introducing the synchronous time T, which is 2*m/w , and o, is exactly the same as @, above.
Clearly, the rf frequency has to be an integer multiple of @ :

oarfzh-ws
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o, = ho (1.1.15)

with 4 being the harmonic number of the machine, counting the number of rf periods around the
ring. A is the maximum number of bunches that can exist in a ring.

We introduce a new quantity W and write

PDEtools:-declare( W (t) )

W (t) will now be displayed as W (1.1.16)
w(r) =- SBLE)
(Drf
= - OE (1.1.17)
(Drf
rhs ((1L117)-0, ) = lhs ((1.L17)-0, )
-3(E)=0,, W (1.1.18)
subs ((1.1.18), subs (~rhs ((LLIT)-® ) ==lhs (1117)-0,,), (11.13)))
A(-ho W)=qV (sin(®) —sin(®,)) (1.1.19)

This difference equation we can approximate by a differential equation if the changes in energy
per turn are small on a relative scale (which in fact they usually are).
Note that to make this work in Maple we need to declare I/ and V" as functions of ¢

simphﬁ(z)lﬁf[ -op([1], Ihs ((1.1.19))) t]) =subs[0)s=2-Pi, -rhs ((1.1.19))

h-o h-o
S S

oo q V(sin(CI)) —sin(CI)S))
4 2hm

We now need a relation for the phase ® as f{r). From path-length considerations we can make the
ansatz (again using the differential form rather than the one-turn difference for ®):

(1.1.20)

(O]
Diff (Phi(t), ) = t—rfDelta(deltat)

N

o /,A( d1¢)
— b= — (1.1.21)
t tS
We remember (1.1.4) which of course is directly related to ®-dot
-domega,
Delta(delta #) = subs | (1.1.4), — | ¢
®
1
— = O(p dpt
A(S1) = -~ . (1.1.22)

and therefore

subs[ (Lz — Ocp] = eta, subs ((1.1.22), (1.1.21)) ]
v

134



USPAS 2016 at UT Austin Accelerator Physics with Maple Longitudinal Beam Dynamics

®, M dpt
— O=-— (1.1.23)
t tp
We need to convert dp/p to an energy relationship:
algsubs L Lz . M, (1.1.23)
P B E
®, M td(E)
= P=- (1.1.24)
LB E
use (1.1.17)Exror, —; unexpected
subs (solve((1.1.17), [delta(E) ])[ ], (1.1.24))
(oifn tw
o o= ———— (1.1.25)
t B E
and as it turns out we can replace £ and ¢ with their synchronous variants
subs (ts =t E=E, (1.1.25))
coffn w
— ©=—3 (1.1.26)
OBE
PDEtools:-undeclare(all)
@ (1) will now be displayed *as is*
W (t) will now be displayed *as is* (1.1.27)
(1.1.26)
2
@ M (1)
7 D(1) = - 5 (1.1.28)
i
(1.1.20)
qV (sin(q)(t)) - sin(dDS) )
— W(t)= - : (1.1.29)
t 2hm
Now we can try to solve the system of de, but Maple cannot do this (yet):
dsolve([(1.1.20), (1.1.26) |, Phi(z))
Let's put this into one 2nd-order diff equation:
Diff (lhs ((1.1.28)), t) = diff (rhs ((1.1.28)), t)# Note: W tis diff(W(1),t) here!
2
2 - wrfn VVz
5 D(t) = 5 (1.1.30)
4 B ES
subs (diff (W (), t) = rhs((1.1.29)), (1.1.30))
(1.1.31)
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2 . .
2 (nrfnql/(sm(d)(t)) —sm(CI)S)>
— (1) = - 3 (1.1.31)
l 2B hmE
S
dsolve((1.1.31))
®(1)
hnE B
N
- - - a  (1.1.32)
\/h nE ((orfn q Vsin(d)s) _a+ CIB hmE + Vcos(_a)n wrfq)
(1)
—t— _(C2=0,
hnE B
- a
2 ; 2 2
/h nE, (corfn q Vsm(CI)S) _a+ CIB hmE + Veos(_a)n (’)sz'q)
—t— C2=0
As expected, we are not getting a solution we can do much with.
¥V Small-amplitude oscillations
We can linearize this system by limiting ourselves to small-angle oscillations:
subs(Phi(t) =®_+ phi(s), (1.1.31))
2
2 ® NgV (sin(® + 6(7)) — sin( D,
t 2 hTE
To make the series expansion we temporarily replace ¢(t) with ¢. We could have used freeze/thaw
as well.
lhs ((1.2.1)) = subs (phi = phi(t), convert(series (subs (phi(¢) = phi, rhs((1.2.1)) ), phi, 2),
polynom))
2 wffnq Vcos(q)S) O(1)
— <<I)S + (b(t)) =-— 5 (1.2.2)
t 2 hTE
dsolve((1.2.2))
_ ﬁcorfﬁ\/?\/? / cos(CDS) t
0(¢t)=_CI sin (1.2.3)
28k Jn [E
s ﬁwrfﬁﬁ\/? / cos<<1)S) t

28I n [E]
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These are just sinusoidal oscillations with a frequency
Q= subs((1.1.15), sqrt(coeff (- (rhs((1.2.2)) ), phi(¢))))

\/_/ h(x) ancos(CD)

BTEE

(1.2.4)

Looks a little clumsy but is correct.

Large-amplitude oscillations

We need to return to the large-amplitude case as it has practical relevance. To get a feel for what
the salient effects ae we can numerically integrate the full equation.

We have defined a test case to plug in numbers:

testcase

[a=1,7=1. 10% E = 1.10%, ©

e 6.28318530717958 108, B=1,A=1000,1n (1.3.1)

= 0.00010]

soln := dsolve( {subs (Phi[s]= 0.1 — 2-P1, subs (testcase, (1.1.20)) ), subs (Phi[s]=0.1 — 2
-P1, subs (testcase, (1.1.26))), W(0) =-0.11, Phi(0) = 0.1 — 2-Pi}, numeric, maxfun
=500000);

soln := proc(x_rkf45) ... end proc (1.3.2)

soln2 := dsolve( {subs (Phi[s]= 0.1 — 2-Pi, subs(testcase, (1.1.20)) ), subs (Phi[s]= 0.1 — 2
-P1, subs (testcase, (1.1.26))), W(0) =-0.12, Phi(0) = 0.1 — 2-Pi}, numeric, maxfun
=500000)

soln2 := proc(x_rkf45) ... end proc (1.3.3)

We will now produce a phase-space plot of the motion (note that W is —6(E) so we plot - here to
give the correct visual impression)
plots:-display (plots:-odeplot(soln, [Phi(t),- W (t) ], 0..0.04, style = point, symbol = point, view
=1-9.3.5,-0.2..0.2], color = green),
plots:-odeplot(soln2, [Phi(t),- W (t)], 0..0.04, style = point, symbol = point, view
=[-9.3.5,-0.2..0.2]))
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()

We find ellipses at small amplitudes; the characteristic of stable oscillations. At large amplitude the
phase space figure becomes distorted and finally the ellipse disappears and the phase angle grows
unbounded.

For ®_= 0 this happens at @, =, for ¢_ finite this happens at smaller values of ®. But finite

®_ is needed to accelerate particles. It then appears that there is a limited range of stability in phase

and in energy outside of which acceleration is not possible and particles fall out of sync with the
rf frequency and fall behind in energy, until lost. Because of its phase-space appearance the stable
area is usually referred to as rf bucket. It is a direct consequence of the sinusoidal and limited rf
voltage.

The unstable fixed point can be found by finding the values of @ for dW/d=0:
solve([subs (Phi(¢) = Phi, rhs((1.1.29))) = 0, Phi < 2-Pi], [Phi], allsolutions = true, explicit)

[[0=2n_Z2-+ @] [®=21_Z2~+1— O | [®=27_ZI-+ O], [P

N

=2n ZI~+ 1w — d)SH

subs(_Z1=0, 7Z2=0,(1.3.4))
Hcp=2n_zz~+ CI)S], [cb=2n_zz~+n —(I)S], [q>=2n_zz~+ CDS], [cb (1.3.5)

=2n ZI~+mn —(I)S]]
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#Phi[ufp]=rhs ((1.3.5)[2][ ])# Nasty Maple 2015 bug prevents this from working!
Phi[ufp]=Pi — Phi[s]

®, =D (1.3.6)

The amplitude of the oscillation represents a certain amount of energy in the system (relative to the
reference position). We can use this to get an idea about the range in energy, or the bucket height.
This is best done using the Hamiltonian formalism. We will at this time only quote the results.
The Hamiltonian for conservative systems is the total energy, i.e. the sum of kinetic and potential
energy, which should be invariant. The Hamiltonian satisfied Hamilton's equations of motion,
which for our system are

Diff (H, phi) =-Diff (W (1), 1)
— H=-— W(t) (1.3.7)

and
Diff (H, W) = Diff (Phi(¢), t)

7W H= 71‘ D(1) (1.3.8)
We can substitute from above:
subs ((1.1.29), (1.3.7))

q V(sin(CI)(t)) — sin(d{))

e o (1.3.9)
subs ((1.1.26), (1.3.8))
o, MW (1)
— H=-1—= (1.3.10)
S

We replace @(7) by @ +¢(?) and can integrate the equations:
int(lhs ((1.3.9)), phi) = Subs(phi = phi(1), int(subs(Phi(t) = ®_+ phi, rhs((1.3.9)) ), phi) )

4 V( —cos(CI)S - q)(z)) — sin(CI)S) q>(z))

1.3.11
" 2hm (131D
and
int(lhs ((1.3.10)), W) = int(subs (W (t) = W, rhs ((1.3.10)) ), W)
(nffn w?
H=———— (1.3.12)
2B E,

Maple omits the integration constants which in this case is a bad thing as the two expressions for
H can be the integration constants of each other, in other words, the expression for A that fulfills
the equations of motion is the sum of the two:

H=rhs((1.3.11)) + rhs((1.3.12))

(1.3.13)
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q V(—cos(q)S + (j)(t)) — sin(q)s) ¢(t)) .
2hm 2BZES

2 2
Oy nw

H= (1.3.13)

Since H is a constant of the motion we can insert any point in the above and, if we can solve the
resulting expression for W(¢) and ¢(¢) we get the locus for a specific value of the total energy.
Since we are interested in the boundary between stable and unstable motion, we can use the fixed

point:

subs<(1.3.6), subs(phi(t) = CI)ufp —Q, =0, subs(CI)s + phi(?) = CI)ufp, (1.3.13)) ) )
q V( —cos(n — CI)S) — sin((I)S> (n -2 (I)S))

- 2hm

where W=0 as it is the extreme excursion in phase ®. We now have the value for H for the phase-
space curve passing through the fix point and can try to solve (1.3.13) for any value of ¢(#)=0,
which will be the extreme extent in energy and therefore the maximum energy deviation accepted:
solve(subs (phi(t) =0, rhs ((1.3.13))) =rhs((1.3.14)), [W])

- hVqE (sin(® —2sin(® ) —2 ()]
RV (sn(® )7~ 2sin(0 ) 6~ 2eos(0)) B

H (1.3.14)

, | W= (1.3.15)
TnNho .
rf
] / “NhVgE (sin(® ) —2sin(®) D —2cos(D)) P
mnh ®,,
map (collect, (1.3.15)[ 2], sin ) ;# not pretty but correct.
e / NhVgE (sin(®)n—2sin(®) D —2cos(D)) P 1316
mnh @, o
from (1.1.17) it follows this is 6 E/(orf.
solve(subs (subs (W (t) =W, (1.1.17)), (1.3.16) ), delta(E) ) [ ]
E
N
S(E) _ \/ -mMhVqE, (sin(CI)S) T—2 sin(dDS) D —2 cos(CDS)) B 1317
E, E -

For a stationary bucket this becomes
simpliﬁz(subs (CIDS =0, (1.3.17)) )

S(E)zﬁVhEanVB (1.3.18)
ES \/? Es n h
The ratio of the bucket height for a moving bucket over that of a stationary bucket is then

.. ( rhs((1.3.17))
S’mphfv( rhs ((1.3.18))

\/ —sin(CI)S) T +2sin(d> ) D+ ZCOS((D ) J2

, symbolic)

S S

2

(1.3.19)
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In the accelerator literature it is common to work with the overvoltage, which is defined as
1

sin(d)s)

o=

o
0= r(q)s) (1.3.20)

simpli]fj/(subs(solve((1.3.20), [fl)s]) [ ], (1.3.19)), trig)

71: 2 arcsm
_ ; 4+ — 77 /1 \/_
(1.3.21)

plot( (1.3.19),® =0 ..Pi)# relative bucket height

1,

0.8]

0.6

0.4

0.2]

We see that for @ =mn/2, there is no bucket area left; for multi-turn acceleration there needs to be
overvoltage available to run at ®_# n/2 and provide for sufficient bucket height. Note that this

differs from a linac (esp. an electron linac) where sitting on the crest is (within limits) a perfectly
fine working point. In accelerator jargon the term overvoltage is in common use; it is defined as
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1
0= ———— (1.3.22)

sin ( D )
and is therefore the ratio of actual peak voltage over the minimum needed at sin(®,)=1. (Note that

in the literature it is unfortunately commonly called ¢, which we cannot use here). We can express
the ratio of accelerating to stationary bucket in terms of o:

simpliﬁz(subs(Solve<(1.3.20), [(Ds]) [ ], (1.3.19)), trig)

n 2 arcsm
_ ; 4+ — 77 /1 \/_
(1.3.23)

plor(1:323),00..10.tbels = [weset('o'% et zh[[bbo]i )]
0.9

0.8

0.7

0.6

< <05
DY
0.3

0.2

0.1

We can now define an overvoltage function F:
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. . T . .
F= simphﬁ/[applyrule[arcsm(a i algebraic) = 5 arccos (a), szmphﬁ/((l.3.23)2 -2 -0) ),
Symbolic]

F=2.0"—1 — 2 arccos ( (1) j (1.3.24)

and leave it up to the students to show that our bucket ratio then becomes

2o

F
ey

(1.3.25)

Acceleration

A number of effects are connected specifically with the process of acceleration, as opposed to keep
a beam bunched at fixed energy.

Energy Ramp

In an actual accelerator (as opposed to a storage ring), the rf parameters change as the beam
energy is ramped up. The strong variations happen at the beginning and end of the energy
ramp, when the synchronous phase has to shift from 0 to a finite value providing the
necessary energy gain/turn. Bucket area and synchrotron tune change rapidly and possibly in a
non-adiabatic way. To avoid beam loss, the rf parameters are varied in a programmed fashion
using an rf program. The energy profile is usually dictated by the magnet circuit (why?), and it
is the function of the rf program to provide sufficient rf voltage at any given time in the cycle
to provide not only the acceleration necessary but also sufficient bucket area to avoid spillage
of beam particles. In addition, changes in the shape of the rf bucket should be sufficiently slow
to prevent the longitudinal beam emittance to be increased (the condition of adiabaticity). There
are usually matching conditions to observe at the beginning and end of the acceleration cycle
which put further restrictions on the value of the rf voltage, and possibly the slip factor n. An
example of an rf program is given in the following figure.
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Fig: SSC MEB Rf Program
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Transition

In the above we have carried about the slip factor 1, knowledge of which is important in
solving actual design problems. We recall its definition

(1.1.7)
n= % -, (1.4.2.1)
v

to see that it depends on energy of the beam and also the momentum compaction of the lattice.
We have seen earlier the dependence of the pathlength on the beam momentum; in the matrix
description of beam optics it follows from the matrix elements:

ds = Diff (ds, delta) + Diff (ds, x) -Diff (x, delta) + Diff (ds, xp) -Diff (xp, delta)

ds=——ds+ —ds —x+ —ds — xp (1.4.2.2)
) X d xp )

This equation indicates how machine lattice design can affect the transition energy: the

differentials are just the R-matrix parameters of the lattice so that we can calculate the

pathlength change with beam energy from the lattice and its R matrix coefficients. It is then the

task of the lattice designer to achieve a value for transition that is suitable for a specific

machine, while not unduly compromising other performance parameters.

Adiabatic damping

In a previous lesson we worked out the concept of beam emittance and showed that it is a
constant of motion around a ring. What we, however, did not consider then was acceleration,
which is not conservative as far as the transverse energy is concerned.

The angle of a particle against the reference orbit is the ratio of transverse over longitudinal

momentum:
P,
xp=—
p
pl
Xp=— (1.4.3.1)
p
After gaining a momentum increment J in an accelerating cavity we have
2" (p + delta)
il (1.43.2)
xp, = 4.3.
2 p+3d
and to first order
xp, = series (rhs((1.4.3.2)), delta, 2)
(1.4.3.3)
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p p 2
x&=}f—p£8+0®) (1.4.3.3)

which reduces the emittance as x is not changed during this process. In a more general way

one can get the same result using the Poincare invariant which leads to the invariant emittance
(or normalized emittance)

e = beta-gamma-epsilon

e =Bye (1.4.3.9)
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Beam Loading

The beam couples to the rf fields in the rf cavity, which goes both ways, i.e. the beam will induce a
voltage in the cavity which gets added to the voltage applied by the rf generator. For large beam current
this is substantial and needs to be compensated to maintain longitudinal stability and the correct
operating conditions for the rf system.

Fourier spectrum of beam

To analyze the effect of beam loading in circular machines it is useful to understand the Fourier
spectrum of the beam.
Let a bunch have Gaussian intensity distribution:

- (phi — phi0)?
i'exp[ (phi 2’) ]

2-0

= (phi, phi0, i) —

bunch sigma-sqrt(2- Pi)
_(o—00)?
‘e 267
ibunch = (q)’ $0, i) O — (1.1.1)
2n

A beam in a ring is made up of N these, at one or more rf periods apart, normalized to keep the
average beam current (we are ignoring the synchronous phase here):

L
i =i - sum | phi, 2% Pi*n*nb, ——— |, nb=0..Nh
beam beam0 (Nh )

_(2mnnb + (1))2
Nh
. . Z e 2¢° J2
lbeam = lbeam() (1'1'2)
nb=0 2Nho ﬁ

Example:
plot(subs (Nh =100, n =10, i[ beam0] =1, sigma =5, (1.1.2) ), phi= 0..40-2-Pi, );

0.0007]
0.0003
0,
8 T 24 T 40 T 56 T 0T

The average beam current is given by (for n=1)

1
mt[ unc h(x Pi, N j x=0..2-Pij
2-Pi

beamavg =
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(5

20
beamaveg = 1.1.3
& 2NhT ( )
evalf(subs(ibeamo =1, Nh=1000,n =1, sigma= 0.2, (1.1.3)) )
0.000159154943091896 (1.1.4)

Note: This is not the bunch current! It is the current/radian if the bunches were completely spread
out. The bunch current is 2 times this:
evalf ((1.1.4)-2-Pi)

0.00100000000000000 (1.1.5)

Maple can calculate the Fourier coefficients for this beam:

inttrans | fourier](ibeam, phi, h) assuming sigma :: real, phi0 :: real, sigma > 0

h(4l1tn—h02>J

—Zih(—lhoz+4nn/vh)
z'b -e + e
eam()

Nh (GZInnh . 1)

inttrans [fourier] transforms a function from a time of spacial domain into the frequency domain
(in our case from the rf phase to harmonics of the rf frequency). Following the known Fourier
transformation rules, the prescription is
F(omega) = convert(inttrans| fourier |( f(t), t, omega), Int);

# note the use of convert to get Maple to print the formula

2

(1.1.6)

[e¢]

Flo)=| f)ye "®d (1.1.7)

— 0

plot( |subs<ibeam0 =1,Nh=1000,n=1,06=0.4, (1.1.6))
= [default, 0..1 ])

1
0.6

, h =0 .20, numpoints = 6000, view

0o

‘||..
5 10 15 20
h

We have a series of spectral lines at integer multiples of the rf frequency, the intensity of which
follows an overall shape which is given by the Fourier transform of the bunch (exercise) and the
spacing of which depends on the number of bunches in the machine.

We can also transform back into the time domain, but need to use unapply to convert the spectrum
into a function for Maple to do this:

spf = unapply((1.1.6), ®)
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‘ ( —%h(—lhoz +4mnNh) h<41”+_h02)
spfi= @ — beamo e (1.1.8)
: N (ezlnnh_l)
inttrans [invfourier |(spf(h) 8(h — h0), h, t)
o> ho?

1h0 1 —
i e 2 (_e—2lnan1h0+621nnh0)
1.1.9)
2 NhT (e217'tnh() . 1)
Here d() is the Dirac function, which Maple conveniently defines by means of its Fourier
transform:
FunctionAdvisor (definition, Dirac(x) )
_ f(x()) a<x,<b
bS x—x,)f(x)dx= f(x()) =aOrx,=b) A b (1.1.10)
. ( 0) 5 (x()—a rx,= ) nda < 1.
0 otherwise

We can evaluate (1.1.9) for one or more harmonics, although we need to use the limit operation to
get results at integer values of hO:

1.1.9
harms ‘= sum (h'mit(subs (Nh =1000,n =1, sigma= 0.2, ( )

Nh
(1.1.9)

h=h0|,h0=0..1
wi o) io=o.1)

harms1 == 0.000159314098034987 i, + 0.000156159467532957, '’ (1.1.11)

),hZhOJ,hOZO.QOj :

harmsl = sum (h'mit(subs (Nh =1000,n =1, sigma= 0.2,

The 0 harmonic is just be the average current:
1.1.9
iavg = limit(subs (ibeamo =1, Nh=1000,n=1, sigma= 0.2, W ), h0 = O)
i = 0.000159314098034987 (1.1.12)

av,

i
plot(subs(ibeamo =1, Nh = 1000, [ [Efi(harms) 2 — alvg ], Re(harmsl1)-2 — i[avg]D, t=0

..IO-Pi]
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0.0016 .
0.0014

0.0012
0.0010
0.0008
0.0006
0.0004\ — f\ f
0.0002

Ovvvvv

n2nt 41 61T 8T 107t
t

0.0018] "

The fundamental harmonic of the beam current is

limit(subs (Nh =1000,n =1, sigma= 0.2, (1.1.9) ), ho=1 )

Nh

0.0001561594675329574, ¢!’ (1.1.13)

Equivalent circuit of an rf cavity

The analysis of beam loading is best done using an equivalent circuit picture. We will use the
diagram from Wiedemann II, p. 184[2], but modified to call out the coupling factor 3:
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Ig/2—>
¢1/2
g

Ig() v, R/B| p |L Vey R —c <>I"

1l Vv . I V N
Generator | Cavity Beam

Fig: Circuit model of an rf cavity with generator and beam current[2]

The generator is described by a current source i A and its internal resistance R - The cavity itself is
a parallel LC resonator with a resistive loss given by the shunt impedance R, driven by both the
generator and the beam current.

The general expression for the impedance of such a resonator is

7 - 1
R Ct—o
— -omega- S
R & I-omega-L
1
Z = 1 I (1.2.1)

— +IloC— ——
R oL

S
R, is called the shunt impedance; it is the resistance seen by a driving current exactly on

resonance, with no other device drawing power from or feeding power to the cavity.
We can now use Thomson's equation for the resonant frequency,
1
0) = ——--—-
rosqrt(L-C)

o = (1.2.2)

and define the quality factor O
Q=R C

0,=R o C (1.2.3)
simplify (subs ((1.2.2), (1.2.3) ), symbolic)
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. R JC

1.2.4
0, T (1.2.4)
R[s] _ solve((1.2.3), R[s])
0[0] 0[0]
oL 1.2
0, = Co 1.2.5)
or
simplify (subs ((1.2.2), (1.2.5)) ) assuming positive;
R
s _JL (1.2.6)

Qo JC
Note: R/Q is not dependent on R, just on L/C. For a cavity it purely depends on the geometry of
the cavity but not on the material. It is often referred to as the "geometric factor".

To express Z_ in terms of resonant frequency and Q factor:
collect(simpliﬁ/(subs(solve((1.2.3), [CD ], subs(solve((1.2.2), [L])[ ], (1.2.1)))), [Qo’

&)

R ow o
S r

% (Icoz—Icof) 0, +to o

abs (Z[c]) = factor (evalc(abs(rhs ((1.2.7)))))

R 002 032
2= | = G2 Q% (Dz PP (1.2.8)
tan (Ps1) = collect(tan (evalc(argument(rhs ((1.2.7))))), O[0])
2 2
tan(¥) = - (@ =0)a (1.2.9)

O o

Y being called the (de)tuning angle.
Before we get into the nitty-gritty of beam loading, here is an overview of the components of the
analysis:

» Any rf generator has an internal impedance. To ensure full flow of the rf power form the
generator to the rf cavity, the impedance the generator "sees" has to be matched to the
generator's internal impedance.

* The impedance seen by the generator has to be resistive to avoid having "blind energy"
sloshing back & forth between generator and rf cavity. For a cavity with no beam, this means
the cavity has to be on resonance.

* On the other hand, the beam current is not in phase with the cavity rf voltage. This implies an
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out-of-phase component of current seen by the generator. To correct for this, the cavity has to
be detuned by a certain amount to make the overall impedance resistive.

* The complication is that upon detuning the cavity voltage changes, which implies the
synchronous angle changes, which implies the beam-induced voltage now changes, which
implies the detuning is no longer correct...

* In addition, the coupling network between cavity and generator has a free parameter () that
needs to be set to an optimal value to ensure optimal use of the rf generator power.

* In what follows, voltages are typically peak values. This implies that the power is P= V22 *
R

A current impressed on the cavity by either generator or beam will elicit a voltage drop
V =rhs((1.2.7))-i
C C
R o wi
V=" (1.2.10)
(Ico —Icor) Q0 t+to o

We can plot this for the case of 0,=32000, a not unrealistic case for an unloaded Cu cavity at
room temperature, and for ®,=1 (meaning we plot against w/w,):

i [MapleVersion( ) = 16, plot(subs(iC =1, 0 = 1, Q0 = 32000, RS = 1.106’ abs (rhs (
omega V.
o = ic]

(1.2.10))) ), omega = 0.999 ..1.001, labels =

, Smartview = false] ,

plot[subs(ic =1,0,=1,0,=32000, R =1-10°, abs (rhs((1.2.10))) ), omega = 0.999

,
1,001, labels = | 2182 ¢
o i[c]

5 1000000
0.9995 1 1.0010
()

®
r

(where the Maple construction using the “if' operator is only necessary to preserve backward
compatibility to Maple 15, which does not know the "smartview" option. "smartview" is not a
helpful option here and should be off for these plots).
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plot[subs(ic =1,0,= 1,0, =32000, R = 1-10°, argument(rhs (1.2.10)) ) ), omega = 0.999

|

09995 1  1.0005 1.0010

®

®
r

omega

..1.001, labels = , Psi

The above applies to the unloaded cavity. With the generator connected and at resonance, the

matched generator resistance is
R

N

R =
g beta

R =— (1.2.11)

to ensure all power flows into the cavity with no reflection back. f is the coupling factor and is
given by the ratio of power from the generator actually getting into the cavity, which will depend
in part on the fields excited in the cavity. Technically, its value is realized by the details of the
coupling loop or slot for a given cavity. A slide by Alesini depicts more details:
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Circuit model coupler-SW cavity: coupling coefficient

~
Matched High power coupler cavity
source transfer line

1
Resonant frequency of the cavit s =T — @, =27
quency y fu= 5 ( )

Average dissipated power in the cavity P,

Average dissipated power in the source load P

ext

: — P, R ‘
Coupling coefficient D= P "z, -1+ )05 B
> 1P = a1+ jos
C
Unloaded quality factor ¢, = [ — e
P ; .
o T The coupling fixes the ‘
External quality factor ~ 92=—p reflection coefficient at input PN
= port, the resonance bandwidth ' '
QL=]§”"“ = :1Q0 and the ratio between the
Loaded quality factor Lo T P power dissipated into the cavity
and external load.

#system ("open alesini_couplers.pdf')

The cavity is now loaded by the generator and R_ becomes R /(1+f) (Rg IR,) and therefore

Q= (1 + beta)
0
0,=— (1.2.12)
1+
and
RS
Z,=subs| Q,=rhs((1.2.12)),R = m, rhs ((1.2.7))
R o o
Z, = = (1.2.13)
: (1o —10,) Q,
(1+B) 1B +o o
At resonance we have
subs((or = omega, (1.2.13))
R
zZ,=—" 1.2.14
1+ ( )
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The total power available is then calculated from the power and Ohm's laws :

V2
N (S
Pg 8'Rs~beta
(1 + be‘[a)2
2 (1+p)°
p = (1.2.15)
g SR P
S

These equations were derived at resonance, where the cavity impedance is just R /B. In the general
case the relationship between generator current and voltage is:

V
- _8
i, = subs ((1.2.13), Solve((1.2.12), [Qo]) [ ] ]

Z

Vg(l+B) ((Iwz—lwi) Q1+°);~(’))

i = 1.2.16
g R oo ( )
S 14

In a resonant circuit, the phase between current and voltage is given by the tuning angle ¥

2 2

0 (o -0
tan (Ps1) =
omega-®
2 2
0 (¢~ f)
tan(W¥) = - (1.2.17)

OO

which we can use to re-express the generator current (also replacing Z; using (1.2.13)):
simpliﬁ/(subs (Ql =solve((1.2.17), Q), (1.2.13), (1.2.16)) )

(Itan(¥) — 1) (1+B) Vg

i = - m (1.2.18)

N

To get a feel for what is happening, let's plot amplitude and phase of Vg/z’ - We use a Q factor of
32000 as an example and set R, = o, = 1:

subs(Q = 32000, ® = 1, beta = 1, R_= 1000000, abs (/s ((1.2.16)) ") )
500000 @
v, (1o = 1) 32000, + o)

(1.2.19)

plot[subs(Ql = 32000, ®, = 1, R = 1000000, beta =3, V, = 1, abs (rhs ((1.2.16)) ") ) omega

y
= 0.999..1.001, labels = | 208 g
o i[g]
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250000

200000 |

150000

~

;%‘. 80

100000

50000

plot subS(Q, =32000, ® =1, R = 1000000, beta = 3, V,=1 argument ( rhs ((1.2.16)) ") )’

)

omega = 0.999 ..1.001, labels = | ~—2

, Ps

0]

r
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1.5]

1
0.5

> 0
-0.5

_1

15

09995 1 1.00051.0010
W
®

r

So in this particular case the loaded Q is 1/4 of the unloaded Q and the impedance seen by the
beam is a quarter of R..

We can also plot this as a vector:

32000
plots:-animate [plots:-arrow, [subs [Ql == ®_ =1, R = 1000000, beta = 3, Vg =1,

(Re(rhs ((1.2.16)) "), Im(rhs ((1.2.16)) ")) ) , omega = 0.999 ..1.001, frames = 101,

labels = ["Re(Z)", ”Im(Z)"])
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® =0.999

100000
50000

o/

Im(Z)

-50000

~100000

0 100000 200000
Re(Z)

This is called a phasor diagram. The length of the phasor gives the amplitude of the (sinusoidal)
wave while the angle gives its phase wrt. a given reference.
Note that the phase (which increases counterclockwise) is > 0 at ® < o,.. This means that the

current builds up affer the voltage (or lags) and is an indication that the circuit behaves like an
inductor. At ® > ,, the phase is negative meaning that the voltage builds up after current starts

flowing, which indicates capacitive behavior. Another way of looking at this is that below
resonance the impedance increases with frequency (inductor) and above resonance it decreases
with frequency (capacitor).

The Cavity driven by the beam

The cavity will respond to the beam current just as it does to the generator current, so we can
write
V{b]=solve(subs(V[g]=V|[b],i[g]=i[b], (1.2.18)), V[b])
ib RS‘
Vv, =- : 1.3.1
b Itan(¥) B+ Itan(W¥W) —p—1 0
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and in terms of the amplitude

Pi
abs (V[b]) = simplify(evalc(abs (rhs ((1.3.1))) ) )assuming real, positive, - g <V¥ < 71
# restriction on Psi necessary to avoid abs value of cos(Psi)
i, R_cos(‘¥)
V= ———— (1.3.2)

b 1+ B
There is a subtlety here in that above transition, when the slip factor n<0, ¥, has to be negative as

can be seen when the phasor diagram is drawn.
We then replace i, with the harmonic at the rf frequency analog to (1.1.10), noting that we needed

a factor 2 to make sure the fourier transformed harmonics added up to the right beam current
above,

#subs(i[b] =2-i[b]-exp [1- (% - + Psij ] (1.3.2)]

simplzjﬁ/(convert[subs (i[b] =2-i[b]-exp (1- (% — Phi[s]j ], (1.3.1)), exp) )

I
: 2
2i, R cos(¥) e
V,=
1+B
To get the total voltage on the cavity we neeed to add the generator voltage (from above) making
sure we maintain the correct phase relationship:

solve((1.2.18), [Vg])[ 1[ ]

(TE—Z(DS—I—2‘{‘)

(1.3.3)

i R
Ve =T Itan(¥) B+ Itan(¥) —p—1 (13.4)

simplify (convert((1.3.4), exp))

i, R cos(¥) et
y =5 1.3.5)
& 1+

Note that the generator current i o 1s taken to be real here; it is the reference for all the phasors we

will show here.
We plot the phasor of Vg for different tuning angles:

plots:—animate(plots:—arrow, [subs~(RS = 100000, beta =1, ig =1, (Re(rhs((1.3.5))),
Im(rhs((1.3.5)))) ), ], Psi=0..Pi,
labels = [typeset(Re('V[g]")), typeset(Im('V[g]')) ])
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Y =0.

-10000

-20000-

0 10000 30000 50000
")
g

The total voltage on the cavity is the sum of the generator and the beam-induced voltage,
V. —=-rhs((1.3.3)) + rhs((1.3.5))

cav
I
— (=20 +2¥
2z'bRgcos(‘P)e2 ( y ) i chos(‘{‘)ew
Vo o=- ‘ + £ (1.3.6)
cav 1+ B 1+
Trying to plot these three phasors we define a test case:
testCase == [i[b]=1,i[g]= 10, Phi[s]= 0.0, beta= 1, R[s]= 100000, Psi=0.2]

testCase = [ib =1, ig =10,® =0, B=1, R = 100000, ¥ = 0.2] (1.3.7)

The beam voltage:

Phas b := PhasorPlot(subs (testCase, -rhs ((1.3.3))), V[b], shape = arrow) :
The generator voltage:

Ph_g := (subs (testCase, rhs((1.3.5))))

Ph_g = 500000 cos (0.2) "' (1.3.8)

Phas g = PhasorPlot(Ph_g, V[g], shape = arrow) :
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The cavity voltage:
Ph_c := (subs(testCase, rhs((1.3.6))))
Ph_c == -100000 cos (0.2) e'77079632679490T 540000 cos (0.2) **' (1.3.9)

Phas ¢ := PhasorPlot(subs (testCase, Ph_c), V|cav], shape = arrow) :
plots:-display(Phas_g, Phas b, Phas_c, scaling = constrained)

1V
100000 =

0 —
~60000
0 100000 400000

Note the minus sign introduced in the above, it is there to ensure we get the correct subtraction of
V, from Vg; its presence depends again on the sign of the slip factor 7.

The cavity voltage is the generator voltage reduced by the beam-induced voltage and the detuning
angle makes up for the phase shift to make the whole system appear resistive to the rf generator.

The matching condition for the cavity voltage to be in phase with the generator current implies that
Im(V,,,) is zero:

normal (evalc(Im(convert(rhs((1.3.6)), trig)))) assuming real
cos(\V) R (2 cos( -® + ‘I’) i, — sin(¥) ig)
1+

(1.3.10)
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expand ((1.3.10), trig)
2 cos(‘I’)2 R i, cos(CI)S) 2cos(¥) R i, sin(<I>S) sin(\¥)
- — (1.3.11)
1+B 1+B
cos(\¥) R sin(‘¥) iy
1+B
[solve((1.3.11) = 0, Psi) # [] needed for whichop to work
2cos<<I)S) i ] -

2 sin(d)s) i, =i,

(1.3.12)

—-arctan {

Note: The following combination of whichop and op is necessary to pick out correct term from
the solution above (the arctan term) and ensure the sign is carried through properly (which
requires to use only the first entry of the operand list as the second one excludes the — sign).
(whichop 1s defined in USPAS.mla)
whichop ((1.3.12), arctan )

[1,2] (1.3.13)

tan (Psi) = simplify (tan (op ((1.3.13)[ 1], (1.3.12))))

# need to use whichop to avoid Maple version incompatibilities.

an('¥) = - 2cos(<I)S)ib (13.14)
2sin(<I>S>ib—ig o

This connects the optimum detuning angle to the currents involved and the synchronous angle.
However, in this form the solution is not yet the one we need as we need to know the generator
power rather than the generator current, which means we need to know the voltages also. It turns
out this conversion is a bit tedious.

If we look at the phasor diagram, we can find the following relation (applying the law of sines to
V, and V,_  and their opposing angles):

v,

b .
= " # note the unevaluation quotes used

sin(Psi) cos(CI)s)

b L (1.3.15)
sin(\¥) cos((Dv) -
or
Vbr-cos(‘P) _ V.,
Sil’l(PSi) CQs((I)S>
Vbr cos(‘P) _ Vcav 13.16)
sin () cos(q)S) e
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where Vs the (complex) beam-induced voltage at resonance.
subs(tan(Psi) = tan(‘I’m), solve(convert(lhs((1.3.16)), tan) = rhs ((1.3.16) ), [tan(Psi) ) [ ])

Vv, D

tan(‘{‘m) =

cayv

Here the subscript "m" denotes the matched value of the detuning angle V.

The diagram also allows us to find the generator power needed to control a certain beam intensity.
To find this, we express the cavity voltage available in phase with the beam and also its
orthogonal component:

. Pi
v ~s1n(CI) ) =V -cos(—l e I 4 ) -V -cos(‘P ) # in phase with beam
K g K m b m

cav 2
V., sin(CI)S) =V, sin((DS + an1> —V, cos(‘I’m> (1.3.18)
and ‘
va-cos((DS) = Vg~sin(% - @ — ‘ij + Vb-sin(‘l’m)
V.., cos<<l)s) =7, cos(d)S + ‘Pm) +7, sin(‘i’m) (1.3.19)

Move the beam-induced term to the left side
lhs ((1.3.18)) + V[b]-cos (‘Pm) =rhs((1.3.18)) + V[b]-cos(‘l’m)

V., sin((l)s) +7, cos<‘1’m> =V, sin(d)s + ‘I’m> (1.3.20)
ths ((1.3.19)) - V[b]-sin(Psi[m]) = rhs ((1.3.19)) — V[b]-sin(Psi[m])

V.. cos(CI)S) -V, sin(‘Pm> =V, cos((DS + ‘I’m) (1.3.21)
and take the sum of the square values, which is the squared generator voltage:

Ths ((1.3.20))* + Ihs ((1.3.21))* = simplify (rhs ((1.3.20)) + rhs ((1.3.21))?)

(Vo sin(@,) + V, cos (¥, ) + (¥, cos(®) =V, sin(¥ ) =17 (13.22)

ca 4
rhs ((1.3.22)) = simplify (lhs ((1.3.22)))
2 _ . : 2 2
V,=-2 cos(tl)s) sm(‘l‘m) Vv, +2 sm((l)s) cos(‘I’m> v, v, +v.,  (13.23)

We now replace V, with V, cos(*¥,,) and Vg with Vgrcos(‘Pm) and divide by cos(‘Pm)2

subs( V,= Vbr~cos(‘1’m), V,= Vgr-cos<‘1’m), (1.3.23))

expand 5
cos(‘Pm>
2cos(® \sin(WY )V, V >
2= - 05 (®:) S0 (¥y) P Ve +2sin(@)) ¥, V. 4V (1.3.24)
g cos (¥, ) cos (¥ )

Now convert to power
2 2
subs( Voo = solve<(1.2.15), Ve ) (1.3.24))

Warning, solving for expressions other than names or
functions is not recommended.
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8P R B . 2 cos(CI)S) sm(‘Pm) V. V

br =~ cav
(1+8)° os(%,,)

2
cav

cos(‘{’m>2

+2sin(@) V, V. +V, (1.3.25)

br = cav

_|_

Rearrange the terms and find a dependence on tan(‘¥,)):
solve((1.3.25), [Pg]) [ 1] ]

P = 1 ((-2cos(®,) sin(¥, ) ¥, cos(¥,) 7, (1.3.26)

08 cos(‘I’m)2 R B o

+25in(<1>s) cos(‘l’) V. vV —I—V cos(‘Pm)z-i-V2 )(I-I—B)z)

br " cav cav
expand ((1.3.26))
. Bcos( ) s1n( m) v, V.. - cos(CDS) Sin(l{'m) Vir Vear (1.3.27)
g 4c0s< )R 2cos(‘Pm) R
- COS<(I) ) Sll’l( ) br Vcav + BSin((DS) Vbr Vcav + Sin(q)s) Vb” VC‘”’
4cos( )RSB 4R 2R
. 2 2 2 2
Sm(q)s> Vbr Vcav B Vbr Vbr Vbr + B VCGV
2
4R B 8 R 4R 8R P 800s<‘l’m> R
2 2
n cav . + cav2
4 cos(‘l’m) R 8 cos(‘Pm) R B
collect((1.3. 27) [sin, cos |)
p = B br cav + Vbr Vcav + Vbr Vcav in(® 1.3.28
g 4R 2RS 4RB sln( S) ( )
V., V V. V
B éf;% cav. bercav — :; cgv cos<<l)s) sin(‘Pm) B 2
N 5 s + br
cos (‘Pm) 8 R,
BVoww Ve . Vew
Vir V;r 8 Rs 4 RS 8 RS B
4R 8RB cos(‘Pm)2
sm(‘Pm> ‘
collect| algsubs W = tan(‘l’m), (1.3.28) |, [sin, tan, V|
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Vbr (_2 BZ Vcav o 4B Vcav —2 Vcav) Sin(q)s)
SR, B

P =- (1.3.29)

v, (2 cos(CI)S) Bz v, t+4 cos((I)S) BV, +2V. . cos(d)s)) tan(‘Pm>
SRSB

Vbr<_l32 Vbi‘_zﬁVbr_Vbr) + Vfav(B2+2B+1>
8R B 8RSBcos<‘Pm)2

This an expression for the generator power needed, albeit unwieldly. We also have the coupling
factor B which is still free to be chosen. Maple can show us easily that the equation for Pg
diverges for B towards 0 and towards oo, so we would expect there to be a minimum to exist
somewhere in between. That turns out to be indeed the case. But before we can find the optimum
condition for f we need to find all the dependencies on beta explicitly.

We simplify the equation for the generator power:
collect(normal((1.3.29)), [cos])

([32 +2B + 1) tan(‘Pm> v, V. cos(fl)s)
o (1.3.30)
g 4RSB

cav br cav

(B°+2p+1) (-2sin(@) ¥, ¥, —72) N (B +2p+1)

8R P 8RSBcos<‘I’m)2

and replace cos(®,) using (1.3.17).
solve((1.3.17)[ ! [cos(cbs) ])[ 1]

cos (@) = — =2 (1.3.31)

It turns out we want to keep one of the cos(®) terms, so we use the following substitution:

()
subs cos(d)s) = rhs((12.3.31)) + COS<2 s) ,(1.3.30)]
5 tan(‘Pm) V.. cos(tbs)
(B"+2B+1)@n(¥, )V, V.. 27, +—
p=- (13.32)
g 4R B

(B°+2p+1) (-2sin(@) 7V, v, —V2) V2 (B +2B+1)
_|_

s cav br cav

8RB 8RSBCOS<‘Pm>2

collect( (1.3.32), [V 1)
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: 2 1) tan(¥ : 2

v+ (1.3.33)
8R P 8RS[300s(‘Pm)

B + br

(B +2p+1)tan(¥ )7, cos(@) (B +2B+1)sin(d)7,
8 R_P 4R B

2 (B +2p+1)

Vcav +
8R B

applyop (simplify, 1, rhs ((1.3.33)))
(BT +2B+1) ( (B +2B+1) an(¥,) 7, cos())
L A

cav

1.3.34
8RB SR B (1339
(B°+2p+1)sin(®,) 7, 2 (B +2p+1)
4R B cav 8R B
applyop(collect, 2,(1.3.34), Vbr)
2 (B +2B+1) [ (B°+2p+1) tan(¥, ) cos(@,)
+ | - (1.3.35)
8RB SR P
(B* +2B+1) sin(®,) 2 (B +2p+1)
- Vo Vo, T
4 RS B cav = br ] Rs B
Now we replace the remaining tan(‘¥, ):
(1.3.17)
[ v, cos(@q)
tan(‘Pm) = (1.3.36)

applyop (simpliﬁ/, {1,2}, collect(applyop (sz'mpliﬁ/, 2, subs ((1.3.36), (1.3.35)), {cos (q)s )2 =1

—sin(®)*}). [%,]))

(B°+2p+1)sin(@)" v, v, (B +2p+1)sin(d)7,

by _cav (1.3.37)
8 R B 4R B
2 o(BT+2p+1)
8 R B
ths ((1.3.33)) = factor ((1.3.37))
2 2

1+ in(®\V, +V

P = (L+P) (sin(®) Vi + Vey) (1.3.38)

o 8RB
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This is the generator power needed under optimum matching (which is the meaning of (1.3.17)).
We cannot yet solve for f as ¥ also depends on f.

To proceed we replace V. using (1.3.3) at zero detuning angle and omitting the phase factor:

1 Tn—2®
V[br]Zsubs(e2 ( S) = 1,eval(rhs((1.3.3)),PsiZO))
Zib Rv
Vor = +B (1.3.39)

and replace the beam current with the power to the beam:
P, =i -V _-sin ( (o) )
cayv S

b b
P =iV sin(<I>S> (1.3.40)
subs (solve((1.3.40), [i[b]])[ ], (1.3.39))
2 Pb Rg
Vv, = : 1.3.41
br sin(dDS) V., (1+8) ( )
Putting this back into the equation for the generator power we get
simplify (subs ((1.3.41), (1.3.38) ), size)
) 2
(2P, R +V,, (1+B))
P = 5 (1.3.42)
g 8V- R B
cav §
Now we are ready to find the optimum for f3:
0
— (1.3.42
o ( )
2 2 2
2P, R +V, (1+B) (2P, R +V, (1+B))
0= — 5 (1.3.43)
4R B 812 R P
cav §
solve((1.3.43), beta, useassumptions = true) | ][ ] assuming positive;
2 Pb RS‘ + ch'av
B= : (1.3.44)

2

cav

Vcav2 is directly related to the power dissipated in the cavity:
V{cav]=sqrt(P[cav]-2-R[s])

v.=J2 [P_R (1.3.45)

and therefore

beta[ opt | = simplify (subs ((1.3.45), rhs ((1.3.44)) ) )
Pb + Pcav

Bop= (1.3.46)

cav
This is an important relationship as P, and P, are usually known and we can decide on the
optimum coupling B. Since the beam current usually varies from 0 to a specific maximum, the
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coupling factor is in practice only optimal at one beam current, usually the highest anticipated
current. At lower beam current one either has to tolerate that coupling is sub-optimal, meaning
more power is dissipated than strictly necessary, or the coupling factor is made variable by a
mechanical variation of the coupler. To some extent it may be possible to vary the rf voltage to
keep B, ¢ Constant but usually other considerations (like having enough overvoltage or keeping

the bunch length at a specified value) restrict the range of such adjustment.

We can simplify the expression for Pg somewhat more by substituting back into (1.3.42):
simplify (subs ((1.3.44), (1.3.42)))

2P, R + V.
o S cav

Pg = 2R (1.3.47)
simplify (subs ((1.3.45), (1.3.47)))
Pg =P, +P (1.3.48)
which is of course as it has to be as energy is conserved.
The last relationship we need is the relationship between detuning angle and B, Dt We get that
from
(1.3.31)
tan < ‘I’m> V..
cos(d)‘) = —— (1.3.49)
K Vbr
by replacing the beam-induced voltage V), -
subs (beta = Bopt, subs ((1.3.41), (1.3.49)) )
tan(W )sin(® )7 (1+P
COS(CDV): ( m) ( A> cav( ()pt)
s 2P, R
S
(1.3.51)
and back to cavity power
1.3.
subs| (1.3.45), ﬂ
sin ( o) )
cos((I)S> - tan(‘I’m> P (1 + Bopt)
: = (1.3.52)
sin ( D ) P,
and finally, using the equation for f3, ot
subs (Pb = solve( (1.3.46), P, ) , (1.3.52))
cos( D tan (¥ 1+B
(®) n(¥,) (146,,) sy

sin((DS) -1 +Bopt
This ties B, o the synchronous phase and the detuning angle together and so we have all

equations necessary to achieve a first design of the rf system under beam loading.
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To conclude we will restate the relevant relations derived here for coupling, matching and
generator power:

Optimum coupling factor 3, ot
(1.3.46)
Pb + Pcav
Bop =T p (1.3.54)

cav

Matched detuning angle:
solve((1.3.53), [tan(Psi[m ])])[ ][ ]

@) (-1+
tan(¥,) = 05(®,) (15 Pyy) (1.3.55)

sin((I)S> (1 + Bopt)
Minimum generator power needed assuming optimum 3 and matched detuning angle:
(1.3.48)
Pg =P, +P (1.3.56)

The generator current is the solution of (1.3.14) for Y=¥ opt
subs (Psi= Psi[opt], solve((1.3.14), [i[g]D[ 1 1)

20 <sin(d)s>tan<‘1’0pt) -I—cos((I)S))

i = (1.3.57)

8 tan ( L4 )

opt
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V Power radiated by an accelerated charge

The total power radiated by an accelerated point charge was first derived by Liénhard and we quote it
here:
2 rr -m

=2. ¢ 0 -y(t)é- (Diff (beta_, t).Diff (beta_, t) - (beta_ &x Diff (beta_, t)).(beta_

ganma 3 ¢
(=8 (Fx 5 7))

6 =12
2rr,my (1) (Hf Bl —

&x Diff (beta_, t)))
y 3¢

(1.1)

rr, is just the classical radius of the particle. Using 7 interferes with the internals of the Physics

package so we have to use a different symbol. Also note that m, conforms to the units used

elsewhere in this course, i.e. m0=mc2

To apply this in an accelerator context, we need to calculate the power as a function of the machine
and beam parameters, i.e. the bending radius as well as the rate of acceleration.

We start by expressing P in Cartesian coordinates:
expand (subs (beta_ = betal (t) * _i + beta2(t)* _j+ beta3(t)* _k, (1.1)))
2

6 B N ;
2rr myy(n)” | 5 (BL) i+ B2(0) + B3 (1) )

P = T (1.2)

ix — (BI(1) i +B2(1) j + B3(1) k)
3¢

— 31 (4rr my Y(t \* BI(t) B2(1) ((}x " (/31(;)2+ﬁ2(t)j+[33(z)/})) . (2

2rr,myy(t [3]

x o (B i+ j + B30 6) ] ) )
_;C(wmy Bt ﬁsm((kx(ﬁz z+ﬁ2(t)}+ﬁ3(r)19))-(5
x o (B10) i+ 20 + B30 k) ) |
2 myy(t)° B2(1)° fo(ﬁl £) i +B2(t) j + B3(1) k) 2
o 3¢
—3(4rr m Y(1) ﬁ2(t)ﬁ3()((kx(ﬁ1 l+ﬁ2 J + B3 )) (]

173



USPAS 2016 at UT Austin Accelerator Physics with Maple Synchrotron Radiation

27 my (1) B3(t Hkx(ﬁl 0 i+ B2(6) ] + B3(1) k)
3¢

simplify (value((1.2)))
(27, myv(0)” (B3()” B1(1)” + B3(1)” B2(1)” — 2 B2(1) B3 (1) B2(1) B3 (1) (A.3)

|
PY:_3C
— 2 BI(1) B3 (1) BL(t) B3 (1) + B2(0)’ B1(6) + B2(6)’ B3(1)" — 2 Bl (1) B2(1)
B1(r) B2(r) + BI(1)" B2()" + B1(1)” B3(0)" — B1(1)" — B2(1)" — B3(1)"))

and will separate the components arising from (longitudinal) acceleration and from transverse
acceleration (i.e. bending). In this way we will identify which component produces the most
radiation. To do this, we first pick out the radiation arising from the longitudinal component, i.e. from
the acceleration by setting the other differentials of  to 0:
P[gamma, /] = rhs(collect(subs (diff (betal (t), t) = 0, diff (beta2(t), t) = 0, diff (phi(¢), t) =0,
(1.3)), diff (beta3 (1), 1)))
2 my ()" (B2(0)° + B1(0)" — 1) B3(1)°
P =- 14

Y. 1 3¢ 1.4
Since B3 is about 1, we set f1 and f2=0 and we get:
subs (betal (t) =0, beta2(t) =0, (1.4))

2rr,my (1) [33

P 1.5
YJ 3¢ a-5)

Now we will treat the transverse component. Here we need to carry the p part but turn diff(3,s) off.
Again, B1 and f2=0 (the transverse velocities are always very small)
P[gamma, tr ]| = rhs (simplify (subs (diff (beta3 (t), t) = 0, diff (phi(z), ¢) =0, (1.3))))

o= 31 (2, mov(0)” (B3()” B1(1)” + B3(0)” B2(0)” + 2(1)” i (1) (1.6)

— 2 BI(1) B2(r) B1(1) B2(1) + B1(1)” B2(0)" = B1 (1) = B2(1)) )

subs (betal (0) =0, beta2(0) =0, eval((1.6),t=0))

P, = [2 m, v(0)° (ﬁs(ofﬁ'z(z) THp30) 2] =Py @
¥ ¢ =0} =0}
> B2(1) 2])
{t=0) =0)
(collect((1.7), beta3(0)))
277 myv(0)° [ﬁ'z(z) 4 B2(1) 2] B3(0)°

P {t=0} =0} (1.8)
Y, tr 3¢
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2 e my (0 [ TG 10) 2]
{tZO} {t=0}
3¢
Now we collect the two transverse components into one (twice!):
2
Subs(eval(diﬁr(beta](t), t),t= 0)2 + eval(diff (beta2 (1), t), t= O)2 =% B, (1.8))
2rr,myy(0) — Bn B3(0
PY’ i 3¢ (1.9)
27 my, (0 [ it > B2(n) 2J
{t=0} {t=0}
3¢
2
subs(—evaZ(dzﬁ(betaz(t),t),t=0)2—eva1(dy7(beza2(z),z),t=0)2=— B, ,(1.9))
2
2rr,myy(0) — Btr B3(0 2rrcmoy(0)6 o B,
o 1e + 1e (1.10)
normal( factor ((1.10)))
2
2rr,my¥(0) < B, (B3(0) = 1) (B3(0) +1)
P =- (1.11)

Y. tr 3¢

and end up with the power from the transverse acceleration.
Simpliﬁ/[subs [beta.?(O) = sqrt[l — % J, (1.11)] )
v(0)

. 2
2y(0) rr m, m B,

Y 3¢

(1.12)

We cannot yet assess the relative importance of the transverse and the longitudinal components as we
do not know the magnitude of diff(p,t). To do this we use
m,, - gamma-beta_

p_ =

c
L myYP
p= (1.13)
subs (beta_ = betal (t)* i+ beta2(t)* j+ beta3(t)* k, gamma = gamma(t), (1.13))
L my (1) (B1() i+ 2(1) ] + B3(1) k)
p= (1.14)

c

The longitudinal acceleration remains when we turn the transverse acceleration components off:

Diff (p_, t) = subs ( [BI =0, /iz(r) =0, B1(¢) =0, B2(t) =0], diff (rhs ((1.14)), t) )

(1.15)
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Lm0 B3k myy(r) B3(0) k

> P B + » (1.15)
and we can find an expression for diff(y(¢),?):
1 d 1
Diff (gamma(¢t), t) = simplify| subs| 1 — B3(¢)* = ,—
[ [ vt T3y ]J
assuming gamma(¢) > 0
(0 =v(0) B3(1) B3(0) (1.16)

t

and p becomes
simplify (subs (Y(t) = rhs ((1.16)), (1.15)))

Lm0 B30 k(B30 y(e)” + 1)
& P 1.17)

C

The expression in (),
whichop((1.17), (y(1)* B3(1)> + 1))

[2,5] (1.18)
op(whichop(rhs (1.17)), (v()> B3(6)> + 1)), rhs((1.17)))
[33(z)2 v + 1 (1.19)

is just

simphﬁ/[subs[ beta3 (t) = sqrt[l - 3 ), (1.19)]]
()

2
Y(?) (1.20)
as B1 and B2=0. We put that back into the expression for p and get
Diff (p3, t) = subsop (6 = (1.20), rhs((l 17)))

S p3=myv(e) B3k (B3() v(n” +1) a.21)

This is the change in the component of p parallel to the motion of the particle. We put this back into
the expression for Pyl:
subs (solve((1.21), [B3(1)])[ 1. (1.5))
2
2rr, o p3
PY’ = 5 ) ) 5 (1.22)
3myck (B3(1) y(1)" +1)

and note again that p3 is the momentum along the direction of motion.

The transverse change is just
m,, - gamma(z) -Diﬁ”( B, t)

C

Dif (p(t] 1) =

(1.23)
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m, Y(t) 7 Btr
P (1.23)

C

and much easier being done by dead-reckoning than in Maple since in this case diff(y,t) is 0.
We now put this back into the expressions for the s.r. power and get

subs (SOZVQ((1.23), [_t BWD [ ], gamma(0) = gamma(¢), (1.12))

P = (1.24)

We now see that, for the same acceleration (=change in momentum) the transverse radiation power is
stronger by a factor y>. (What are the ramifications of this?)

To make this useful in an accelerator context, we bring in the bending radius p:
m - gamma- (beta)2

Diff (p[t}, 1) = —
2
my Y
— p.= (1.25)
t ! )
and get
subs ((1.25), subs (gamma(¢) = gamma, (1.24)))
2 y4 rr,om, B4 c
P = 3 (1.26)

Y, tr 3p

We are mostly interested in the radiation at B~1 (why?), so we use that, and it is customary to collect
some of the constants into a new one:

_ 4'P1 . rrc
gamma 3 (m0)3

4m T,
CY = 13 (1.27)
0
evalf (subs (Constants, subs (m[0]=m_e,rr[c]=r e, (1.27)))) #
C, = 8.84627577501730 10~ 14 (1.28)
[m/MeV?]
lhs ((1.26)) = subs | beta= 1, gamma = P rhs ((1.26))
0
2E rr.c
P =—""7F (1.29)
e 3 mg p2
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subs (Solve((1.27), [rrc]) [ ], (1.29))
E'C ¢
_ Y

2Tcp2

P

- (1.30)

Eq. (1.30) is in units of GeV/s. Numerically, Cy works out for electrons to 8.8463E-14 m/MeV>.
Find it for protons and draw your conclusions.

In a ring we are interested in the energy loss per turn (why?), which is the trivial integration of the
above over the length of the dipole field:

rhs ((1.30))-2-Pi-rho

C

U[gamma ] =

U = Y (1.31)

where we also divide by c to convert to m before integrating.

Radiation spectrum

The relativistic Doppler effect collimates the synchrotron radiation into a narrow cone about the
direction of the particle, which can be shown to be
1
ST gamma

0 =— 2.1)

Therefore the radiation emitted by a particle in a ring generates short pulses in a stationary detector, as
the cone sweeps by. By Fourier analysis short pulses have a relatively wide spectrum in frequency.
We can get an estimate for this by considering the geometry as in Fig. 1.

: |/
I

P> 2/y
/7 B N\
e
Fig. 1: Synchrotron Radiation fan from a dipole magnet

The length of the light pulse is the difference between the arrival times of photons from P/ and P2.
Photons from PI arrive at P2 after a time
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thetasr
sin N -2-rho
gamma, | o c
2sin(0 ) p
t = 2on(8,) e 2.2)
Y. 1 c

Electrons travel along the arc and need a time
; _ 2-tho
elec1  gamma-beta-c

2p
= 2.3

elec, 1 ,YB c ( )
to get to P2. The difference is then
delta(¢) = subs ((2.1), rhs ((2.3)) — rhs((2.2)))

5 2 sin ( R j p

§(1) = —2- — ¥ .4)
YBe ¢

We linearize this by a 1st-order expansion in 1/y:

thaw (convert (series (rhs (subs ( . = freeze ( 1
gamma gamma

),(2.4))],ﬁeeze( ganllma )4)

polynomj )
2p _2p
c
pe + @.5)
v 3cy
o = 1
max simplify((2.5), {beta=1})
3
o =< (2.6)
max
p
As it turns out we can define a critical frequency
_ rhs((2.6))
c 2
3
o = <Y Q.7
c 2 p

which is a common parameter used to describe the hardness of the synchrotron-radiation spectrum.
The actual shape of the spectrum is a bit involved to derive so we are just quoting the result here:
9-sqrt(3 5
x| ( ) omega Int| BesselK | —,x |, x= oTeed .infinity
8-Pi ® 3
C

S =

M N

179



USPAS 2016 at UT Austin Accelerator Physics with Maple Synchrotron Radiation

93 ® K (x)dx

o 3

w»

g = c (2.8)
87cu)c

plot(subs(omega[c]=1,S), omega= 1E—10..1E1)

0.5]

0.4

0.3

0.2

0.11

Note that it only depends on @, and not any other parameter.

Radiation damping

We already learned about adiabatic damping upon acceleration in Chapter 3 on longitudinal dynamics.
To recap the result:

P,
p + delta(p))

P =3P

i~ AN
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Py P,
Xp=—"1"" 3.1)
p+38(p)
To first order, this is
convert( frontend (series, [rhs((3.1)), delta(p), 2]), polynom)

xp,p,  Xp,P,0(p)
ofr  Fo z2 3.2)
p p

collect(subs (pt =p,(3.2) ) iz )

(l — 5(p)j xp, 3.3)
P

This process is at work under synchrotron radiation as well, on every turn, so we might suspect that
the beam size under synchrotron radiation actually shrinks. The energy put back into the beam is just
Uy, the energy radiated off.

From our study of betatron oscillations we remember that
y=A-sqrt(beta) -cos (phi)

y=4B cos(9) 34
- (sin(phi) + alpha-cos(phi))

e - A (sin(¢) + o cos(d)) 3.5)

VB
with A being Ve. We deliberately leave the s dependency out to make our work with Maple easier.
We cannot use this directly to figure out the change in amplitude, though, as the phase terms can and
do go through 0, leaving the change in 4 undetermined. Instead we use the Courant-Snyder invariant
equation:

P sqrt(beta)

A= beta-zp2 + 2-alpha-z-zp + gamma-z2
A2=20czzp—l—[32p2+yzz 3.6)
The difference in 4% over one turn (specifically, when crossing the cavity) is then

(4 + Delta(4))* — 4>

2 (3.7)

(4+A(4))" — 4
simplify ((3.7))

2AAA) + AA4) 3.8)
To get further, we take the total differential w.r.t. the coordinates and apply this to the invariant:
(TDelta(lhs((3.6)), [4], 1) = collect( TDelta(rhs ((3.6)), [z, zp], 1), [alpha, beta, gamma]))

2AAA)=(22pA(z) + 22z A(zp)) o+ 27z A(z) + 2 B zp A(zp) (3.9)

This is the first-order term which is all we need (why?). A(z) is zero since the cavity does not impose
a translation, therefore
subs (Delta(z) =0, (3.9))

2AA(A)=2A(zp) oz + 2B zp A(zp) (3.10)

The change A(zp) due to a cavity we have seen before:
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__ __gamma
Delta(zp) —ES
Uy zp
A(Zp) = - (3.11)
ES
collect(subs ((3.11), (3.10)), [Ugamma, ES])
(—2oczzp—2sz2) U
2ANA) = - ! (3.12)

N
We want the effect for an ensemble of particles, which means we need to average over many. So we
need the averages of sz and zp*z. This involves integrating over all phases and amplitudes.
int(rhs ((3.5))%, phi=0..2-Pi)

(2-Pi)
2 2
A 1
2B
int(rhs ((3.4)) -rhs((3.5)), phi=0..2-P1)
(2-Pi)
2
A" o
-5 (3.14)
therefore
algsubs (z-zp = (3.14), subs (zp” = (3.13), (3.12)) )
A
# Maple technical note: subs does not catch the z -zp term.
AU
28(4) = -— ! (3.15)

N

This is the amplitude change per turn due to synchrotron radiation. Note that it is negative indicating
damping. We convert this to a differential equation (7, is the revolution time of the synchronous
particle) and solve it:

Delta(A4 A=A 1
cubs elta(A4(¢)) — DI (A(1), 1), subs ( (1), (3.15))
T T
S N
A(t) UY
2 — A(t)y=-— 3.16
;AW = (3.16)
N A
dsolve((3.16))
Ut
__ 0
21 E,
A(t)= Cle °° (3.17)
which is an exponential decay with the time constant
T, = coeff{op([2, 1], rhs((3.17))), ¢) '
1N
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2% E
v (3.18)
¥

which is the damping time.

At a higher level, we can make a more general ansatz by treating all planes together and put the effect
of radiation into a matrix:
diff (u0(t), t) = Mu0(t); dsolve(%, u0(t)) assuming M :: constant

ul(t) =Mul(t)
u(t)=_Cl1¢e"! (3.19)
Here 10 is a 6-element coordinate vector
ul(t) = (x(), xp(t), ¥(¢), yp (1), phi(¢), delE(¢))
L x(1)
xp (1)
y(?)

w00 =| (3.20)

o(7)
| delE(1)

and M is a matrix encoding the effect of synchrotron radiation on the beam coordinates. For M being
nearly diagonal, 10 is very nearly an eigenvector of M and therefore we can to good approximation
replace M with its Eigenvalues in (3.19). This works as long as the effect of s.r. emission is relatively
small (which it is).

From physics considerations we can identify the non-zero elements of M as the synchrotron radiation
changes angles of the particles but not the positions (ignoring dispersion for now). We then write M

as
M := Matrix(6, 6, {(2,2) =m22, (4,4) =m44, (6,6) =mo66, (6,5) =mb65, (5,6)=m56}, fill
(00 0 0 0 0
0 m22 0 0 0 0
0 0 0 O 0 0
M = 3.21)
0 0 0 m44 O 0
0 0 0 O 0 m56
0 0 0 0 m65 m66
and can find its Eigenvectors and Eigenvalues
LinearAlgebra:-Eigenvectors (M)
3.22)
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0
0
m22
mi4 .110,1,0,0,0,0], (3.22)
1 1
— m66 + EJ4m56m¢55+maaz
1 1 5
— m66 — E\/4m56m65+m66
0,0,1,0,0,0],
1,0,0,0,0,0],
0,0,0,1,0,0],
0.0,0,0, — it ,
 m66+ J 4 m56 m65 + m66°

m56

2

1 1
o m66— — J 4 m36 m65 + m66

0,0,0,0,1,1

We know already some of the elements of M:
[m22=-P g av/E 0,m44=-P g av/E 0, m65 = Diff (P _rf, psi), m66 =-Diff (P_g, E) |

P gav P gav
= =_ = =— P =-—P 2
E0 m44 E0 , m65 ” ' rf, m66 z P2 3.23)

m22 = -

and therefore the Eigenvalues are
subs ((3.23), (3.22)[1])

(3.24)
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0
0
) P gav
E 0
P g av
E 0 (3.24)

| 1
gty (s par)mss (g r)

1 1
D) EP_g—2/4(WP_rf)m56+(EP_g]
These are the values that go into the exponential in (3.19). The negative sign indicates damping.

The total damping available is then the sum of all these:
D = add((3.24)l., i=1 ..6)

t

2

2

o 2P g av

fof E_O - 7E P_g (3.25)
We already calculated the vertical damping rate:
D_=coeff (op([2, 1], rhs((3.17))), 1)
UY
D =- 3.26
e o0

The others are evaluated in a similar but somewhat more tedious fashion so we quote the results here:
(1-p) Y
___gamma

D =
x 2 Ex
N
(1-D)U
S _u-puy, (3.27)
x 21T E
and
. (2+D) gamma
E 2 Ex
S S
(2+D)U,
oDy, 3.28
E 21 E. o
Ky S
with
ta
M[ e3(S) (1 +2-rh0(S)2'k(S))’S]
RO

1
] -
m( tho(s)? ’SJ
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2
n(s) (1+2p(s) k(s))
3

D= P (f) (3.29)

)

p(s)
and the integration carried out over one turn.
We can now see that the damping in the horizontal and longitudinal planes depend on the dispersion
function around the ring, esp. in the dipoles (where p(s)<cc). We can define the damping partitions

J=1-D
J=1-D (3.30)
J=1
z
J =1 (3.31)
J.=2+4D
J.=2+D (3.32)

and see how D can be used to adjust the damping between the longitudinal and the horizontal planes.
This also affects the beam emittances and is of practical importance. The pzk term in D plays a role if
the machine has gradient dipoles, where the integral in the numerator of D gets large: J;, becomes
small and can go negative: the machine is anti-damped and stable acceleration under synchrotron
radiation is not possible(!).

Robinson' criterion expressed in terms of damping partitions is just
J, +J, + J.=subs ((3.30), (3.31), (3.32),J +J_+ JE)

JoAJ + =4 (3.33)

Quantum Excitation

Emission of s.r. is a quantum effect and not adiabatic. It therefore can counteract the damping
described above and in fact it is the effect that determines the (horizontal and longitudinal) emittance
of the beam. For the design and operation of synchrotron light sources, but also of electron-positron
colliders, this is of utmost importance and therefore we will spend some time understanding the
process and how to control it.

Let an electron emit a photon with energy i, and momentum kY = u}/c. We will ignore the angle of

emission as it is small (l/yz), but as the emission can happen at a dispersive point in the lattice the
emission will cause a change in betatron amplitude:

eta(s) ~ugamma(s)

E

N

Delta(x) =

“4.1)
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Alx)= ——"— 4.1)

Delta(xp) =

n, () (s)
E

N

Axp) = 4.2)

We recall the change in amplitude 4 from above, here written in terms of the horizontal amplitude:
A= beta-xp2 + 2-alpha-x-xp + gamma-x2
A2=20cxxp+[3xp2+yx2 4.3)

Finding the total differential (now to full order!)
Delta(/hs((4.3))) = TDelta(rhs ((4.3)), [x, xp])

AA?) = (2o +27x) Ax) + (20x+2Bxp) Alp) +2 0 AX) AQp) + B AGD). (4.4)

+YA(x)
collect(subs (4.1), (4.2), (4.9)), ugamma(s) )
2
2 2
A(AZ){ ocn(;%np(s) + Bn’;és) + YnEg) ]uy(s)2 @.5)

+
E E

S S

(2oxp +2yx)n(s) N (2GX+2Bxp)np(S) ]u(s
Y

we get terms quadratic in A that are actually important in this calculation. The terms linear in x and xp
average to 0 and we are left with

Ihs ((4.5)) = simplify (op (1, rhs ((4.5))))

(yn(s)” +2an(s)m () +Bn () ) u (s)’

A(4?) = 22 Y (4.6)

We see that the emittance change depends on a function of dispersion and Twiss parameters:
H(s) = simplify(op (1, rhs ((4.6))))

F(s)=yn(s) +2an(s)n (s) +Bn (s)° A7)

sometimes called normalized dispersion. This needs to be integrated around one turn, weighted with
the no. of photons emitted:
lhs ((4.6 1
(46) _ -Int(subs(rhs((4.7)) = lhs ((4.7)), rhs ((4.6)) ) N (ugamma(s) ), s)

. gamma
T, (c T, )

- 4.8)
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We convert to a differential:
diff (4sq(1), 1) = rhs ((4.8))

c?f(s)uy(s;Ny<uy(s)) )
Asq(t) = C“‘T 4.9)
and integrate |
dsolve((4.9), Asq(t))
F(s)u (s)> N (u(s))ds) ¢
Asq(t)Z( YEQ A1) ) + CI (4.10)
cT

We add this growth term (_C/=0) to the damping term in (3.16) and get a modified diff. equation:
lhs ((3.16))-A(t) =rhs((3.16))-A(t) + rhs((4.9))

2 — A(t) A(1) = - L (4.11)

A(t)’= Cle

N

s v v
+ ol 4.12)
$ Y
from which directly follows that the asymptotic emittance is
lhs ((4.12)) = op (2, rhs ((4.12)) ) # for some reason limit fails to see this
2
# (s) uy(s) Ny(uy(s) ) s

A()? = T (4.13)
S Y

We now know the importance of #{(s) in finding the equilibrium emittance. (We also know that the
damping time is not affected, merely the eq. value). To get this in a quantitative form for the
emittance, we still need to find out Ny(uy). We will leave that computation for later and quote the

result here:
5 alpha[ f]-c

Nlgamma](s) = 2-sqrt(3)  rho(s) gatnma
N ()= I3 %3 4.14
)= (“.14)

where o is the fine-structure constant (=1/137) and p(s), the local bending radius.

To make use of these relations we need to evaluate NYuY2 for the parameters of a given lattice. The

calculations necessary to derive these formulae are tedious and not particularly enlightening, so we
opt to quote the results without derivation instead.
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We will give the results in terms of the so-called synchrotron-radiation integrals, These integrals (in
essence, averages) of quantities used to calculate beam emittances and other quantum-emission-
related quantities.

The 6 radiation integrals, typically written as ¢, are:

_ eta(s) _
ﬂl Int(—rho(s)’s O..C)
C
g =| N (4.15)
b, P(s)
1
9 =1Int ——,s=0.C
2 rho(s)
¢ 1
§2= 5 ds (4.16)
. P(s)
1
g =Int 3 -5=0..C
3 abs (rho(s)”)
C
ﬂ3= 1 3 ds 4.17)
o P(s)]
J = piecewise| sectormagnet = true, Int isg-(l +2-rh0(s)2-k(s)),s=O..C ,
4 rho(s)

2-et ‘k
rectangularmagnet = true, int ota(s) k(s) ,5=0..C
rtho(s)

C
2
n(s) (1 +2 p3(s) k(s)) s sectormagnet = true
. p(s)
g = (4.18)
4 C
2 k
J M ds rectangularmagnet = true
;P
(programmatically one can define the the magnet-type Booleans used in _9’4 and then use that equation
directly in Maple.)
H
g =1Int (s) 3 5=0.C
5 abs (rho(s)’)
¢ H
g.- (s )3 ¢ (4.19)
o 1P(s)]

9 = Int(k(s )2 eta(s)%,5=0..C)
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9 = k(s)*n(s) ds (4.20)
We limit ourselves here to the horizontal plane; if vertical bending is present the forms for the vertical

plane have to be used (by adding the vertical plane for p(s) and n(s) to the kernel of ¢1 to 43, and by
evaluating ¢, to ¢, for the vertical plane where applicable). For a given machine lattice, these

integrals can be evaluated piecewise along each (dipole) magnet of the lattice.

With these integrals in hand, we can cite the results for the horizontal equilibrium emittance:

2
X J -9
x 2
Cq yz ”05
8x= ﬁ 4.21)
x 2

The vertical emittance is only enlarged by the finite emission angle of the radiated y rays. This limit is
very small although modern light-source rings strive to get close to this quantum-emission limit. It is

1
C -  rho(s)®
q BZ(S)avg [rho(s)3 ]avg

8 =
z 1
e
rho(s) avg
1
¢, B.(s) [ 3 ]
avg
P(5) ) g
e = " (4.22)
2, [ . )
P(5) ) g
The quantum nature of the radiation also affects the energy spread of the beam, with the equilibrium
energy spread being
o C -9
“E | ysqrt 93
E) M 290 +g
2 4,x 4,z
o cJg
E 93
— = 4.23
E Y/zgz+y4,+g4 “4.23)

In the abovem the constant is
_ 55 ' hec
9 32-sqrt(3) m

e

55ncy3
C =——— 4.24
q 96 m, ( )

evalf (subs (Constants, subs (m[e]=m_e, i = hbar, (4.24))))
C, = 3.83193860377186 10713 4.25)
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Cq =3.8319E—13#m

C,=3.8319 10~ 13 (4.26)

Note that the energy spread does not depend on the rf voltage at all, although the rf parameters (and
the slip factor 1) will determine the bunch length and, thus, the longitudinal beam emittance. The
formula for the horizontal emittance has the expected dependence on the normalized dispersion #{(s),
which is easily obtained from the lattice parameters.

It should be noted that the damping partitions can also be expressed in terms of the radiation

integrals:
4, x
Jx = 1 - g
2
‘04
J=1— “4.27)
2
4,z
J = 1— g
2
‘04
J=1- g; 4.28)
L, (ﬂ4,x+ﬂ4’y)
=4t 7,
ﬁ4 + ﬁ4
, X > )
J =2+ gz} (4.29)

Quantum life time

The beam at equilibrium emittance is in a dynamic equilibrium. Individual particles damp down and
periodically get excited to larger amplitude only to damp down again towards 0. So there is a constant
exchange of particles in the core of the beam and in the tail. This makes it impossible to shape the
distribution of an electron beam; a scraped-off tail gets replenished within a damping time, at an
overall loss in intensity. In fact, too tight an aperture and beam lifetime severely suffers due to this
effect. We can calculate the beam lifetime as follows:

At equilibrium and in the absence of an aperture (collimator), the outflow and inflow through a
certain amplitude must balance. Since

subs (SOZV€((3.18), [U[gammal]])[ ], (3.16)% ]

— A(t) = (5.1)

the flow of electrons through a certain amplitude (emittance) AO2 can be written as
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N-h(A[0]) -subs(A(1) = A(t)*, (5.1))

Nh(Aé) o (4(0)?) = (5.2)

where h(4° o) 1s the density of the beam at amplitude A o and A(%) has to be taken at 4, as well. If we

place an aperture at this amplitude, the inflow stops while the outflow remains and therefore
-diff (N(t),t) =subs(N=N(t),A(t) =A[0], rhs((5.2)))

N (1) h(Az) A

“N(t) = 0,0 (5.3)
Ty
This is solved rather simply:
dsolve((5.3))
2\ 42
] h(Ao)AOz
Ta
N(t)= Cle (5.4)
with
tau[q]= -l
1™ coeff (op([2, 1], rhs ((5.4)) ). 1)
T
d
T=—— (5.5)
q 2 2
h(4y) 4,
Since the amplitude density 4(4%) for a Gaussian beam is
—A[O]Z
2
e avg
h(A[0]) =
[0T) ==
avg
2
0
2
avg
2 €
h(AO) 5 (5.6)
A
avg
with Azavg =2 02, we have
tau[q]= simplij_‘j/(subs(h(A[O]z) = rhs ((5.6)), rhs ((5.5))) )
2
o
42
T = —zg 5.7
q A()

We should plot this to get a feeling for the numbers.

Eq. (5.7) suggests a way to measure 4, o using a collimator or other suitable aperture we measure
beam lifetime vs the position of the aperture. The figure below shows such measurement. Since the
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beam width is encoded in the slope the method does not depend on a precise knowledge of the closed
orbit, a significant advantage. Since the quantum lifetime becomes very short for apertures < 5 o, it is
in essence a tail scan and thus relying on the beam's shape in fact being Gaussian. For electron beams
this is the case to a high degree of accuracy. A similar measurement of the energy spread is possible
by varying the rf voltage as shown in the second figure below.

HER Beam Life vs aperture, 7102 X, 10 mA, 20-Jun-99 data

tau (m)
W7

700_ .............................................................
5007 +

3000 y o beam_eps:39e-09 -
2007

1007
707
507

307
207

107/~ T T
7—
57 +
37 5
2—

1—.L_ _____________________________________________________________
0.77
057 /e

0.37
-6 -5 -4 3 2
Beam position (mm)
Figure: Horizontal Collimator scan in the PEP-II High Energy Ring
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taufh)

mﬂ N_bunch:3.3e+09 ,

70+ sig_z0.0125 -

eps_x2.4e-08

504 eps_y:2e-09
E3.1

dp_max:0.007%

latticeacceptanceindp /p
/- rfacceptarceindp/p
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Figure: Energy acceptance scan of the PEP-II Low Energy Ring

We have now worked out the expressions for radiation power, damping and quantum lifetime.
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V¥ Low Emittance Lattices

¥V Introduction

Users of Synchrotron Light-Sources demand higher photon beam brilliance (B) to carry out their
experiments. Brilliance is defined as

B F photons )

4 nzgxgy s (0.1%BW) mm* mrad* A

where F'is the flux of photons within 0.1% energy bandwidth.
Therefore storage ring of synchrotrons light sources require low beam emittances in order to
increase the brilliance of light produced by the accelerated particles.
Even in the limit of "zero" beam emittance, the phase space of the emitted radiation from particles
traversing a curve path is itself finite due to diffraction effects at the source. For single-mode photon
emission, the diffraction-limited "emittance" of the photon beam is given by;

€ photon) = M(4m) = 98.66 pm rad/Ey/keV,
being A the X-ray wavelength and E y the photon energy in keV. Thus for energies of 1, 5 and 10

keV the corresponding electron beam emittances should be smaller than 100, 20 and 10 pm rad if
we want to operate the accelerator in the diffraction limited regime.

AGNETIC SPECTRUM
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Figure-1. Electromagnetic spectrum in terms of wavelength, frequency and energy.
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¥ Emittance Calculation

The emittance is determined by two competing processes, quantum excitation of betatron
oscillations due to photon emission and longitudinal re-acceleration by the RF cavities. The basic
formula to calculate the natural emittance (g,,) of a ring is,

Clq)-gama[r]-H[mag)

ilon[0] =
epsilon[0] Jp[x]-tho
Clq] = 3.841-10" : # m units
[r] 2
gamalr] = —
0.511-107°

gama, is the relativistic Lorentz factor, Jp, is the partition number (equal to 1 if no gradient dipoles
are used), p is the bending radius and H, , 2 is defined as,

Llring] 5 ,
Himag) = [ gamalr}n’ +2 -ann'+ -0’ dis
0
L .
- ring ) , , 5
Pag ™= JO (g‘”""z“ +2ann’ () +Bn’(x) ) dx 1.2.1
(1.2.2)

where o, B and gama, are the position dependent Twiss parameters and 1, ' are the dispersion and

dispersion divergence, respectively. The lattice design process aims to minimise the quantity /, | g
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¥ Radiation Integrals

Low Emittance Lattices

Usually the emittance is expressed as a function of the so-called Radiation Integrals, which were

introduced in previous chapter:

L[ring]
RI[I] :J “‘()x) dx;
L[ring] .
RI[2] =J —de;
0 p
~Llring] .
RI[3] :J —3dx;
0 p
L[ring]
RI[4] =J n(x) [—2 +2k[1]] dx;
. p Up
H[mag
rifs) = 18l
p
Lring
Rl :J ne)
p
0
. ring
Rlz T 2
p
Lring
RI; == —
p
L 1
ring ( )[2+2k1j
RI, = P dx
p
0
L .
ring ) , , )
J (gama[n +2onn’(x) +Bn'(x) )dx
RI = - 3

p
The natural emittance can be expressed in terms of the radiation integrals as;
Clq]-gama[r]-RI[S]
Jp[X]RI[2] ’

epsilon[0] :=
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L

ring

7.51663405088061 10'° £ U (gama,n” +2ann’(x) + B0’ (1)) dv
0

¢ = (1.3.2)
0
P Jpx Lring

(1.3.3)

Lattice Examples

We are going to study 3 different lattices, FODO, Double Bend Achromat (DBA) and Theoretical
Minimum Emittance (TME).

FODO

To simplify the system the quadrupoles are represented by thin lenses and the space between
them is completely filled by dipoles (certainly it is not a realistic assumption).

with (Lattice) :

QFh == Quad(0,k/2,0) :

ODh == Quad(0, -k/2,0) :

HB := Bend(l, theta, 0) :

DB := Drift(l) :

FODO := DefineLine(QFh, HB, ODh, ODh, HB, QFh) :
FODOs = DefineLine(QFh, DB, QDh, QDh, DB, QFh) :
#Rmat := LinearAlgebra:-SubMatrix(FODO(R], [1, 2], [1, 2]);
#Trmat := "~ [simplify] (subs(l = rho*theta, LinearAlgebra:-Trace(Rmat)));
#pha := sqri(.5*Trmat-1);

#R12 := ~[simplify] (subs(l = rho*theta, Rmat[1, 2])),

Let's obtained the expressions of the phase advance for a FODO cell in terms of the strength and
length of the quadrupoles and dipoles, respectively.

cmux = simplify (cosmux(FODOs));

cmuy = simplify (cosmuy(FODOs));

P i
=1 —
cmux 2
2,2
cmuy == 1 — sz (1.4.1.1)
We can express the strength of the quadrupoles in terms of the phase advance;
sols := solve([cmux = cos (mux) ], k);
cols im 1 p— J 2 — 2 cos (mux) k= - J 2 — 2 cos (mux)
/ /
(1.4.1.3)

The values of B, a, and n, can be easily obtained as,

tw = simplify~ (twiss (FODOs) ) assuming mux > 0, mux < Pi;
disp = simplify~ (dispersion (FODO)));
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21 (lk+2)
J-PR (P —4)
0
i LIE (Lk—2)
2/ -FP (PR —4)
MEL O aruk—2)
J-PR (P-4
0
1 (1k+2)
2 -PiR (PR —4)

21(-lkcos(®) +2sin(0) 0 + I k)

sin(0) (P +40°)
disp = 0
0
0

wissmux

llJz—zmsmm)+2l
‘|

sin(mux)
| /2 — 2 cos (mux) cos (mux)

3

Low Emittance Lattices

(1.4.1.4)

In terms of the phase advance we obtained the following expressions for B, o, and n_;
twissmux = simplify~ (subs ((1.4.1.2)[1][1], /=1, tw)) assuming mux > 0, mux < Pi;

(1.4.1.5)

2 sin(mux)

_Jz—zmqmm)—zl

| sin (mux)
o}

/2 — 2 cos(mux) cos(mux)

— 2 — 2 cos (mux) — 2 cos(mux) + 2 l

2 sin(mux)
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» V2 —2cos(mux) cos(0) —2sin(0) 8 — /2 — 2 cos (mux)
sin(0) (—2 62 + cos(mux) — 1)

dispmux = 0 (1.4.1.6)

0

0

We have all the ingradients to calculate the value of 75 for the FODO arc under the assumption
of small 6;

FODOe := ExpandLine(FODO) :

12FODO = I2(FODOe);

15 := I5x(FODOe, tw, disp) :

15 2 := simplify~ (subs ((1.4.1.2)[1][1], I5)) :

I5approx = convert(series (I5_2, theta, 12), polynom);

2
2
12FODO = Ze
44 3 44 151
I5approx = - [ ( cosl(smux) +5 cos(mux)2 — coiémux) ~ 30 (14.1.7)

cos(mux)4

+ 3()] csgn (sin(mux)) 95]/(sin(mux) 1(1+ cos(mu)c)3
— cos(mux)2 — €0s (mux) ) )

The ratio between the radiation integrals is;
emittFODO := I5approx/I12FODO /theta™3;

When plotting emittance as a function of p, we can observe the existence of a minimum around

3m/4;
plot(subs (I = 1, emittFODO), mux = 0..Pi, gridlines, view = [default, 0..10]);
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T M 3T T 57 7 T
8 4 8 2 8 8
mux

We can evaluate the value of K which minimises €,

UseHardwareFloats := deduced :

Digits := 40 :

minmux = fsolve(diff (emittFODO, mux) = 0, mux = 0..Pi);

evalf (convert(minmux, degrees) );

Digits :== 15 :

eminFODO := evalf (subs (mux = minmux, emittFODO));#-C[q]-gama(r];
minmux = 2.390616892178279416721623135695584567003

136.9722583544967894268409603732244209392 degrees

eminFODO := 1.23048173467206 (1.4.1.8)
The B, v and n throughout the FODO cell are shown in the following plot;

tmin = subs (mux = minmux, twWissmux) :
dmin = subs (mux = minmux, theta = 0.2, dispmux) :

OFmin = Quad(O, sq+(2)’ 0) :

ODmin = Quad[O, - sqrtl(2) ,0] :

HBmin = Bend(1,0.12327,0) :
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FODOmin := DefineLine( QFmin, HBmin, QDmin, QDmin, HBmin, QFmin, QFmin, HBmin,
QODmin, QDmin, HBmin, QFmin) :

Pmin = LatticePlot(FODOmin, tmin, dmin) :

#plots: —display(Pmin[ 1], Pmin[2], Pmin[3], labels = [typeset( s, " (m)"), typeset( beta ",
"(m)") ], title = "Twiss and Disp")

I x y disp-x |
. 1032
3 020
022
4
| 1026
B () <y H0.24 Disp (m)
1022
2_
020
14 018
| 0,16
0 | v T T T T T L |
0 1 ;. 3 4
5 (m)

JEN yand f fiunctions in the FODO arc obfained by Maple.
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FODO Arc MAD-X 5.01.00 31/12/15 14.06.24 0.34

D (m)

0.0 . - , . . . . 0.14
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Figure-5. ,Bx’y and n,, functions in the FODO arc obtained by MAD-X.

Figure 5 compares the obtained  and 1 functions along a FODO cell by MAPLE (upper) and
MAD-X (bottom). Very little differences are observed between the plots.

The behaviour of Hmag along the arc is shown in the figure below. It can be seen that dispersion

is not cancel outside the cell and relatively large inside the dipoles.
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function along the FODO arc (obtained by MAD-X).

Figure-6. Hmag
How we can design a lattice with a smaller natural emittance? One way would be to minimise the
value of 75 in (1.3.2) which traduces into a reduction of Hmag. This can be done by minimising the

dispersion function. This is the key point of the design of the double bend achromat (DBA) cell or
also known as Chasman-Green cell.

¥ DBA

The double bend achromat consists of 2 dipoles where 1 and n' vanish upstream and
downstream of the first and second dipoles of the DBA cell respectively. This is achieved by
means of a central quadrupole responsible for changing the sign of the n'. Additional quadupoles
are required upstream and dowstream of the first and second dipoles respectively for keeping the
Twiss functions bounded.

Sextupoles are also required between the dipoles (dispersion region) for correcting the
chromaticity introduced by the central quadrupole.
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Figure-7. ﬁx)y and n functions throughout DBA cell (obtained by MAD-X).

/
s (m)

This type of lattice is of particular interest for light sources since it offers free dispersion
sections, ideal for insertion devices as wigglers and undulators.

As mentioned, ) and ' are zeroed at the exit of the second dipole thanks to the central
quadrupole. The strength of this quadrupole can be easily calculated assuming thin lens

approximation;
| | | 1o [ alm) ) [ ]
dispeq = LinearAlgebra| Multiply | . , = ;
-k mid 1 n'[m] -n'[m]
n, N,
dispeq = ' = (1.4.2.1)
~k_midn + (T]’(x))m -(n’(X))m

solve(dispeq(2), k_mid);
2(n'(x)),,
- m (14.2.2)

N,

The dispersion in a dipole evolves as;
HB := Bend(l, theta, 0) :
DBAbende := ExpandLine(HB) :

. . n[0] p(1 -cos(6))
= LinearAlgebra| Multiply || HB[R][1..2, 1..2], + .
n' n'[0] sin(0)

205



USPAS at UT Austin Accelerator Physics with Maple Low Emittance Lattices

in(0)/(n’
cos(0) n, + sin(6) é ®), +p(1 —cos(0))
L (1.4.2.3)
n’(x) sin(e) 6110
"+ cos(8) (n'(x), + sin(0)
The values of 1 and n-' at the exit of the dipole are;
subs(N[0]=0,1n'[0]=0, (1.4.2.3));
1 — 0
no|_| Pl —cos(6)) (1.4.2.4)
n’(x) sin(0)

For the evaluation of I5 we just need the contribution from the bending magnets. Due to
symmetry reasons, we can evaluate [5 for a single dipole of length (L) and angle (6). The
strategy is to assume arbitrary values of bx,, and ax, at the entrance of the dipole and afterwards

minimise I5 against these parameters.

2
twissDBA := TwissTran [HB, <bx[0], ax[0], (] —Il;xa[);)[]O] ) , 0,0, 0>] :
dispDBA := EtaTran(HB, (0, 0, 0, 0)) :
12DBA = subs (I = rho -theta, 12 (DBAbende) ),
(1 +ax[0T)
bx[0]

I5DBAh = simpli]fv~[ [I5x (DBAbende, <bx[0], ax[0], , 0,0, 0>, (0, 0,0,

)

I5DBA_approx := convert(series (I5DBAh, theta, 6), polynom );

I2DBA = 9

P

I5DBAh =

(sin(e) cos(0) I* ax> — sin(0) cos(0) 0 bxé

27 bx, ’

—2cos(8)” 18.ax, bx, — 4sin(8) P ax> + 4 cos(8) 10 ax, bx, + 3 P 0 ax’

+6 bx; + sin(0) cos () F — 2 lax, 0 bx, — 4sin(6) F + 3 F e)

1 2 1 1
E lzax(z)—l— ?bxé— E laxobxo + ﬁ lzj 95
I5DBA_approx := 5 (1.4.2.5)
21 bxo

The first derivative of I5_approx with respect ax,, and bx, would allow us to determine the
minimum emittance for the DBA cell.

min_a = diff (I5DBA_approx, ax[0]);
min_b = diff (I5SDBA_approx, bx[0]);
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(llzax —lszo]e5

) 5 0 2
min_a = 5
21 bxo
( 4 bxo / ax, ] 5
3 2 )°
min_b = (1.4.2.6)
2 12 bx

1 2 | 1 5
(lolax+3b laxbx—l—lOZJG

2[ bxo

Solving the system of equation for ax, and bx,.
sols := solve({min_a = 0, min_b = 0}, {ax[0], bx[0]}, explicit);

sols = [ax =V 15, bx, _ 2SS 15 } [ax(): -V 15, bx, = —21515] (1.4.2.7)

The natural emittance of DBA cell for small values of 6 is;
subs (sols, | = rho -theta, I5\DBA_approx)

eminDBA = simpli ~[ J;#C[q]gamma[r]];

12DBAG
nDBA = Y12 (1.4.2.8)
emin . 60 K /N

Again, this result is only valid when 0 is small and the dipoles do not have quadrupole
component (Jp,=1).

Comparing the minimum emittance of the DBA lattice to the one obtained for the FODO with
n =137 deg;

evalf eminF'ODO
eminDBA )’
19.0625410647892 (1.4.2.9)

The typical behaviour of the Hmag function along the DBA cell is;
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Figure-8. H,, ag function along the DBA arc (obtained by MAD-X).

This is a significant improvement, however €, can be further reduced by relaxing the constraints
imposed on the dispersion outside the arc. This leads us to the TME lattice.

YV TME

The Theoretical Minimum Emittance lattice follows a similar strategy as the DBA, but now n+0

and n'#0 outside the arc. The value of /5 is then minimised against B, o, , Ny and n',.

HB := Bend(l, theta, 0) :

TMEbende := ExpandLine(HB) :

I2TME := subs (I = rho -theta, 12(TMEbende) ),

ISTMEh := simplify~ ((I15x(TMEbende, (bx[0], ax[0], gx[0], 0, 0, 0), (eta[ 0], etap[0], 0,
0)))) -

ISTME approx := convert(series (ISTMEh, theta, 6), polynom);

I2TME = il

p
2aln +4ax. b tap, + 2 b etap> +21°) 0
( ax, M, ax, bx, m etap,, X, etap,, no)

ISTME approx = (1.4.3.1)

27 bx,
1 2 2 2 2
+ 2Izb((beOetapo— ?nol— ?lax0n0+2axobx0n0
%o

2
-3 [ ax, bx, etapoj 94)
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a2 2,0 1 BEFSPE
(lolaxo+3bx0 2laxobxo+ 101]9
+ 2
21 bxo
Now we minimised the approximate expression of /5 against the bx, ax,, n, and n',.
min_a = diff (ISTME approx, ax[0]);
min_b = diff (I5STME _approx, bx[0]);
min_eta := diff (ISTME approx, eta[ 0]);
min_etap = diff (ISTME approx, etap[0]);
2 3
. (4 ax, M, +4bx, M, etapo) 0
min_a = 5
21 be
4 2 4
(—? lax,m, +2bx,m, — 3 lbxoetapoj 0
+ 2
21 bx,
1 ) 1 5
(?l axy = & lbxoj 0
_+_
2P bxo
2 3
' (4 ax, M, etap, + 4 bx, etapo) 0
min_b = >
21 bx,
2 2 2 2 2\ o3
B (2 axy M, + 4 ax, bx, M, etap, + 2 bx etap + 2 no) 0
27 bx,
b 2 )
4 bx,, etap, + 2 ax, M, — 3 Lax etap, | ©
+
2P bx,
1 2 2 2 2
_ 7 bxg ((2bxo etap, — 3 nol— 3 laxono +2ax0bx0n0
4 bxo B laxo 95
2 Jax, by e j 94) P - 2
— — lax, bx, etap
3 0770 0 o) 12 bxo
1 o J) 2 2 1 1 ) 5
(El axo-l-?bxo—glaxobxo—i-ﬁl)e
27 bx)
2 3
' (4 axy M, + 4 ax, bx, etap,, +4n0) 0
min_eta = >
21 bx,
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2 2
(—?l— ?lax§+2axobxo)64

+
2P bx,
2 2 4
(4 ax, bx,n, +4bx(2) etapo) 0 (2 bxy — 3 Lax, bxo) 0
min_etap = + > (1.4.3.2)
2P bx, 27 bx,

Again we look for the minimum of the emittance with respect to bx, ax,,, n, and n',.
min_a = diff (I5STME _approx, ax[0]);

min_b = diff (ISTME approx, bx[0]);

min_eta = diff (I5STME _approx, eta[0]);

min_etap = diff (I5TME approx, etap[0])

2 3
(4 ax, M, +4bx, M, etapo) 0

min_a =

212be
4 2 4
(—?laxon0+2bx0n0—?lbxoetapoje
+ 2
21 bxo
1 1 5
(?lzaxo—ilbxoje
+ 2
2 I bx,
(4 ax, M, etap, + 4 bx, etapé) 93
min_b = 5
21 bx,
2. 2 2 2 2\ 3
(2ax0n0+4ax0 bx,m, etap, + 2 bx;, etap0+2n0)9
27 bx,
4 2 ey 0
. X, etap,, + ax, M, — 3 ax, etap
2lsz0
1 2 2 2 2
- 2((beoetapo—?nol—?lax0n0+2axobx0no
21 bxo
4 bx, lax, 5
2 bz)e4)+ s~ 2 )"
— — lax, bx, etap
3 0770 0 2l2bx0

a2 2,2 1 o2 s
(10 lzaxo—l- 3 bxo > laxobxo—i- 10 1)9

27 bx,
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2 3
(4 axy M, + 4 ax, bx, etap, + 4 no) 0

min_eta =

27 bx,
2 2
(-3 [ — 3 lax(2)+2ax0bx0) 94
T 2
21 bxo

2 2 4

(4 ax, bxo n, +4bx(2) etap0> 93 (2 bxo -3 laxo bxo) 0
min_elap = + (1.4.3.3)

2 2
21 bxo 21 bxo
Solving the system of 4 equations will provide the values of bx,,, ax,, n, and n'; that minimise

the emittance.
sols := solve({min_a = 0, min_b = 0, min_eta = 0, min_etap = 0}, {ax[0], bx[0], eta[ 0],
etap[ 0]}, explicit);

sols = {ax =V 15, bx,= LINALE .M, ? etap,, = 2 }, |ax0 = -y 15.bx, (1.4.34)

15

8115 0
- Ny = ——,etap, = - —
1 5 0 6 0 2
The minimum emittance corresponds to substituing the values obtained in (1.4.3.4) in (1.4.3.1).
bs (sols, ISTME
eminTME = simplify~( subs [ 1 = rho-theta, 425525 ;approx) ;
I2TME 6

#C[q]gamma[r]];

. 15
eminTME = 180 (1.4.3.5)

Comparing to the minimum natural emittance of the DBA lattice, there is a factor 3 reduction.
eminDBA
v emin/bAa )
eminTME
3. (1.4.3.6)

For completeness we show below the twiss, dispersion and Hmag functions along the TME cell.

~

Error, missing operator or "
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Figure-9. ﬁx)y and n functions along a TME cell (obtained by MAD-X).

The H function in a TME is relatively small compared to a FODO or DBA cells.
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Figure-10. H,, ag function along the TME arc (obtained by MAD-X).

By symmetry, the TME cell contain a single dipole. However outside the dipole 1 is relatively
large which may preclude the installation of insertion devices. One way around is to break the
_ symmetry and vanish the dispersion at specific locations.

¥V MBA

The next step in low-emittance lattice design is the Multiple Bend Achromat (MBA) arc. It
consists on combining DBA and TME cells. The outer cells are DBA-likewise for satisfying the
achromat condition. The inner ones are TME-likewise to minimise Hmag. Moreover it has been

observed that lower emittances can be achieved when the deflection angle of the outer magnets is
smaller than the ones of the middle dipoles (longitudinal gradient dipoles).
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Figure-11. fo,y and n functions aloing the 7 MBA cell of the MAX-1V storage ring.

Assume each arc has a fixed number M of dipoles and the bending angle is

2 pi
MO = —————:
0 M N |cells |

i

ot ot

Figure-12. Arc cell of a MBA lattice. Blue and red colors represent the DBA and MBA dipoles.

The bending angles of the inner and outside dipoles satisfy (assuming same radius):
-0+ (M—2)-B=M,
20+ (M—2)B=M (1.4.4.1)

isolate((1.4.4.1) = M, B)
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B = 20+ M
M—2
Since the synchrotron radiation integrals are additive, /5 and /2 for an MBA arc are,
(c6)’ (Be)’
I5SMBA = simpliﬁ{eminDBA-Z —— + eminTME-(M — 2)——— |;
p p
200 M—-2)36
L (M=2)Be),

. ;
Ji56 (B*mM+60" —2p%)
180 p
0(BM+20—28)
p

(1.4.4.2)

I2MBA = simpli]fj/(

ISMBA =

I2MBA = (1.4.4.3)

Therefore 15/12 is;
MBAratio = collect(

180 ISMBA )
sqrt(lS)‘G3 12MBA”" |

subs ((1.4.4.2), MBAratio);

M—2)B +6a

20+ (M—2)B

MBAratio =

(-20+Mm)*
(M—2)°
M

istep = collect(subs (M — 2= C, (1.4.4.4)), c )i
makefrac := (" @numer)/ (" @denom) :
istep2 = simplify (numer (makefrac (istep) ), power);
istep3 = 6- c -0(4 +factor(expand~(istep2 —6-C -0L4) );
eql = diff (istep3, o) = 0;
(eql +8(M—20)")
8 3
istepS = root[3](subs(C =M — 2, lhs (istep4)), symbolic) = simplify( root[3 |(rhs (istep4),
symbolic) );
aval := solve(istep5, o.);
bval = simplify(subs (o= aval, rhs ((1.4.4.2))) );
bval
aval’

4
+ 60

(1.4.4.4)

istep4 =

60 . (-2a+Mm)*
M Mc

istep =

istep? = (60 C+ M —8M o +24M* o’ —32 M’ +160")

istep3 = 60 C + (—2oc—i-M)4
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eql =240 C =8 (-2a+M) =0
istep4 = 30(3 C’3=(—20L—|-M)3

isteps == o (M—2)3' 3= 20+ M
M

B VO
3' P g
bval = 1 13 1 13
33" M-—23 +2
3113 (1.4.4.5)
MBAfactor := simplify~ (subs (. = aval, p = bval, MBAratio) );
3
M
MBAfactor = 3 (1.4.4.6)

(3' 13 m—23'1312)

It is worth mentioning that the obtained expression reproduces the result obtained for the DBA
case (M=2); The result approaches to the TME result as long as we increase the number of
dipoles. Typically this expression is approximate by (M+1)/(M-1)
evalf (subs (M = 2, MBAfactor) );
limit(MBAfactor, M = infinity);

(M+1)

plots [ multiple] (plot, [ MBAfactor, M =2 ..10], Y—1

,M=2..10D;
3.
1
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3.0
2.8
2.6
2.4
2.2
2.0
1.8
1.6
1.4

SUMMARY TABLE
Lattice | Minimum Emittance [ quz & ] | Conditions
Type
FODO =12 w=137°
1
DBA WIS nN=n=0
(1.4.4.7)
_ 1
TME 12y 15
(1.4.4.8)
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1 (M+1)

T y1s M-

Table 1: Obtained coefficients of the natural emittance for different lattices assumi

MBA

References
A. Wolski, Low — Emittance Storage Rings, arXiv : 150702213 v1, 2015.

A.W. Chao and M. Tigner, Handbook of Accelerator Physics and Engineering, 3 rd. printing,
World Scientific, Singapore, 2006.
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Undulator motion and radiation

Wigglers and undulators are segmented magnets with periodically alternating polarity, causing the
particles (usually electrons) to undergo a wiggling motion. The difference between the two is strictly
quantitative: a wiggler typically has large-amplitude wiggles of relatively long wavelength whereas an
undulator has small-amplitude wiggles of relatively short wavelength. This is parameterized in terms
of the undulator parameter K, which we will discuss later.
The field equation of the undulator can be written down as
B(z) =B0-sin(k[u]-z)

B(z) =B0 sin(ku z) (1.1

where we conveniently ignore end effects.

It can be shown by integrating the equations of motion with this field that the trajectory through the
undulator is approximately

_ ksin(k[u]ct)

x(t) = K]

K sin(ku ct)

x(t) = k—u (1.2)
and
y(t)=ct
y(t)=ct 1.3)
where « is
q*B0-c/ (m0* gamma*k[u]) =x
B
4Bl (1.4)
m0vyk,

(ignoring that the average velocity along the axis is actually slower due to the wiggles).
K is the initial angle to make the average trajectory straight in x:

K= —
v

K= — (1.5)
Y

with K defined as below and noting that m, below does not include the ¢, whereas m, does.

We can do a parametric plot of this:
2

1
plot[subs [k[u] = 002" K= 20000

, Constants, [rhs ((1.3)), rhs((1.2)), t=0 ..10‘9]), labels

= [typeset('c-t'), typeset('x") ]]
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1 x 107
= 01

1.x1077} |

B/SES/SRARAE

BARA
0.050.100.15 0.200.25

ct

The maximum angle of the trajectory against the axis of the device can be calculated as follows:

int(BO-sin(k[u]-Z),Z: 0“M)

4
Theta = Brho
ku 7\/l/l
B0 | cos 4 —1
0= ku Brho (1.6)
simphﬁ/(subs (lambda[u] = k[ul] , (1.6)] )
B0
0= ku Brho (.7
and can be shown to be
Theta =
gamma
K
O=— (1.8)
Y
with
qB, c
K= 0
mO ku
qB,c
K= (1.9)
m, k
u

In general terms we speak of wigglers when K>>1 and of undulators when K= 1 or less.

Just as a regular dipole, the electrons emit radiation, in this case at every wiggle, except in this case
the radiation from each wiggle adds coherently to narrow the spectrum significantly, depending on
the travel time between the wiggles of the photons and the electrons.
The time it takes for an electron to travel one undulator period is
fe]= lambda[ u ]

c-betalavg]
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ku
t = (1.10)
¢ Bavg

We will show below that 3, o Can be expressed approximately as

2
beta[avg]=beta-[1— S ]

4 -yz
2
K
B,,=B|1——% (1.11)
S 4 ’Y
and putting that into the travel time (1.10),
subs ((1.11), (1.10))
7\114
t,= 2 (1.12)
4y
During that time, the photon travels a distance
s[ph]=1tle]-c
Spn =1, € (1.13)
subs ((1.12), (1.13))
7\‘l/{
s = (1.14)

ph KZ
] — ——
(37

which is ahead of the electron. We have constructive interference when the photon overtakes the
electron by exactly one wavelength i.e. the path length difference is s, -7, :
ph "u
lambda| ph | = collect(rhs((1.14)) — lambda[u ], lambda[u]);
1

A= —1]a (1.15)
ph 2 u
[
4vy
X
Au K¢
K()/”y0 7u=2v02 1+ 5
\ Ay = Jull ‘
L .

Figure: Electron trajectory and phase of radiation, from [21]
This can be shown to be, for Kz/y2 << 1,
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2
lambda[ph]ZM-(l + i]
2.y 2
2
A, [1 " )
A, = (1.16)
ph 2Y2

This is the wavelength of the fundamental harmonic of an undulator.
The line shape can be approximately found by realizing that the total spectrum is made up from N
periods of undulator wiggles, therefore the power will have a sin(nN)/nN shape and the width is
approximately
omega
N

()
v (1.17)

We quote (from Wiedemann II) the total radiated energy per electron through the undulator (m, =

2y.
m,*c”):

r,mg yz K ki L,
A(E) = 3 (1.18)

Because it is frequently used in the s.r. community we define the spectral brightness:
Diff (N[ph], t)
4-n2-sigma[x] -sigma|z |-sigma[x']|-sigma[z']-d(omega)
omega

B:

B=—; (1.19)

FEL equations of motion

We will consider the basic motion of a relativistic electron in an undulator and derive the "pendulum
equations" that indicate the ability of an electron beam to self-bunch and create the coherence that
causes the lasing ability of the FEL

The magnetic field of an undulator is described as a sinusoidal variation along the z axis:
Bz(z(t)) =B[0]-sin(k[u]-z(¢))
Bz(z(t)) =B, sin(kuz(t)) 2.1)
k, is the wave number of the undulator. The equation of motion of an electron in the undulator
222



USPAS 2016 at UT Austin Accelerator Physics with Maple Undulators and FELs
magnetic field is then
gamma-m[0]-diff (v[x](¢), t) =-c*q-c-rhs ((2.1))
. 3 .
ymyv (1) =-c qB, sm(kuz(t)) 2.2)
We can integrate this trivially, using the approximation z(¢)=ct:
int(lhs ((2.2)), t) = int(subs (z(t) = c-t, rhs((2.2))), t)
¢ q B, cos(ku c t)
Ymy v, (1) = p

Subs(v[x](t) =v[x], t= %, solve((2.3), [v[x](t) ]| ])

2

¢ qBjcos(k, z
v = 0 (&%) 2.9)
* k ym,

Knowing v, we can find an expression for the velocity alog the undulator axis v, obeying that the

total cannot exceed c:

2 1 » v
subs | (2.4), subs | p =1 — —,v[z]=c-sqrt| beta” — ———
Y c

1 ¢ q2 Bé cos(/cuz)2

v.=c l— — — 2.5)
z 2 2.2 2
Y K,y my
To keep this manageable we again use the undulator parameter K from the previous section:
1.9)
qB,c
K= (2.6)
mO ku

subs (solve((2.6), [B[O]])[ ], (2.5))

1 K* cos(kuz)2
v=c [ 1= — — > 2.7
Y Y

We want to split this up into an average part and a varying part, which we can do to first order by
noting the V(1-x) structure of (2.7) and doing a series expansion:

2 2
s1 = lhs((2.7)) = series [subs[l — Lz _ K COS(IE[M]Z) Zfreeze[ - Lz
¥ v Y
K* cos (k[u]z)* 1 K*cos(k[ulz)?
— > + 1, rhs ((2.7)) |, freeze| - - = 5 ,2
v v v
sl=v =c+ ; c freeze/R0O + O (freeze/ROz)
expand (thaw (convert(sl1, polynom)) )
¢ K* cos(k z)?
v.=c— CZ — (Zu ) 2.9
2y 2y
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We convert the cos? term into a term involving cos of twice the angle:
s2 = [lhs((2.9)) = frontend (expand, | simplify (applyop (combine, 3, rhs ((2.9))))])

cK* cos(Zkle) c K?

c
§2 =y =- 5 — 5 te— 7 (2.10)
4y 4y 2y
and select the terms not dependent on &, which make up the average velocity:
v[z, avg] = collect(add (if (tvpe(op (i, rhs(s2)), freeof (k[u])), op (i, rhs(s2)),0),i=1
.nops (rhs(s2))), c)
2
K 1
A +1-—|c (2.11)
’ 4y 2y
whereas those dependent on make up the oscillating part:
v[z, osc]|= (add(if (type(op (i, rhs(s2)), dependent(k[u])), op (i, rhs(s2)),0),i=1
..nops (rhs(s2))))
¢ K* cos(2 ku z)
= - (2.12)

z,08¢C

2
4y
we also have gone back to using z instead cf for the longitudinal coordinate.
The FEL requires an interaction of the electron beam with an electromagnetic field that represents the
light wave. In a planar undulator, the light will be horizontally polarized and therefore we have a
horizontal transverse field
E[x]=E[0]-cos(k[1]-z — omega[l]-t+ psi[0])

E =E, cos((;)1 t—klz—wo) (2.13)

k, is the wave number of the light wave with the angular frequency o, .

This field will interact with the horizontal component(!) of the motion of the electron, and it will
actually change (slightly) the energy of the electron:
combine(subs ((2.4)[ ], (2.13), m[0]-diff (gamma(¢), t) = g-v[x]-E[x]), trig)

m, Y(2) (2.14)
_
2 ku Ym,

_k12+kL,Z_W0))

2 2 2 2
(q c BOEOcos((olt—klz—kuz—wo) +q ¢ BOEOCOS<(1)1t

Note that we have now two contributions with waves of a different "effective" &: a sum and a
difference of k, and k;. We will see that only one of them—the sum—eventually contributes to the

motion.

We will now define a phase wrt. to this wave number:
theta(z) = (k[1] + k[u])-z — omega[1]-t[avg]

0(z) = (k +k)z—0 1, 2.15)

where ¢, o 1S given by

t[avg]=lnt(;],z)

v[z, avg
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) P S (2.16)

v
z, avg

avg

the electron arrival time at z averaged over an undulator period. We can put this into (2.15) and get
for the derivative of theta:
diff (theta(z), z) = diff (subs ((2.16), rhs ((2.15)) ), z)

d 0,
Fn 0(z) =k +k — 2.17)
z,avg
We substitute from (2.11) the average velocity:
subs ((2.11), (2.17))
4 o) =k 4k — % (2.18)
dz 1 u K2 1 :
- 2 +1— — | ¢
4y 2y
and expand to first order in terms of the denominator:
2 2
lhs ((2.18)) = thaw[convert[series [subs [ - % K—2 +1- % Zﬁeeze[ - % K—2 - % J
Y 2y Y 2y
1 K 1
+ 1, rhs ((2.18)) |, freeze 72 T2 , 2 |, polynom
Y 2y
o [ 1
1 2 2
d B O, 4 29
& 0(z)=k +k, B + B (2.19)
lhs ((2.19)) = subs (omega[1]=k[1]-c, rhs((2.19)))
d K 1
EG(Z):ku-l—kl —2—2] (2.20)
4y 2y

where we find the term that reduces the average velocity in .(2.11)
k, and k, are connected by the resonant condition that we discussed earlier: that the light wave skips

ahead of the electron exactly by one period. This condition is
2%Pi/ (k[u]*2* gamma0™2)* (1 + K"2/2)=2*Pi/k[1]

T [1 + Kz)
22 _2m @.21)
k 0 ky

and we can put this into (2.20). Note that in (2.21) we have Y0, the reference energy whereas the
electron is at an energy y which may be slightly different.

simplify (subs (solve((2.21), [K[1]])[ ], (2.20)))

d (v —07) k,
4 90 = 5 (2.22)
v
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We can express this in terms of a relative energy deviation delta:
(gamma — gammal)

delta =
gammal

5= Y10 (2.23)
Y0

subs (solve((2.23), [gamma])[ ], (2.22))
((1+8) 90" —90) &,
0(z) = a +5)2 wz (2.24)

4
dz
and to first order in 6
Ihs ((2.24)) = convert(series (rhs ((2.24)), 8, 2), polynom )
d

& 0(z)=2k,38 (2.25)

So we have an expression for the phase 6(z) but still need one for the energy deviation 6=3(z). This
is just eq. (2.14) except that we use 6=dy/y and keep only the cosine of the sum term in &, and & :

subs(cos(to)1 —zk +zk — Wo) =0, gamma(¢) = delta(¢) -gamma, (2.14))

gamma-m|[0]

2 2
_qc BOEO(:os<t(J)1 —zk, —kuz—\po)

d(t) > (2.26)
2 i mO ku
We will also replace the frequencies in terms of the phase 0(7):
solve((2.15), [omega[1]])[ ]
~k,z—zk +8(z)
O, = - (2.27)
tavg
simplify (subs (t[avg] = t, subs (solve((2.15), [omega[1]])[ ], (2.26))))
2 2
. q ¢ B E cos(0(z) + vy
8(t) = L ( o) (2.28)
2
2 i mO ku
We replace k, with K:
subs (solve((2.6), [k[u]])[ ], (2.28))
. chocos(G(z)—l—\uo)K
o(t) = 3 (2.29)
29 m,
and change variable from ¢ to z=ct, where we pickup another c:
PDEtools:-dchange(t = %, (2.29), [z], params = c)
qgcE cos(0(z) + vy ) K
e
27 m
(2.30)
c
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d _4E, cos(@(z) +1|10) K
&4 ()=

5 (2.31)
29 m,
Equations (2.25) and (2.31) make up the so-called pendulum equations. We recognize that they have
the same structure as the longitudinal equations of motion.

The exponential gain arises from the property that the £ field in (2.13) is proportional to the light
intensity. So once the process gets underway, an increase in light intensity increases the energy
transfer to the electric field, which in turn increases the intensity gain etc. The result is an exponential
growth in light intensity that eventually saturates, mostly because particles start moving too far in the
micro-buckets and thus start taking energy out of the beam.

We can numerically integrate these to get a feel for the phase space they create. We define a test case:
testCase := [K=1,g=1,m[0]=0.511, gamma = 20000, £[0] = 1ES, k[u]=0.02]

testCase = [K= 1,g=1,m,=0511,y=20000, £, = 100000., k£, = 0.02] (2.32)
subs (delta = delta(z), subs (testCase, (2.25)))
(;12 0(z) =0.049(z)

subs (testCase, (2.31))
(fz d(z) =0.000244618395303327 cos(@(z) + Wo) (2.34)

sol == dsolve( {(2.33), (2.34), delta(0) = d0, theta(0) = th0}, numeric, parameters = [psi[ 0], d0,
th0], relerr = 1E—35, range = 0..10000)
sol := proc(x_rkf45) ... end proc (2.35)

Pi
sol(parameters = [psi[O] = Tl, d0=10.0, thO = ID

[ psi[0] = 0.785398163397448, d0 = 0., th0 = 1.] (2.36)
s0l(100)
[z=100.,8(z) = —0.00512669243168009, 6(z) = 0.989664133485801 | (2.37)
plots:-odeplot(sol, [theta(z), delta(z) ], z=0..10000)
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0.015]

0.010
0.005

%o 01
~0.005
-0.010

~0.015

06 07 08 09 1.0

Plots := Array(1..65);

=1
for ii from -4 to 4 by 0.125 do

Pi
sol(parameters = |psi[0] = 71, d0=0.0, th0 = ii]];
Plots[ jj] := plots:-odeplot(sol, [theta(z), delta(z) ],z=0..500);
J=jtL
end do:

1..65 Array

Data Type: anything
Plots =
Storage: rectangular

Order: Fortran_order

Jji=1 (2.38)
plots:-display(convert(Plots, list))
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The micro-bunching is visible in this figure, although the energy loss and gain are equal and no net
energy transfer seems to occur. However, the micro-bunched beam changes the field pattern so that
on average the electrons lose energy to the field which sets off the gain along the undulator.
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Figure: Micro-bunching in an FEL, from [21]

Carrying out the detailed derivation is a bit too long for this lecture, but in the limit of a cold (parallel)
beam with vanishing momentum spread, the radiation power can be shown to increase along the
undulator as

P=P[0]-exp(ﬁ)

B
L
P=P.e © (2.39)
where L ; is the gain length, given by

lambda| u
4-Pi-sqrt(3) -rtho

L[G]=

ey

127 p

L.=

(2.40)

with p being the dimensionless FEL parameter defined as
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1

2
rho=| — z[e]. K
16 i[4] @ sigma[xTPh[u]
i )P
16213 | —<
Y o,k
p= % 2.41)

(ignoring again a Bessel-function multiplier that is close to unity). i, is the electron peak current and
i, the "Alfven" current,

e-c

= 2.42
= (2.42)

subs (Constants, subs (r[e]=r_e, (2.42)))
i,=17045.0889076137 (2.43)

which is about 17 kA. This gain length for the "1-d" case is a bit too short but in practice gives a
good starting point for design of a SASE FEL.
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Alignment and Dipole Errors and Orbit Excursions

Any practical implementation of particle accelerators will incur some alignment tolerances, and the
effect of these on the beam needs to be assessed and correction strategies need to be developed.
These alignment tolerances are in addition to the field uniformity tolerances that we discussed earlier.
Also, there are tolerances in the values of the fields, the dipole (guide-) field and the focusing fields.
We will study first the effect of alignment errors and guide-field tolerances on the beam. Note that
alignment tolerances and guide-field tolerances are very similar in their effect on the beam and are
therefore treated together: a misalignment causes a dipole error at the next focusing element and thus
an extra kick on the beam.

We begin with a general ansatz of the error forces in the equation of motion:

diff (z(Theta), Theta, Theta) + Q"2 *z(Theta) = f(Theta)

& ‘
5 2(0) +07z(0) =/(0) (1.1)
do
The function {®) represents all the forces due to misalignment and field-setting errors. {®) has to be
periodic in ® with at least harmonic 1, but possibly with higher harmonics also. We can therefore

make a Fourier ansatz:
f = Theta — Sum (fr(n) *exp({*n* Theta), n)

f=0 > fi(n)e"® (1.2)
with fr(n) the strength of each harmonic n, so that
(1.1)
2
o *© +0°2(0) = 2 fir(m)e"® (13)

Maple can solve this directly with dsolve, but it turns out that its solutions are not in the most
convenient and suitable form, so we make a solution ansatz instead by observing that the resultant
closed orbit has to be periodic as well (although it may have a different spectrum than f(®)):
z(Theta) = sum (F (n) * exp({*n* Theta), n)

2(0) =D F(n)e"® (1.4)

We are interested in finding an expression for F(n), which gives the spectral form of the orbit. We
put the solution ansatz into (1.3):
subs((1.4), (1.3))

dcgz 2F(n) e+ 0’ (ZF(n) eI”G) =2 fr(me"® (1.5)
simplify((1.5))
; (ZF(”) 2 eIn@) + 0 (Z‘F(n) eInG)) = > () 1 (1.6)
Jactor (combine((1.6)))
2F(n) " (0 =n) (Q+m)=2 fir(n)e"® a.7)

n

(1.7) has to hold for each harmonic separately, so we can solve for F(n) for a particular »:
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solve(op([1,1], A.7)) =op([2, 1], A.7)), [F(n) ])[ ]

Fny= -2 (1.8)

QZ )
So we find that the orbit shape reflects that of the misalignment kicks, however the 1/(Q*-n?) factor
indicates that orbit harmonics close to the tune Q are significantly enhanced relative to the harmonic
content of the misalignments. This is in fact commonly observed in machines before orbit correction
has been fully applied. It suggests that one strategy to correct the orbit could be to successively find
the highest harmonics and then use a pattern of orbit-corrector dipole strength that exactly cancels that
particular harmonic. Successive application of the algorithm should reduce the orbit excursions,
initially quite fast as the dominant harmonics get corrected first and then slower as the orbit now has
many harmonics of roughly equal (albeit small) strength left. This harmonic correction is in fact one
of the standard algorithms used in orbit correction.

Closed-orbit bumps

One of the most suitable and practical means of moving the beam around in linear and circular
accelerators are closed bumps. By "closed" we refer to an orbit change that is confined within a
certain region of the lattice and does not affect the beam position outside of the region. Closed orbit
bumps are one (rather simple) method of correcting the orbit of an accelerator: Obit peaks are
successively reduced using closed bumps, and as long as the lattice is reasonably linear they
superimpose. One drawback of the method is that it is purely local and therefore a strong localized
error may not always be corrected with the most effective set of correctors.

Two-corrector bump

It should be obvious to everybody that a single corrector will affect the trajectory everywhere
downstream; which means it will affect the closed orbit everywhere ("globally") in a ring
(why?). So the minimum configuration for a closed bump will be having two correctors, with
the idea of having the second (downstream) one canceling the effect of the first one. We will
describe such a setup with Matrix optics using the matrix representation of a piece of lattice in

betwee_:n: _
sin(u2) o(0) + cos(u2) B(0) sin(u2) 00
2
R := [‘ Oé((%)) - B(l()) ]Sin(uZ) -sin(u2) o (0) + cos(u2) 0 0
0 0 10
0 0 01|
sin(2) 0.(0) + cos (u2) B(0) sin(u2) 00|
2
a.(0) 1 : .
R [ 8(0)  B(0) ]Sm(u2) -sin(u2) 0(0) +cos(u2) 0 0 (L1.11)
0 0 10
0 0 01|
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(we assume for simplicity that the piece of beam line is straight).

The effect of the bump magnets is an additive change to the angle; we just represent this by a
coordinate vector at 0 position but finite kick angle dxp. Then

R.Vector( (0, dxp, 0, 0) )

B(0) sin(u2) dxp
(-sin(u2) o(0) + cos(u2)) dxp
0
0

(1.1.1.2)

For us to be able to close the bump we need the position at the end to be 0 again. Then we can
place a second corrector there and excite it to cancel the effect of the first. Trivially, this
requires p2 to be n*m:

solve((1.1.1.2)[ 1 ], mu2, allsolutions )

n ZI~ (1.1.1.3)

which is Maple notation for an integer times 7. So sin(u2)=0, cos(u2)==1. The angle at the
2nd corrector is then
subs (sin(mu2) =0, cos (mu2) =-1, (1.1.1.2) )

0
-dxp
0
0

(1.1.1.4)

and the negative of that is required to close the bump. Two equal correctors (2n+1)m apart
cancel each other.

We also want the amplitude of the bump, and the angle at the center. For this we need to use
the full matrix as beta in the middle can be different from that at the ends:

Bls) ((0) sin(mu(s)) + cos(mu(s)) /5o FETHT sing )4’
B(0)
-(o(s) o(0) + 1) sin(mu(s)) — (o(s) — ct(0)) cos(mu(s))
JB JB
(cos(mu(s)) — sin(mu(s) )V B ‘
v B(s)

H B(s) ((X(O)sm(},t(s)) + cos(p(s))) ,J B(s)  B(0) sin( )l, (1.1.1.5)

5

- (a(s) o(0) + 1) Sln(M(S)) — (a(s) —a(0)) cos(p(s))

JB(s) v B(0)

b
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Rh == simplz]ﬁ/(subs~(mu(s) = P?i, (1.1.1.5)) )

JPE) 2O Ry )
0
Rh == B(O) (1.1.1.6)
B o(s)o(0)+1 _oc(s) B(0)
- VB(s) VB(0) B(s)
Rh.(0, dxp)
JB(s) VB(0) dp
a(s) JB(O) dyp (1.1.1.7)

B(s)

So besides the kick angle dxp, the beta function product also scales the amplitude of the bump.
Furthermore a(s) controls the angle.

While restrictive to the machine optics, 2-corrector bumps have important applications in the
construction of local bumps for beam injection and extraction as they minimize the number of
(expensive) kicker magnets needed and the optics can often be designed and tuned to precisely
achieve the required 7 phase advance.

Three-corrector bump

Two-corrector bumps are fine for a lattice section with the right phase advance. Occasionally
this 1s not the case and we need a way to make a closed bump for a lattice with arbitrary phase
advance. If we provide a third corrector this is possible.
Consider a lattice section with two equal parts with a corrector in the middle, and one at each
end.
R.(R.Vector((0, dxpl, 0, 0) ) + Vector((0, dxp2,0,0)))

# Note the arrangement of the product and the addition

[[(sin(u2) o(0) + cos(u2)) B(0) sin(u2) dxpl + B(0) sin(u2) (( (1.1.2.1)

-sin(u2) o (0) + cos(u2)) dxpl + dxp2) |,
2
_ 0[;((?))) _ [3(10) ] sin(,uZ)2 B(0) dxpl + (-sin(u2) o (0)

+ cos(u2)) ((-sin(u2) o (0) + cos(u2)) dxpl + dxp2) |,

0],

0 ]

Again, we need the position at the end to be zero, and this time we do not look for a phase
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angle but for the strength of the intermediate corrector magnet:
solve((l.l.Z.l)1 , dxp2, allsolutions )

-2 cos(u2) dxpl (1.1.2.2)
simplify (subs (dxp2 = (1.1.2.2), (1.1.2.1)))
0
-dxpl

0
0

(1.1.2.3)

The same result as before. (Note that we seem to be missing some solutions here as there
should be one with +dxp! as well.) For the amplitude we get
R.Vector((0, dxpl, 0, 0))

B(0) sin(u2) dxpl
(-sin(u2) o(0) + cos(u2)) dxpl
0
0

(1.1.2.4)

which does not depend on dxp2. The angle at the center is just -dxp2/2 for a(0)=0 so in the
middle of the 2nd corrector the beam is parallel to the reference. Except in degenerate cases, a
3 bump can always be closed and therefore is a universal local bump suitable, e.g., for orbit
correction.

Four-corrector bump

None of the bumps considered so far allows one to change the beam angle at a given point (e.g.
the point of max. deflection). To do that it requires a further degree of freedom, provided by a
4th corrector magnet.

To keep the expressions manageable we use three identical lattice sections in the derivation for
a 4 bump. The extension to arbitrary sections is quite straightforward.
R.(R.(R.Vector ({0, dxpl, 0, 0) ) + Vector ((0, dxp2, 0, 0))) + Vector( (0, dxp3,0,0)))

(sin(u2) o (0) + cos(u2)) ((sin(u2) a(0) (1.1.3.1)

+ cos(u2)) B(0) sin(u2) dxpl + B(0) sin(u2) ((-sin(u2) o (0)

+ cos(u2)) dxpl + dxp2)) + B(0) sin(u2) [[—

- 13(10)] sin(12)” B(0) dwpl + (-sin(2) 0(0) + cos(u2)) (
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-sin(u2) o (0) + cos(u2)) dxpl + dxp2) + dxpS’J

3

—a(o) — 1 sin( u2 sin( u2 0
5(0) B(O)] (u2) ((sin(u2) o (0)

+ cos(u2)) B(0) sin(u2) dxpl + B(0) sin(u2) ((-sin(u2) o (0)

o(9)
B(0)

+ cos(u2)) dxpl + dxp2)) + (-sin(u2) o (0) + cos(u2)) [[_

10) ] sin(,uZ)2 B(0) dxpl + (-sin(u2) o(0) + cos(u2)) ((

9

-sin(u2) o (0) + cos(u2)) dxpl + dxp2) + dxpi’]

0],
O ]

solve((1.1.3.1)[ 1], [dxp3])[ ]

laxp3 = sin(u2)” dpl — 3 cos (u2)” dpl — 2 cos (u2) dip2] (1.1.3.2)
so the closure setting for corrector 3 depends on corrector2. We now need to decide where we
want to control beam position and angle; for convenience we chose the symmetry point. This
implies adding a half section after corrector2 (i.e. (1.1.1.5)).

(1.1.1.5).LinearAlgebra:-SubVector ( (R.Vector ( (0, dxpl, 0, 0) ) + Vector ({0, dxp2, 0,
0))), 1.2)

LLVB(s) (0(0) sin(p(s)) + cos((s))) VB(0) sin(u2) dpl (1.133)
+B(s) VB(0) sin(u(s)) ((-sin(u2) a(0) + cos(u2)) dup!
+dwp2) |,

1
B(s)

—a(0)) cos(p(s))) VB(0) sin(u2) dwpl) +

(- (a(s) @(0) + 1) sin(p(s)) — (o(s)

—sin((s)) a(s)) V B(0) ((-sin(u2) 0e(0) + cos(u2)) dxpl

+dp2)) |
At a symmetry point it is reasonable to assume a(s)=0. Also, u(s) is p2/2
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39))

szmplﬁ/(subs( (s)=0,mu(s) =

2
2\ U2
\/B \/B (4dxplcos(‘é) —dxp]—l—dpo] sm( > )
12 2 (1.1.3.4)
B(0) |4dxpl cos[2 — 3 dxpl + dxp2 | cos ( > ]
_ B(s)
collect(combine(collect((1.1.3.4), dxpl), trig), [beta(s), beta(0) ])
\/B(s) \/B(O) (dxp] sin( 352 J + s1n( ] dxp2j
B(0) (dxp] cos[ 322 j + cos[ 5 J dxp2j (1.1.35)
» B(s) _
With some simplification we can find an expression for dxp2 to get a certain bump angle we
call dxp,,:
solve((1.1.3.5)[2]=dxp[b], [dxp2])[ ]
B(0) cos( 32 J dxpl — dxp, | B(s)
dxp2 = - (1.1.3.6)
B(0) cos K12
2
collect(simplify (subs ((1.1.3.6), (1.1.3.2) ) ), cos)
dxp3 = -4 cos (u2) dipl (1.1.3.7)
2dxp, \ B(s)
2 dxpl cos( 352 ] — b cos (u2)
B(0)

combine((1.1.3.7), trig)

-JB(0) cos( 352 jdxpl — 2 B(s) cos(u2) dxp,
B(0) cos(‘léz)

So we have found an expression for corrector3 to bring the beam back onto the axis, and we
can close the bump:

dxp3 = (1.1.3.8)
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simplify (subs ((1.1.3.8), subs ((1.1.3.6), (1.1.3.1)) ) )

0
B(0) cos(‘uj) dxpl + dxp, \ B(s)
5(0) COS( p;2 J (1.1.3.9)
0
0

This completes the 4-bump calculation.

Gradient (Focusing) Errors

The next higher order we will consider are gradient errors, leading to a disturbance in the focusing
pattern of the machine. Since the focusing lattice determines the envelope (-) functions we will not
be surprised in finding that focusing errors lead to a deviation of the envelope functions form the
designed values, commonly referred to as "beta beating".

We begin with an ansatz similar to the above except the force due to the errors is now dependent on
the oscillation amplitude of the particles:

diff (z(Theta), Theta, Theta) + Q"2 *z(Theta) = f(Theta) -z ( Theta)

4
de

We can immediately see that we get a new tune:
collect((2.1) — rhs((2.1)), z(Theta))

5 2(0) +0°2(0) = (2, fr(m) &0 z(©) @.1)

2

(QZ—( . fr(n)el"@))z(@) + = 2(©) =0 2.2)

which is just
sqrt( firontend( coeff, [ Ihs ((2.2)),z(©) ]))

/Q2 — (2 frm"®) 23)
expand(thaw(simphﬁ/(convert(series(Subs(( > () eI”Q) Zﬁeeze(( > fr(n) e“’@’)),
(2.3)j,freeze(( > () eI"@)),2j,polynom),symbolic)))
L fr(n) "

20

0 - 24

to first order.
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While not wrong, we have been too quick and are missing on a number of essential features of the
solution.
We can in fact ask Maple just to solve this d.e.:

dsolve((2.1),z(©))

2 / ﬁ(n) /eInG) o) / ﬁ"(l’l) /eInG
z(®)=_C1J2Q . p +_C27,, L . (2.5)

n n

but this is not getting us to a particularly insightful solution.

We can go back to the matrix description of a ring and insert a thin quadrupole at one location and see
what its effect may be:
R := LinearAlgebra:-SubMatrix(R, 1..2,1..2)

sin(u2) o (0) + cos(u2) B(0) sin(u2)

R = . 2.6
[— O[;((O())) — B(IO) ]sin(uZ) -sin(u2) o(0) + cos(u2) @9

Rq = ((1]0), (kq|1})

|ro
Rq = m Q@7
Rq.R
sin(u2) o (0) + cos(u2), B(0) sin(u2) |, 2.8)
w0 1
kq (sin(u2) o (0) + cos(u2)) + | - O[;((O)) — 5(0) ] sin(u2), kg B(0) sin(u2)

—sin(u2) o (0) + cos(u2)

We get the tune from the trace of this matrix:
2-cos(mu) = LinearAlgebra:-Trace((2.8))

2 cos() =2cos(u2) + kg B(0) sin(u2) 2.9)
solve((2.9), [mu])[ ][ ]

LL = arccos (cos(/ﬂ) + kg B(O)zsin(,LLZ) ) (2.10)
lhs ((2.10)) = simplify (convert(series (rhs ((2.10)), kq, 2), polynom ), symbolic)
- [3(()2)kq + u2 (2.11)

So kg modifies the tune by an amount that scales with the § function at its location. The extension to
multiple gradient errors is obvious. Comparing (2.11) with (2.8) we can relate the effect of one
quadrupole error to the spectral ansatz made above
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We can get an idea of the effect of the gradient error on the beta function by observing that Rg.R has
he same form as R except that the phase advance is now given by (2.11). Since the R12 element has
the B function and is not changed by the gradient error, we can make the ansatz

beta(0)-sin(mu2) =beta(1)-sin(rhs((2.11)))

B(O)sin(u2)=—[3(1)sin([3(02)]“1—[.12) (2.12)
and solve for B(1):
solve((2.12), [B(1)])[ 1]
B(0) 51n([.12)

B(1)=-

o[ B3

lhs ((2.13)) = convert(series (rhs((2.13)), kq, 2), polynom)
B(0)” cos (12) kg

B =B(O0) + = @19
and
(subs (mu2 =2-Pi-Q, (2.14)))
2
) B(0)” cos(27 Q) kg
B =B+ = o) 215

We now see that (at the location of the gradient error) beta changes dependent on the tune Q.
Moreover, when Q hits any half or full integer, sin(2nQ) becomes 0 and (1) is unbound. This is the
parametric half-integer resonance, so called as it is the parameter beta that exhibits the resonant
behavior.

It remains as homework to show how beta beating propagates around the ring.

Sextupole and Higher-Order Field Errors

We can use a similar approach as used above for the orbit analysis to analyze the effect of higher-
order field errors as well, at least in a qualitative way. We make the ansatz
diff (x(Theta), Theta, Theta) + Qx*2 *x(Theta) = Ox”-f(Theta) - (x(Theta)? — z(Theta)?)

2

d n
~ x(©) +Qx2x(®)—Qx2( fi(n) € @) (x(©)° —z(0)%) @3.1)
do "
where we use the x” and z° dependence of a sextupolar field as derived at another location in this

course.

To solve this we need to use a trick and use that, to first order, the motion is sinusoidal and put that

into the rAs of (3.1):

lhs ((3.1)) = subs (x(Theta) = cos (Ox-Theta + Theta0), z(Theta) = cos (Qz-Theta + Theta0),
rhs((3.1)))

(3.2)
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2
d — x(0) + 0% x(0) = 0¥ (Z fir(n) el”g) (cos(0x© + ©0)” — cos(0z © 3.2)
de "
+60)°)
lhs ((3.2)) = applyop (combine, 3, rhs ((3.2)) )
2
d2 (0) + 07 x(© (Zﬁ’ In@) [cos(ZQx®+2@0) 33)
de 2
B cos(2 0z 0 + 2 O0) j
2
and Maple can solve this:
(dsolve((3.3), x(Theta)));
x(©) =sin(0x©) €2+ cos(0x®) CI — %(Qx (( sin(Ox ©) ( (G4)

Zfr I”@) cos(2Qx®—|—2@0)—cos(2Qz®+2@0))d@)cos(Qx@)
— ([cos Ox0) (Zﬁ 1”6) (cos(20xO®+200) —cos(20z0+260))

d@) sin(Qx ©) )j

To proceed we need to interchange the order of Integral and Sum, and then Maple can evaluate the

integral:
lhs ((3.4)) = value(subs(_CI1 =0, _C2 =0, applyrule(IntSum2SumInt, rhs((3.4)))))

1
x(@)Z—E Ox (3.5)
Fn) [ 30x¢"9cos(30xO +200) N Ine”%sin(30x0 +2060) )

Z 9sz—n2 9sz—n2
0 2
F) [ Qxelnecong_x(g—l—Z@O) N Inelnesin(zQ_x(Bz—l—2@0) ]
_ Ox —n Ox"—n
2

—i[ﬁ(n) [ (—Qx—ZQz)elzecos((Qx+22Qz)®+2@0)
-n"+ (Ox+20z)

Tne"® 51n((Qx+2Qz) +2@0) ]
-n? +(Qx+2Qz)
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1 [r(n) [ (-Ox+20z)¢"®cos((Ox—20z) ©—260)
2

2 —n2+ (Qx—2Qz)2

In® . . ®©—26
4 Lze f:Z(iQ:Qxigzz)z 260) ]])] cos(0x©) —

Inelngcos(Qx®+2@0) Qxelngsin(Qx®+2@0)
Fr(n) ( sz — " sz —
> 2

n

Tne'"®cos(30x0 +2600) N 30xe"®sin(3 0x0© 42 00) ]

ﬁ(”)[ 9Qx2_n2 9Qx2—n2

1 Ine"®cos((0x—20z)0 —260)

2 [ﬁ(") [ Pt (0x—20:)

_ (-Ox+20z) " sin((0x—20z) © — 2 Q0) ]]
-n* + (Ox — 2Qz)2

19 cos((0x +20z) © 42 600)

| Ine
2 [ﬁ(n) [ -n* + (Ox +2 0z)*

B (—Qx—ZQZ)eIZGSin((Qx_'_zgz)®+2@0) ]])Jsm(QxG)J]
-n"+ (Ox+20z)

By inspection we can see the following resonant denominators:
We now see several resonant poles: sz—nz, 3 Qx)z—n2 , (QX—ZQZ)z—n2 and (Qx+2QZ)2—n2. These are
the integer and the 1/3 integer resonances we have encountered before but also coupling resonances

due to the z* term in the sextupole field. Note that sextupoles drive all of these, not just the 1/3
integer.

If we carried the vertical plane as well, we could also see the effect of skew sextupoles.
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Collective Effects

Up to now we have been working under the single-particle model: effects of the other particles have
been ignored completely. Since the particles are all of (usually) the same charge, this is clearly an
approximation which we will now lift. This opens up the whole field of beam instabilities, a field too
vast to cover here in any depth. But we will try to give at least an inkling of the effects we can expect
and how to analyse them.

Space charge

The most straightforward effect to investigate will be the direct space-charge effect on the betatron
motion. This is highly relevant for proton machines as it establishes one of the limits of the beam
current achievable esp. at lower beam energy

To analyze this effect we calculate the fields caused by the beam particle ensemble on a test
particle in the beam, using Maxwell's equations in a cylindrical system with » being the transverse
coordinate (Fig. 1):

A
Y

Area A

- O _

Fig. 1: Self-fields generated by a round beam[6].
The electrical field we get from
1/r*Diff (r*E(r),r)=q/€[0]*n(r);

s _ qn(r) (1.1.1)

and the magnetic field:
1/r*Diff (r * B[theta](r),r) =g/ (c*€[0]) *beta*n(r);

(1.1.2)
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— (rBe(r))

7

_qPBn(r)

r (XS
0

The beam distribution n(7) is, for a Gaussian beam,
n(r)=n[0]/(2*P1*[[b]*sigma”2) *exp(-r"2/(2*sigma™2))

)
n e 2 o
0
n(r)= 7
2nl o
and putting this together we get for the electric field
subs ((1.1.3), (1.1.1)-r)
2
i)
rqn,e
- (FE(r) = ;
2%n%c
and integrate to get the field expression:
int(lhs (1.1.4)),r) _ int(rhs((1.1.4)),r=0..r)
r r
2
gn, \-1+e 20" )
E(r)=-
2 €T I r

For the magnetic field, we put the beam density into the second equation and have
subs ((1.1.3), (1.1.2)-r)

2
rqPnye 2
— (rB (r)) =
r ( 0
2ce ml o
int(lhs ((1.1.6)),r) _ int(rhs((1.1.6)),r=0..r)
r r
2
gBny \-1+e 202]
Bolr) =~ 2 [
CEOTC bl’

We put this together to find the force acting on the particle:

F = unapply (simplify(q (rhs ((1.1.5)) — B crhs ((1.1.7))) ), r)
2

7

q n, [-1+e_262 ] (8" —1)

2eofclbr
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The oscillator equation for the particle motion:
diff (x(theta), theta, theta) + Q"2 *x(theta) =0
Fu
— x(8) + 0°x(8) =0 (1.1.9)
do

and putting the force into (1.1.9), noting the factors 1/(B>c?) which arises from the s — 6 change
of variables and 1/(m7y) which we need to take care of the energy scaling, we get

lhs ((1.1.9)) = R*2/ (beta”2 * gamma * m * ¢2) * subs (r = x(theta), F (r))

x(0)?

-1+e'2<f2)<[f—1>

2 2

4> R g n
—5 x(8) +0°x(8) = b : (1.1.10)
de 2B ymc eonlbx(e)
To make further progress we can expand the rhs into a series in x(6) (and note: we need to keep 3
terms):
thaw (convert(series (subs (x(theta) = freeze(x(theta) ), rhs ((1.1.10)) ), freeze(x(theta) ), 3),
polynom) )
Rqn (B7—1)x(6
g n, (B x(0)
- 3 . (1.1.11)
4B ymc o €Tl
and put this back into the diff. eq. (1.1.9):
lhs ((1.1.9)) = (1.1.11)
2
& 5 R ¢’ ny (B~ —1) x(0)
— x(0) + 0" x(0) = - 5 (1.1.12)
u2 2
de 4B ymc G € ml
Rearranging it to gather up the z(0) terms:
collect((1.1.12) — rhs((1.1.12) ), x(theta) )
2
0"+ — - x(8) + — x(8) =0 (1.1.13)
43 ymc o e ml de
we can see what is happening: the machine tune, Q, is replaced by a new value, Q. :
Q[sc] = sqrt( frontend (coeff, [ lhs ((1.1.13) ), x(theta) ]))
40"+ —
2 2
B ymc o €l
0. .= 5 (1.1.14)

Under the assumption that the modification to the tune is small we can expand to first order again:
2 2 2

R n (-1+p)
2

B ymdc G e[0]m [,

thaw | simplify| convert| series | subs
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2 2 2 2 2 2
ano(—l—i-B) an()(—l—i-B)
= freeze 3 , rhs ((1.1.14)) |, freeze 5 S 2 ,2 |,

B ymczcsze[O]nlb B ymc o €0]nl,

polynom |, symbolic

quzno (Bz_l)

2
80"+ — T2
Bymcceonlb (A115)
80 1.
We replace p2-1 by 1/y? and change come constants and end up with:
2
1
Q[sc] = expand| subs | €[0]= b 1 +p = 5, (LLI5)
<r0-4 mmc ) Y
2
R n r
-0 - 0.0 (1.1.16)

2 3 2
20 yo [
This is the direct space-charge tune shift. As is evident by the 1/ factor, it primarily is strong in

beams of low y: proton and ion beams. Electron beams typically have high values of gamma even
at lower beam energy so they are not nearly as much affected by the direct space-charge tune shitt.

In reality, particle beams are traveling in vacuum pipes made of more-or-less well-conducting
material as well as in magnets. The walls and magnets do affect the fields and modify the tune
shift. We give here without derivation the correction factor to be applied to 6(Q) for a beam
traveling in an elliptical beam pipe of half width w and half height /, and magnetic gaps of half
height g:

E[1)-(1+ B8 )
h2

F= |1+ sigma[y]-(sigma[x] + sigma[y])-

T 2

E[2]-C[m]-B-B" Y ]
g

E (BR'Y +1) EC BBRY
2 + 2
h g

where E| and E, are empirical geometric factors (0.172 and 0.206, resp., for a vac. chamber of a

(1.1.17)

F=1+o0, <Gx + Gy)

1.2 aspect ratio), C, , the packing fraction of the ring with dipole magnets, and B, the bunching

factor. Because of the y?> dependence of the addition in F, this factor can modify the space-charge
tune shift and in fact slow its reduction as y goes up, in this way leading to its becoming
significant e.g. for electrons beams where the direct space-charge is usually not an issue.

Luminosity and Beam-beam forces
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At high energy in the center of mass system, particle colliders with counter-rotating beams are
necessary to reach the energy with reasonable beam energies. The figure of merit for particle
colliders is the luminosity, which is defined as the interaction rate R normalized to the reaction
cross section sigma:

R
L= —
sigma

L= (1.2.1)

For fixed target experiments, this is the number of incoming particles/second times the number of
nuclei in the path of the beam.
L =diff (N(t),t)-n-l

L=N(t)nl (1.2.2)
For colliding bunched beams, one beam acts like a target:
n-l= N
Alint]
N
nl=—— (1.2.3)
int
and for the other beam we have
diff (N (), 1) = N[2]./[b] .
N(t) =N, f, (1.2.9)

with f; being the bunch frequency and 4;,, the area of interaction. N, and N, are the number of

particles in each of the bunches. Putting this together we have
L =rhs((1.2.3)) rhs((1.2.4))

N, N, f,
L= (1.2.5)
int
4;,, 18 the product of the transverse beam sizes and, for matched beam sizes
Alint]=4-Pi-sigma[x]-sigma|z ]
4 =4mG O, (1.2.6)
thus
subs ((1.2.6), (1.2.5))
N, N, f,
L= 20 (1.2.7)
4nc o,

with the ¢ being the rms beam widths of Gaussian distributions.

At the collision point(s), particles of one beam are exposed to the e-m field of the other beam and
will experience a transverse kick not unlike what we just analyzed. We can make a similar ansatz
as before except that the magnetic force now has the opposite polarity relative to the electric field,
and we end up with

F[bb] = subs(B’ =-B°, n[0]=N, (1.1.8))
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2
2 ) 202] v
Fom g AN ZLEE (-5 —1) (1.2.8)
bb
2eoTchr

valid for a round beam 6,=c,=c and equal particle count N. Other than in case of space-charge,

the interaction happens at a specific location only so in principle this goes into Hill's equation as a
o function. We will make use of the matrix approach we already developed to facilitate this

analysis.
The kick creates a change in transverse momentum proportional to the time it acts upon the test
particle:
Delta(p(t, bb]) = F[bb]-Delta(t)
AP, ) = Fpp AD) (1.2.9)
and
I[p]
Del =
elta(?) »
L
= — 1.2.1
A =5 (1.2.10)
SO
subs ((1.2.10), (1.2.9))
F, 1
bbb
A(pt’ bb) = (1.2.11)

The change in angle is then the transverse momentum change relative to the longitudinal

momentum:
‘ _ rhs((1.2.11))
Delta(Diff (z(s),s)) = gamma-m[0]
c
F
A( Z(s)) e o
s 2 Ym,

We can now treat this to first (linear) order as a focusing error in the lattice and do similar
replacements as in (1.1.6) :

2
F[bb]=subs| el = 9 , (—l —Bz) =-2, convert(series (F[bb](z), z, 3),
(r0-411:m[0])
polynom)]
2
F,, = "2& (1.2.13)
20 eonlb

subs ((1.2.13), (1.2.12))
(1.2.14)
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): ¢ Nz

2
40 €, Y m,

A[ z(s) (1.2.14)

)

This can be inserted as an additional thin lens into the one-turn matrix of a ring, taken at the
interaction point, and from that we can get the effect on the machine tune, which is left as an
exercise. The result is (for g=1e¢):

Ny BLIP)

462Y7t

N
£=- Moo B (1.2.15)

4 (52 YT
For elliptical beams, like in electron machines, this formula is modified to read
Nr, BIIP, (x,2)]

Slxz] = 2-6[x,z]- (o[x] + o[z]) Y=
B Nr, BIP,x,z
& =" 2o (0. + 01 (1.2.16)

In case of unequal particle count N, the number to use is the one of the other beam.

The first-order effect is not unlike the space-charge tune shift. However, nonlinear effects are
much stronger relative to the first-order tune shift in the beam-beam case than in case of space-
charge. The hand-waving argument is that in case of space charge averaging a small force over a
whole ring may well lead to cancellations that reduce the overall nonlinear effect, while in the
beam-beam case the full nonlinearity comes to bear as it is an impulsive force. As a matter of
practicality, space-charge tune shift can be as high as 0.5 whereas beam-beam tune shift can reach
0.1 in electron-positron colliders where there is damping, while it is limited to about 1/10 of that
in proton and proton-antiproton colliders with no appreciable damping.

Robinson Damping/Instability

Note: This section is somewhat experimental in that I drafted it right before the 2014 school and it is
not a finished product. I am including it here since I believe the physics behind the equations is
correct and the approach I am taking is also correct. The derivations proceed along the same path as
in Wiedemann ([2]. Vol. II, p. 200 f).

We start from the longitudinal equations of motion for energy deviation and phase deviation from
the reference as derived earlier in this course:
diff (W (t),t) =q* V* (sin(Phi[s])-sin(Phi(¢)))/ (2*h*Pi);

g V(sin((bs) — sin(®(¢) ))
- 2hm

W(t) (1.3.1)

and
diff (Phi(¢), t) = omega[rf]"2*eta™ W (t)/ (beta”2* E[s])
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. wif.n Wi(t)
D)= ——F—— 1.3.2)
P E
We again limit ourselves to small amplitude of motion and expand to first order:
subs(CI)(t) =0 + (1), (1.3.1))
qV (sin(CI)S) - sin(fl)s + (1) ) )

2hm

lhs ((1.3.3)) = thaw( convert(series (subs (§(t) = freeze( () ), rhs ((1.3.3)) ), fireeze( 0 (2)),
2), polynom) )

w(t) =

. chos(CI)q) o(1)
Wi(t) = - - 1.34
(1) > b 1.34)
We now add a term describing the power exchanged with the beam due to the presence of an
impedance in the vacuum system. While general now, this term will become dependent on the
impedance of the rf cavity (or cavities) and the beam current.
lhs ((1.3.4)) = rhs((1.3.4)) + P((J))
q Vcos(d)s) o(1)

Wi(t) = - i + P(w) (1.3.5)

We now combine this with the equation for the phase (the somewhat complicated series of steps
is to avoid Maple doing replacements we don't want):

subs(CI)(t) =0 + (1), lhs((1.3.2))> =rhs((1.3.2))
# watch out, Phifs] +phi(t) may get replaced with something else

o oMW
m(¢g+mn)—[f€; (1.3.6)
simplify((1.3.6))
. mifn /403
0(1) = —I5—— (1.3.7)
B E,
eval(rhs((1.3.7)))
mffn W (1)
o (1.3.8)
B E,
solve(diff (1.3.8), 1) = diff (phi(¢), 1, t), diff (W (1), 1))
o) B E,
— (1.3.9)
O)rfn
subs (diff (W (1), t) = (1.3.9), (1.3.5) ) -omega[ rf ] -cta

B”-E[s]
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) [ q Veos(@) o(1)
Al 2hm

B E,

+ P(o)

0(1) = (1.3.10)

We now use the expression for the synchrotron frequency Qs to get rid of the cos(®s) term:
Omegals | = simplify((1/2) *sqrt(2) *sqrt(h * omega[s]"2 *eta* g * V* cos (Phi[s])/ (beta
A2*Pi*E[s])), symbolic)

T T T T [es(e)

s (1.3.11)
| 28Jn [E;
subs (solve((1.3.11), [cos (Phi[s])])[ ], (1.3.10))
2 QB E, 0(0) + ho)
oMN|-——— )
. ! (Of I N
O(t) = 5 (1.3.12)
B E,
0]
expand[subs [ms = hrf , (1.3.12)] J
oo 2 (Dlzfn P((D)
o()=-Q o(1) + ———— (1.3.13)
B E,

We have the oscillator equation for the phase plus a term depending on the power exchange with
the beam. We now need to evaluate P(w). To do this, we will first evaluate the voltage induced by
the beam for a given impedance, but will leave the impedance unevaluated and express the voltage
for the various real and imaginary impedance terms. We express the beam current (at the rf
harmonic) as

i[h] == t—i[b]™* (cos(h*omega[rf]* ¢+ phi(z)) + sin(h* omega[rf]* ¢+ phi(z)))
=t (cos(h ®, 1+ q)(t)) + sin(h ®, 1+ 0(1) ) ) (1.3.14)

b

The phase angle ¢(t) is modulated with the synchrotron oscillation:
phi(?) = phi0* sin(Omega[s]* 1)

o (1) = ¢0 sin(QS t)
subs((1.3.15), ih(t))
i (cos(h ®, 1+ ¢0 sin(QS t) ) + sin(h ®, -1+ ¢0 sin(QS t) ) ) (1.3.16)

We expand the beam current to first order in phi0, which gives
i[h] = combine( convert(series ((1.3.16), ¢0, 2 ), polynom ), trig)
i, $0 sin(h o t+Q t)

iy = iy cos(hw_ 1) + i sin(ho_1) + - (1.3.17)
i ¢05in<h ®, 1= Q t) i (p()cos<h ®, 1= Q t)
B 2 - 2
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The beam current induces a voltage in the impedance. We express the impedance in terms of its
components at the rf frequencies and its sidebands. The indices to Z indicate that it is the cavity
(¢), upper or lower sideband or fundamental (+,— or 0), and real or imaginary part (» or i). The
voltage induced in the cavity is then V), *i, ; note the minus sign in the expression for V,, necessary

to ensure that positive beam current extracts power from the beam as necessary by energy

conservation.

Vih]= (-1)-(op(L,i[h]) *Z[cOr]+ (op(2,i[h])) *Z[cOi] + (op(3,i[h])) * Z[c-r]
+ (op(4,i[h])) *Z[c+r]+op(5,i[h])*Z[c+i]+ op(6,i[h])*Z[c-i])

i, ¢0 sin(h o 1+ Q t) 4

cC—r

f

V,=-i, cos(h m’ft> Z, —i sin(h m’ft> Z i~ 5 (1.3.18)
. i, $0 sin(h ®, = Q t) zZ ., . i, $0 cos(h ®, = Q t) zZ, ..
2 2
- i, $0 cos(h ®, 1+ Q t) Z, _
2
expand ((1.3.18))
vV, =-i, cos(h (’),7/'0 Z, —i sin(h 0),7/1> Z ., (1.3.19)
- i, 07, sin(h w}jf.t) cos(QS t) - i, $0Z cos(h corft) sin(Qs t)
2 2
. L, $0Z, . sin(h (Drfl) cos(QS t) B i $0Z, cos(h ('Orft) sin(QS t)
2 2
. i, $0Z, cos(h (Drft) cos(QS t) . i, $0Z, sin(h mltft> sin(Qs t)
2 2
- i, $0Z, _ cos(h corft) cos(QS t) . i, $0Z, _ sin(h (lef.t) sin(QS t)
2 2
We can now replace the sin(€2 7) and cos(€2,7) terms by ¢(7) and diff(¢(z),?) using (1.3.15):
solve((1.3.15), [sin(Q[s]¢) ])[ 1[ ]
sin(Q t) _ o) (1.3.20)
A ¢0
solve(dzﬁ”((l.3.15), 1), [COS(Q[S] t) ]) [ 1] ]
cos(Q t) _ %) (1.3.21)
U wa
subs ((1.3.20), (1.3.21), (1.3.19))
(13.22)
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iz sin(h o, t) 0(1)

- _ _ f
v,=-i cos(h corft)Z i sm(h coft) Z, 20 (1.3.22)
.Cos(hm 1 i, Z sin(h o .t q‘)(t)
. < ) + b c+r ( rf)
2 2Q
S
Lcos(hw t) i Zc+l.cos(h (J)rft) O(t)
- -
2 2Q
. Z, . sin hcorft) O(1) - inC_l.cos(h (orft) o(1)
2 2Q
S
i Z, _. sin(h (z)}ff.t) O(1)
+
2
We collect terms of interest:
collect((1.3.22), [(2), 0(2), i, ir, sin, cos, Q])
lec—r Zc+r inc-i-i
V.=11- + sin(ho t)+ | —— 1.3.23
" ([ 2Q 20 (7o) 2Q ( )
lb Zc—i 1 .
g | h(o t (|) —l Z +EinC_ij sm(h(orft)
S
1 .
+ (—? iz _ = 2 , Z, ) cos(h (th)) O(t) — i, cos(h (nrft) Z,.
— i, sin(h mrft) Z,
To get to the power exchanged with the beam, we multiply by the beam current again:
P(omega) =i[h]-rhs((1.3.23))
. i q)Osin(h ®, 1+ Q t)
P(o) =i, cos(h corft) +1i, sm(h corft) + 5 (1.3.24)
B i (j)Osin(h ®, 1= Q t) - i q)Ocos(h ®, 1= Q t)
2 2
i, 0cos(ho .t + Q ¢ i, Z i, Z
+ b ( rf s) b Te—r + b“c+r SiIl(h(J) t)
2 2Q 2Q f
inc—f-i lb Zc— 1
+ o a0 cos(h(z)ft) ‘WH((E%ZH,

o(t) — i, cos(h (Drft) Z ., — i sin(h (Drft) ZC()Z.J

simplify (expand ((1.3.24)) )
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P(o) = - ; (2 (cos(he,1)"Z, _ (1) —cos(ho,1)" Z,,  6(0) (1.3.25)

+2 cos(h ® ) Z,Q+2Z,Q

rf
2

+¢0cos( (orft> sin(Qt Z._ . 0(1)Q

—2¢0 sm(h mft

+ ¢0 sm(QS t)

~
2.
=
—
“
~
S——"
o
O
/\
=
e
~
~
~
N
S
~
o
+
=
S
Z
=
—
o)
~
S——"
N

c—iq)(t) Qs

4 00 Q)+ 0 cos(ha 1) sin(Q 1) Z,_ 6(1)

— g0 cos(ho 1) sin(Q 1) Z, , ,6(r) + 290 cos(ho 1) sin(Q 1) Z,, Q,

)
ho z)z_ cos(h ® t)(l)(t)Qs—Zc_iq)(t)Q —Z, .. 0(0)Q

rf rf
q')(t) + cos(h mrft)z q.)(t) sin(QS t) $0Z, _
— cos(h o t)z o(t s1n(Q t) $0Zz, . + 2cos(h (x)rft)2 sin(Qs t) 0z,

0(0) 2, +cos(ho, 1) 6(1)Z,, —2cos(he 1) QZ,
z

c—r

— 90 sin(Q, 1) Z )+ 90sin(Q 1) 27, 6(t) =2 90sin(Q 1) Z,, Q

c— c0i ~"s

+2 cos(h o t) sm( ) Z,Q +2 sm(h (Drft) cos(h (orft> Z, Q

+cos(h03 t ) Q -I—cos(h(D t) Z, .. 0(1)Q

f

+ sin tZ, _ lcos(h o t) (1) — sm(h ® .t) Zc+l.cos(h a)rft) (1)

rf

) 7

(ho

+ cos(h oorft) Z, _ sm(h o, t) 0(1) — cos(h ooft) Z, ., sin(h (Drft) o(7)
(hoy1)

+ cos(h ® r2¢ -I-cos(h(z) t) o) Q Z, .

rf
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— @0 cos ( a)rft) sin(Q t) zZ, _ .sin(h (x)ft) 0(1) Q

Q t) s1n(h(o t

rf

) o
h ® J) sin(Q t) zZ, _ cos(hco t)
) (Q t) Z, cos(h(x) t)

f rf
— cos(h (,or.t)2 sin(QS t) O(t) 0Q_ Z

s c—1i
2
— cos(h (orft) s1n(QS t) O(1) p0Q Z l.) )
We collect the terms of interest again:
collect((1.3.25), [®(2), &(¢), ii, ir, cos, sin])
2 :
) i (902, =007, +60Z _ =907 ) sin(Q 1)
Plw)=1||-
2 QS

(1.3.26)

2
i lb (Zc—i_Zc+i_Zc—r+Zc+r) ]

2Q
N

cos(h (Drft)2 +

(02, 007, + 902, =07, )sin(ho, 1) sin(2 1)
2Q

N

- ii (Zc—i_Zc+i+Zc—r_Zc—|—r) Sin(h('orft> ]COS(

ho t)

20 f
S

iy (-902,_,+907 ) sin(21) iy (Ze_,=2.4))

2Q 2Q
S S

al

2 .
K (-00QZ,_,—90Q Z  +90QZ _ +¢0Q Z . )sin(Q1)
2Q

s c— 1 K} s c¢c—r s c+r

2Q
N

h o t)z—l-

ii(QZ Q7 Q7 Q7 )
s 1,

1
2Q
N

(iz (-0 7, _,—90Q Z —¢0Q 7

A c—r

—00Q Z,  Vsin(ho,t)sin(Q 1))

s e —1 s s Tc—r rf

2Q
S

ib(—QZ —QZ  +Q7Z +QSZC+r)sin(hc0 t)]
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2 .
i (¢0 QZ . +¢0QZ . l.) sm(QS t)
2Q
N

cos(h (Drft) —

2(-oz_,-7z.,)

c— i s c+i

2Q
S

o(2) +

iy (2002,,,Q +2¢02,, Q) sin(Q 1) iy (722, 9 +22,Q)

2Q 2Q
S S

iy (2002,,Q —2907,, Q) sin(ho, ) sin(Q 1)

cos(h ® .t)2 +

rf ZQS
222, Q +2Z_ Q\sin(ho ¢
b (22 22: ) sin( rf)]cos(hwrft)+Zcol.¢05in(§2st) i
_ZCOI b

Since we are primarily interested in the evolution of e.g. the oscillation amplitude—a process slow
on the scale of the rf frequency and even of the synchrotron frequency—we will now average
over the various oscillating components (sin, cos and sin*cos average to 0; sin”2 and cos”2
average to 1/2):

subs cos (ho[rf16) = = sin(h o[rf]1)’ = %,(1.3.26)]

2
[ (902, _, =902, +90Z _ —90Z, , )sin(Q 1) (13.27)
4Q -
S
_ 127 c—i"Zevim bl ur) +
40Q
S
_i12;(_¢OZC—1'+¢OZc+i+¢OZc—r_¢OZc+r)Sm(hm’ft>sm(gst)
2Q
2 i
o (Zen T 2 ) sin(hot) cos (1 ,,1)
2Q v
2 i 2
AR L AR LY N A S A P
2Q 2Q

2 .
B (00QZ, _ —40Q 7+ 0QZ _ +90Q Z ) sin(Q 1)
4Q

2
lb (Qszc—i+QsZc+i+QSZc—r+QSZc+r)

4 Q

N
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_¢OQsZc—i_¢OQsZc+i_¢OQsZc—r_¢OQsZc+r)

sin(h O)Vft) sin(QS t) )

_z‘j(—Qszc_l.—Qszc+i+gszc_r+gszc+r)sin(hoarfz)
2Q
P(00Q Z  +¢0Q Z . )sin(Q
Cos(hwrft)_ b ((P s e jQS C+l)sm< St)
S
2
_lb(_QsZc—Z_QsZc—f—i)
20, O(1)

iy (2002, Q +2007,, Q) sin(Q 1) - iy (22,9 +22,Q)
4Q 40
N N
N [_ i (2002, 9 —290Z,, Q) sin(ho,)sin(Q 1)
20
N

2 .
i (2 Z,Q+2Z, QS> sm(h ®, 1
20

) ] cos(h (orft) +Z,. 0 sin(QS t) ilz)

2
Z ity

.

collect( simplify ((1.3.27)), [d(¢), d(t), sin, cos])
P(w)

4Q

N

+2 ¢OZC+F) cos(h (J)rft) sin(h (Drft>)

2
+ lb(_¢OZc—i+¢OZc+i+¢OZc—r_¢OZc+r> SiIl(Q l)
4Q s
) b (22, ,+2Z, =27 _ +2Z_ )cos(ho,it)sin(ho,i)
40
K
2
+ lb(_Zc—i+Zc+i_ c—r+Zc+r) (i)(t)—i— 1 (
4Q 4Q
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2
i (2¢OQSZC_I.+2¢OQSZC+i+2¢OQSZC_r

+200Q Zc+r) cos(h (orft) sin(h (Drft)>

2
0 (_(POQSZC—Z'_q)OQsZc—I—i_q)OQ'sZc—r_q)OQsZc—i-r)
4 Q

N

_|_

sin(QS t)

1
40
S

2
+ (5, (292, +29Q2z ,,—2Q7Z

—2Q, Zc+r) cos(h a)rft) sin(h corft))

2
+ ! (QsZc—i+QsZc+i_QsZc— —Q Zc-l—r) J(I)(f)

b r s
40
iy (~4902,,Q +4907,, Q) cos(ho,_ i) sin(ho,)
4Q
N

+

2
lb (2 ¢0 Zc()i Qs —2 (PO Zc()r Qs)
4 QS

+ sin(QS t)

iz (—4 Z,Q —4Z, QS) cos(h o t) sin(h o t)

+ f f
4Q

2
lb ( -2 ZcOi Qs —2 ZcOr Qs)
4 QS

+

algsubs (cos(h w[rf]t) sin(h o[rf]t) =0, (1.3.28))

. 2
_ Sln<Qst) lb(PO (Zc—i_Zc+i_Zc—r+Zc+r)
4 Q

P(®) = (1) (1.3.29)

c—1 c+i c— c+r

4Q

N

(Zo_ 42, —Z,_ %7

+0(1)

sin (€, 1) i} 90 (Zo_ ¥ 2o i H 2., +Z,, )

4
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Sin(QS t) llz) d)o (Zc()i o Zc()r) 1127 ( -2 Zc()i QS —2 Zc()r Qs)
- -
2 4QS
rhs ((1.3.29))
. 2
¢(t) _Sln(Qst)lbq)O(Zc—i_ c+i_Zc—r+Zc+r)
4QS
2
+lb(_Zc—i+Zc+[_Zc—r+Zc+r) +¢(t)
4QS

sin (€, 1) i} 90 (Zo_ ¥ 2o i H 2., +Z, )

4
2
+ lb <QS‘ZC—I +QsZc+i_QSZc—r_Qs Zc+r) J
4Q
s
. 2 2
+ Sln(QS t) lb ¢0 (Zc()i o Zc()r) + lb ( -2 Zc()i QS —2 Zc()r QS)
2 4Q
s
P(omega) = collect(map (simplify, subs (sin(Omega[s ]-t) = 0, (1.3.30)) ), [diff (phi(?), 1),
phi(z), i[b]])
. 2
q)(t)lb(Zcfi_Zc+i—|_Zcfr_ c+r) Zcfi Zc+i
P(o) = - o e (1.3.31)

. Zc—r - Zc+r i2¢(t)+ B Zc()i - Zc()r iz
4 4 b 2 2 )b

This does indeed have the dimension of power, which is the derivative of the energy by time. We
can now replace P(®) in (1.3.13):
subs ((1.3.31), (1.3.13))

. 2
1 [ 2 [_(b(l)lb(zci_Zc+i+Zcr_Zc+r)

6()=-Q o(1) + —
B E
VA4

+ Zc—i+ c+i_Zc—r_Zc+r 2 + _ZCOi_ZCOV 2
4 4 4 4 )b o) 2 2 )%

We can now see three distinct terms in the equation of motion for ¢(?):
* A term dependent on diff(¢(t),t). This term will cause amplitude growth if<0 or damping
depending on the sign. Below transition 1 >0 and the term will be negative if Z, > Z_, which is

® M (1.3.32)

Robinson damping. A positive term will cause Robinson instability

* A term dependent on ¢(#), which will cause a beam-current dependent shift in synchrotron
tune.

* A term independent of the phase angle. This term will cause a shift in the synchronous angle
(to make up for the lost energy).
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Maple can solve this equation although it becomes a long mess of a solution. We can so
somewhat better by freezeing the impedances in (1.3.32) by section:

Subs[(zc—i_Zc+i+Zc—r_Zc+r) :freeze((zc—i_Zc+i+Zc—i’_ZC+V))’[

_Zc—i _ Zc+i + Zc—r + Zc+r]=ﬁeeze[[_zc—i _ Zc+i + Zc—r
VA

4 4 4 4 4

Zc—f-r]] [ c0i ZCO}’]_ [[ ZcOi ZCOF]J ]
+T , |- - = freeze ST, T o , (1.3.32) |;

[\

. ) (s O(t) i freezeRIO (Z._ . Z_,
H=-Q o(t) + ™ - + + 1.3.33
o)== 0() + - o ; ; (1:333)
N
VA Z
— + 2 2
_ c4 L C4 . ) i, 0(t) + freeze/R12 lb]]
dsolve((1.3.33))
o(1) (1.3.34)
1 2 0
m ( [—(Drf]’] zbﬁ’eeze/RIO
—e s s
4 2.4 P12 2 202 2 2 202 2 _ 2 202
+ ((orfn zbfreezc/R]() + lémrfmbﬁ ESQS Zc—i+ léwrfnsz ESQS Zc+i léwrfnzb[j ES
0’z 16t i2BPE Q*Z7  —6aQtprE2 1/2th
s ¢c—r rf b s S c+r s s)
2
—é ([0)2 nizfreeze/Rl()
8B2E Q b
+e s
4 2.4 P12 2 202 2 2 202 2 _ 2 202
+ ((orfn zbfreezc/R]() + lémrfmbﬁ ESQS Zc—i+ léwrfnsz ESQS Zc+i léwrfnzb[j ES
0’z 16t i2RPE Q*Z7  —6aQtprE2 1/2th
s ¢c—r rf b s S c+r s s)
Cl

41 freeze/R12 iz (z)i p
_+_ .

2
i, (Z_,+2

2 2 2
2 —Z  )o +4Q B E
thaw((1.3.34))

i c+i) f
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0(2)
b ~o?ni2(z -7  +z -z
8[32EQ rf b(c—i c+i c—r c+r)
4 2 .4 2 2 202 2 2 202 2 2
+ (o V4 -7 +Z -7 + 16w E Q° 7 + 16 ® E Q°Z — 16w
(an lb(c—i c+i c—r c+r) anle s S c—i anle s S c+i an
1/2
Q*z - 16’ ni2prE Q%2 —64Q4B4E2> ]zj
S c—r b s S c+r s s
2
1 2
2
— | |o z -z 4z -z
8]32EQ (( ;ffnlb(c—i c+i c—r c+r)
s
+e g
4 2.4 2 2 202 2 2 202 2 2
+ (o V4 -7 +Z -7 + 16w E Q° 7 + 16 ® E Q°Z — 16w
(an lb(c—i c+i c—r c+r) anle s S c—i anle s S c+i an
1/2
Q*z - 16’ ni2pPE Q%2 —64Q4B4E2> ]zj
S ¢c—r b s S c+r s s
I
4 B Zc()i o Zc()r 2 (02
n B N R A
! Z  +Z Z Z P a0’ B E
T]lb( c—r c+r i c+i)0)rf SB s
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Cyclotrons

The cyclotron is one of the first circular accelerators. Nevertheless it is still very much a machine
being designed, built and used today, for medical applications, isotope production and other
applications where moderate energy, high intensity and high reliability are essential.

The cyclotron principle is qute straightforward; in a constant B-field (usually vertical), charged

particles travel on circular orbits given by the Lorentz force being equal to the centrifugal force:
2

m-v
R q-v-Bz
m v
R4 v Bz 1.1)
S0
algsubs ( % =W, (1"}1) j
m=gq Bz 1.2)

What this says is that R increases commensurate with the particle's velocity such that the angular
frequency w,, remains constant. Therefore a fixed-frequency rf system with an accelerating gap

particles pass by on each turn will be able to accelerate such particles to an energy

E = Vrf~n~2

E=2V n (1.3)

where the factor 2 arises from particles passing the gap (at least) twice per turn. It will become
immediately clear that this is the case only for nonrelativistic particles as m = y*m,, therefore:

subs (m = gamma-m,j, (1.2) )

Ymy,w=gq Bz 1.4
and thus o varies with 1/y for constant Bz.
There are some ways out.

We can change the rf frequency at the expense of accelerating only one bunch at a time. This leads to
the synchrocyclotron, allowing higher energy but at much reduced intensity.

We can increase the B-field radially. This will keep synchronicity towards higher energy. The

problem with this approach is not immediately obvious: it leads to a weakening of the vertical beam
stability and beam loss. This can be visualized as follows:
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7577 7
7 57

Fig. 1: vertical defocusing and focusing effect of radial field gradient [6].

The effect is a direct consequence of Maxwell's equations for the magnetic field. In the absence of
any longitudinal field, we have
diff (Bz(r), r) = diff (Br(z), z)

d d

. Bz(r)= R Br(z) (1.5)
and a positive gradient will lead to particles at positive z to be deflected further positively and get lost
quickly. In fact, for vertical beam stability one usually wants a slightly negative gradient of the radial
field.

It turns out that azimuthal variation of the field can break through the barrier of the relativistic energy
limit of a cyclotron. in this so-called "isochronous cyclotron" the B-field varies azimuthally by
introduction of "hills and valleys" of the magnetic poles. The orbit radius varies, in the extreme case
of 0 field in the valleys the orbit is straight in the valleys, and therefore has an angle against the edge
of the hills.
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- Circle
Thomas Angle / Orbit

Fig. 2: Isochronous or AVF cyclotron [6].
The variation of the field at the edge of the hills introduces a longitudinal field component that is
normal to the edge. If the trajectory has an angle other than normal against the edge, this longitudinal
component has a transverse component as seen by the beam and thus a vertical force results that can
be seen to be either focusing or defocusing depending on this angle. In an AVR cyclotron it is
always focusing. This focusing, then, counters the vertical defocusing due to the increase in B-field to
maintain synchronicity and extend the energy reach of the isochronous cyclotron.

Eventually, the required rise of the B-field and associated defocusing becomes too strong to be
countered by the straight edges as shown in Fig. 2 even with field-less valleys. The next step, then, is
to shape the pole edges into a spiral shape which further increases the edge focusing. It also allows to
lengthen the hills thus aiding synchronicity.

We can get an approximate expression for the edge focusing for 0 valley field from 1.5 by rotating it
with the angle of the beam against the normal of the poleface:
1 _ tan(theta)

f rho
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;: tané@) (1.6)
We can define the "flutter" function
2
, ((B=Bug) ).,
B 2
(Barg)
(B~ Bug))
Fl= ( y ) Jun 1.7)
B
avg
2 R
F= rho !
P 1.8)
P

where p is the bending radius of the hill and R the min length from the center to the orbit in the valley,
to have a parameter that works for non-zero valley field as well.

The focusing properties can be parametrized in terms of the machine "tunes", the number of
oscillations per turn a particle not launched exactly on the design trajectory undergoes as it goes
around the accelerator. There are radial and vertical tunes. For an isochronous cyclotron, the radial

tune is
O =1+n
Qx =14+n (1.9)
whereas the vertical tune is
QZ =F 2 n
0.=F —n (1.10)

n is the so-called "field index", a measure of the gradient in the field normalized to the dipole strength
and is given by

P diff (Bz(s), )

"

n=- (1.11)

Positive # is horizontally focusing whereas negative  is horizontally defocusing; with the behaviour
in the vertical plane being the opposite. In the absence of flutter we see immediately that -1 < n<1 for
stable motion in both planes. Isochronicity requires #>0 towards higher energy and therefore a
normal cyclotron cannot accelerate particles to relativistic energy.

Practically speaking, F* 2 is limited to values near unity and therefore the isochronous cyclotron as
described (Thomas cyclotron) is still limited in (proton-) energy to maybe 35 or 40 MeV. We can
increase the effect by inclining the edges even more, thus amplifying the vertical focusing. This leads
to spiral focusing, which allows large cyclotrons like TRIUMF and SIN to reach or exceed 0.5 GeV
beam energy.
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COMPON%NTS OF MAGNEHC %: VERSU§ ENERGY

2 F? TAN’(e) = FOCUSING DUE TO NON-ZERO
SPIRAL ANGLE e

1.5

F2 = FOCUSING DUE [
/ TO FLUTTER

;N 0.0 -
—0.5
—-1.0 DEFOCUSING PRODUCED BY i
) INCREASING MAGNETIC FIELD
_1.5 T T T T
0 100 200 300 400 500

E(MEV)
Fig. 3: Vertical tune vs energy in the TRIUMF cyclotron [34].
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b1

Fig. 4: Lower half of TRIUMF cyclotron during construction [34].
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PARTICLE COLLIDERS

PARTICLE COLLIDERS

PARTICLE COLLIDERS

High Energy Physics and Accelerators

Particle accelerators have been extensively used to discover
new particles

@ 1950-1970: Anti-particles, Quarks,...
@ 1970 Establishment of the Standard Model

Predictions of the Standard Model are questioned by particle
colliders '

2012: Higgs Boson by the Large Hadron Collider

The High Energy Physics community demands for particle
colliders with high Luminosity (£) at high energy

Number of Events/sec = L oprocess
2
L ~ frepM

* *
Ox0y
(assuming Gaussian beams - head-on collisions)



PARTICLE COLLIDERS

Large Hadron Collider

@ 27 km of tunnel filled with superconducting dipoles
@ 1232 Dipoles (Bpax = 8.33 T) 8 RF cavities

@ N,=1.110"/bunch 2808 bunches/beam
@ E=14 TeV @ CM L ~10%¢m—2s~1

Is the LHC the best machine for conducting experiments that
require high precision?

PARTICLE COLLIDERS

Clean Collision

@ Hadrons are not elementary particles = Unknown initial
state of its compounds

@ Leptons are point-like particle
@ Lepton collisions can be fully reconstructed

Higgs production in pp Higgs production in e+e-

hadrons

Lepton Colliders are used for high precision experiments
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Ring et e~ Collider

@ LEP reached £ @ CM=209 GeV, £ ~ 103" ¢cm—25~"
@ Limited by energy loss due to Synchrotron Radiation
emission by bend particles = U~3 GeV! P,;4=18MW!

® } p= TLEP

TLEP (80-100 km,
e*e, up to
~350 GeV c.m.)

VHE-LHC

(pp, up to
100 TeV c.m.)

“same” detectors!

LEP3
(e*e’, 240 GeV c.m.)
/

PARTICLE COLLIDERS
©00000

Linear Colliders

Linear eT e~ Collider

@ SLC ran from 1987 to 1989 Discovery of the Z0 particle
e E@ CM=91.2 GeV L~1030¢cm2s"

Not limited by SR but
Gradient and luminosity are a concerned single pass
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Linear Colliders

Future Linear Collider

Source Damping Ring Linac BDS

C) source

few GeV
| _ISEEEEEEE NN

bunch main linac I I
compressor collimation

Two proposals for the future linear collider

@ International Linear Collider (ILC) (Enax=1 TeV, Lt ~30 Km)
uses SC accelerating cavities (~ 30 MV/m)

@ Compact Linear Collider (CLIC) (Epax=3 TeV, L1 =50 Km)
uses NC accelerating cavities (= 100 MV/m)

PARTICLE COLLIDERS
00@000

Linear Colliders

ILC footprint
frep 5Hz N, 210 n, | 1312
Ecu | 500GeV | L | 1.810%cm™2s™" | 22 | 0.12%
Yéx 10 um Bx 11 mm ox | 474 nm
ey 35nmm | By 0.48 mm oy | 5.9nm
e+ bunch
Damping Rings IR & dgtectors compressor

e- bunch
compressor

positron 2 km
main linac
11 km

central region
5 km

electron
main linac
11 km

_ nbN2
L= Trepglos

O-;’y - V ex’y ﬂ;ay

How do we focus the beam?
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Linear Colliders

ILC footprint
Trep 50Hz | N, 0.4-10™ Np 312
Ecu | 3TeV | L | 5810*%cm™2s™" | 22 | 03%
vex | 0.7 um | By 6.9 mm oy | 45nm
vey | 20nm | jy 0.07 mm oy | 1.0nm
1’2'&:‘1“4 :'m: | | | | ‘ p ” | | | \g-.“\lnw
’ delay Ioo delay loop ]
Ecz(ﬂcﬂh (111 E-vh M hv PRI szm’)m

zfstm‘ 275km pic).
TAr120m @ main linac, 12GHz, 100 MV/m, 21.02km P €* main linac TAradius = 120 m
- .
48.3km
CR combiner ring
TA  turnaround

DR damping ring

POR pracamping ring booster linac, 6.14 GeV

BC  bunch compressor

B80S beam delivery system

1P interaction point

B dump e injector,
286GeV

PARTICLE COLLIDERS
000080

Linear Colliders

Final Focus System

@ The Final Focus System (FFS) of the BDS provides the
required focusing @ IP

@ 2 Strong quadrupoles, Final Doublet (FD), located a
distance L* from the interaction point (IP) focus the beam
on both planes

@ The FD introduces chromaticity (£) which needs to be
corrected if aiming to nm beam sizes £ ~ é—

Y l / iAy* At T\ﬂ\\§>i>
B ‘\ 1 ™ TEEae
== =
P L
Ap<0 — Sextupole

Final Doublet IP
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Linear Colliders

Chromaticity Correction Schemes

There exists two possible chromaticity correction schemes:
@ non-local: its operational principle was demonstrated at
SLAC (1994)
@ local: its operational principle has been recently
demonstrated at ATF2 (2013)

i
I I I
! 7N 7N I I
| -, ~ -, N | |
I I I
==t 2l ‘ ‘
IP
i i
i I
Geometric cancellation

Final

Horizontal Doublets

Dispersion

-
777777 Geometric cancellation - --->  FD

ATF2

ATF2



Description

ATF2

In 2008 the Accelerator Test Facility (ATF2) in Japan was
constructed to test FFS (ILC & CLIC)

FF line EXT line

FINAL FOCUS

MREF1FF MREF2FF
QD2(AB)FF QD4(AB)FF

QF7FF QMO(AB)FF QM11FF  QM13FF  QM15FF

Description

Real ATF2




Lattices

ATF2 Nominal Lattice

ATF2 Nominal Lattice (ATF2 NL) is the scale-down version of
the ILC FFS lattice

(@) Beam optics of ILLC final rocus system

Harizontal

S 200 Vertical
E
S 100
o
01
— ol
E
£ -01 Herizental
Vertical 4
-0.2 " " "
-800 -700 -600 -500 -400 -300 200 -100 (4]

s [m]

(b) Beam optics of ATF2 beam line

Horizontal
1x1 optics

150

& 100 10x1 optics
E_ Vertical
o 50 1x1 optics
= 10x1 optics
1] m— . e VA e 1
0.2
o
‘E 02
= 04
06 Horizontal
Vertical
-0.8 .
-40 -30 -20 -10 o

s [m]

Lattices

ATF2 Ultra-low 5* Lattice

ATF2 ultra-low * Lattice (ATF2 UL) features a chromaticity
comparable to that one of CLIC

| Parameter | Symbol | ATF2NL | ILC | ATF2UL | CLIC |

Relative energy spread [%] Ap 0.08 0.13 0.08 0.3
Norm. horizontal emittance [.m] Yex 5 10 5 0.7
Norm. vertical emittance [nm] Yey 30 35 30 20
Horizontal beta function [mm] 9 4 (40)1 11 4 6.9
Vertical beta function [mm] By 0.1 0.48 0.025 0.068
Horizontal beam size [pm] ox 2.8 (9) 0.47 2.8 45
Vertical beam size [nm] oy 37 5.8 23 1
Free distance before IP [m] L* 1.0 3.5 1 3.5
Vertical chromaticity &y 104 810° 4104 510%

(FD)

° | By =By

!

@ ATF2 UL: % ~ 535 = sensitive to coupling

'Currently ATF2 is running with ; 10 times larger than nominal value

— FD is very sensitive to B field errors
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LATTICE DESIGN

LATTICE DESIGN

Impact of Magnetic Field Errors

@ The multipole content (field quality) of each magnet
installed at ATF2 have been measured
@ Each component (up to 12-pole) is introduced into the
MAD-X model of ATF2 as a thin lens at
upstream/middle/downstream

Project Magnetic Errors By oy By oy
[mm]  [pm] [pm] [nm]
ATF2 Nominal OFF 4 2.8 100 37
ATF2 Nominal ON 4 2.8 100 65
ATF2 108515; ON 40 9.0 100 37
ATF2 Ultra-low g* OFF 4 2.8 25 23
ATF2 Ultra-low 3* ON 4 2.8 25 80
ATF2 105; %B; ON 40 9.0 25 22
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e0

Final Doublet

Order by Order Analysis

The obtained o, for the ATF2 Ultra-low 3* at different orders
(no) is:

100F order? --eeeeee

...........................

ey (1M
The coefficient analysis reveals that the 5™ order is the most
responsible of the evaluated Aoy, for both lattices
If 6p=0 = o}=77.5 nm

Geometric Skew Dodecapole Aberration!

LATTICE DESIGN
oce

Final Doublet

Field Quality QF1

By comparison of the evaluated tolerances with the measured
multipole components of each of quadrupoles of the FD we
infer that QF1FF was the responsible of Aoy,

We decided to replace the bad QF1 (QC3) by a good QF1
(4Q17) in autumn 2012

24 T
W Tl (1x1)
01811 Il 1ol (10x1)

4 Qc3

0161 & aqi7

@ ATF2 NL:
a;=37.5 nm

@ ATF2 UL:
ajj=31 nm

% Of Quad Field at r=2cm
=
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00

Octupole Magnets

ATF2 Ultra-low

Further analysis of map coefficients for ATF2 UL reveals that
the 3" order is the most responsible of the evaluated Aoy
ATF2 Ultra-low p*

35 T |d 1 T T T T T . , ' I ' | | | |
or er e ....-....--.....-......-...._

30 _ order2 .............................................................. \

25 F order3 -eeeeeees T _

B b N NS _

15 Il 1 . | : I I

(e, operation)

Yey [um]

If 6p=0 = 0}=19.5 Nnm

Chromatic Skew Octupole Aberration!

LATTICE DESIGN
o] Yo

Octupole Magnets

We will insert 2 octupoles of length 10 cm separated by a
phase advanced of =

@ Octupole-1: Upstream of FD
@ Octupole-2: Upstream the bending magnets

FINAL FOCUS
FROM
EXTRACTION
MREF1FF MREF2FF MREF3FF HINE
QD2(AB)FF QD4(AB)FF QD6FF QD8FF QM10(AB)FF  QM12FF  QM14FF  QM16FF
g — R T ol
& Ceef PCEE = & i g H & ik
)
QF5(AB)FF QFT7FF QM9(AB)FF QM11FF  QM13FF  QM15FF

These octupoles permit to reduce oy=22 nm!
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Octupole Magnets

To be installed in Spring 2016!

TUNING PROCESS

TUNING PROCESS



TUNING PROCESS

Beam Sizes Monitor at ATF2

The beam size is measured by a Shintake

_ 7T20_2
monitor @ M = cos(6)exp] 2/72 2}
Compton signal generated when scanning he fringe pitch
fringe pattern through the beam 2sin(6/2)

@ BSM has 3 different O¢rossing to cover
oy from um down to 10 nm

1= 2deg. mode
o - 4deg. mode

8deg. mode

r T\ \. A — 30deg. mode
0.8

y , : \ y NN e e
IR WA
1RV

il &
10 10? 10° 1
Beam Size [nm]

Modulation Depth

.
.Ekggsseees

TUNING PROCESS

Beam Size Tuning Process

The tuning process is based on pre-design orthogonal
linear/non-linear knobs (n*, a*, <px, V>, T304, T34s..)

Each knob is meant to control an specific beam size aberration
at IP

@ Linear knobs are based on sextupole displacements (Ax, Ay)

2 2
By, By of sextupole gradient (gs = gyg; = %XBZV)

Sextupole Bx = gsxy = Bx = Bx + (gsAX)Y + (gsAY)X + gsAXAY
By =10gs(x®—y?) = By =By + (gsAX)X — (gsAY)y + 3 9s(Ax? — Ay?)

@ Non-linear knobs are based on variations of skew sextupole strengths



TUNING PROCESS

Tuning Results

= ¥- ~ Decemnber 2010 Data
L] IE‘:’:I -
: e / 2012 D
E o~ ' ; : aLE
& @
1] y
i .'
. feps . § 100 o
Major Difficulties: d -
@ Earthquake £ e o =y
. . £ 20 2 8 deg W g 1T ey
@ Shintake monitor -
. o 1 [¥]
@ Field errors Tuning Knab iteration Steg
@ Wakefields... o VYSRKIII SprR 1% A
800 .. + 2-8 deg. mode
« . 0 30 deg. mode
Measured o} . o 174 deg. mode
44 +6 nm = 600 3
g .
6~ 00 B
28
200 @ :

0 20 30 4 s 6 70
Time (hours) from Operation Start after 3 days shutdow:

CONCLUSIONS

@ The lattice design process has been crucial for the
operation of ATF2

@ ATF2 has demonstrated the feasibility of the ILC FFS?

@ ATF2 has achieved a world record minimum é~— beam size
of <50 nm

@ ATF2 is routinely delivering ~60 nm within 24 hours
@ Octupoles will be installed in spring 2016
@ Go-no-Go decision for ILC will be taken in 2016 by Japan

2G. White et al. Phys. Rev. Lett. vol 112 - 014801 (2013)



The Lattice Package

A Maple package for charged-particle optics and beam-line analysis.

H.-Ulrich (Uli) Wienands
SLAC National Accelerator Laboratory
Menlo Park, CA 94025, USA
uli@slac.stanford.edu

Date of this manual: February 10, 2016.

Introduction

The Lattice package is a Maple package to design and analyze charged-particle beam lines and circular
machines. It employs a beam-line description using the standard elements (dipoles, quadrupoles and so
on) and retains the algebraic power of Maple. Beam-line elements are described using the equations
governing the particle motion in algebraic form. In this way it is possible to compute expressions
(rather than numbers) for beam-line parameters like Twiss functions, dispersion and such, for beam
lines or rings, and to perform analysis on these expressions using the full power of Maple. The user
can—within the limits of Maple's capabilities and of memory limitations—demonstrate analytically that
certain characteristics can in fact be obtained using a given beam line, or not, as the case may be.
Numeric calculations are possible as well to find values for magnet settings, track particle coordinates,
generate lattice plots etc.

The Lattice package takes a hybrid approach to the computations for a beam line. First-order analysis is
done by using 6x6 TRANSPORT][1] matrices. Thus most algorithms and examples found in the
literature can be modeled essentially unchanged with the Lattice package. For particle tracking and
modeling of nonlinear elements a tracking function (map) is included for each element. The tracking
function of a beam line is computed by composition of the tracking functions for each element of the
beam line and no truncation is done. This ensures accurate and symplectic tracking as long as the
tracking function for each element is symplectic. A beam can be defined for use in tracking, including
its first-order defining > matrix[2]. Plotting commands are provided to allow for simple plotting of
lattice functions and phase-space portraits. Output in a format suitable for input to MADS[3] can be
generated.

Since the full power of Maple is available to the user, the package does not have special matching or
fitting routines but rather relies on the extensive capabilities of the Maple programming language to
facilitate such operations. Likewise, operations like series expansion to a desired order can be
performed using the series, taylor and mtaylor functions of Maple.

The coordinates the Latfice package uses are positions and angles in the beam-following Frenet-Serret
coordinate system, i.e. a particle's coordinates in 6-d phase space are described by <x.x',y,)',[,dp>.
These are not canonical in the Hamiltonian sense.

The Lattice package implements the commonly used methods to model beam lines and circular
machines. Common beam line elements are available: Drift, Quad, Bend, Sextupole, RfCayvity as
well as Solenoid, GKick, Foil, Wire. These elements are implemented as Maple Records, which are

1
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instantiated upon calling the respective element type procedures that return the Record implementing the
element.

Beam lines are built using the DefineLine procedure which returns a Record implementing a whole
beam line. For certain calculations one may desire each element instantiated separately; this can be done
using the ExpandLine procedure which returns a Maple Vector of the elements of the beam line.

The individual parameters of each element or beam line are available using the standard Maple :-
("member of") operator. This allows quick extraction e.g. of the first-order TRANSPORT matrix R to
perform operations on using Maple's LinearAlgebra package or other specialized operations. In certain
cases it is also possible to replace the value of parameters in a given element, although this requires care
to avoid an element record having inconsistent parameters and a better mechanism is provided by the
Subs operation. The parameters available for each element are described in the next section.

Procedures are available for computing the matched Twiss functions and dispersion: twiss returns a
maple Vector with the 6 Twiss functions, dispersion returns a Vector with the 4 dispersion functions.
Functions for the individual quantities also exist: betax, alphax, gammax and their vertical
counterparts as well as etax...etapy.

Tunes and cosines of the phase advance are computed by cosmux, cosmuy and nux, nuy.

Twiss functions and dispersion can be propagated through a lattice using TwissTran and EtaTran.

Particle tracking is supported by providing a function DefineBeam that sets up the data structure for a
particle beam, which is characterized by its )’ matrix and can have particles, as well as the Track
procedure that actually performs the tracking. Due to speed limitations this is not practical for large-
scale multi-turn tracking studies (e.g. to find the dynamic aperture of a ring) but rather for exploratory
limited studies. However, it is possible to extract and convert the tracking function to a numeric
polynomial map the evaluation of which is actually quite efficient. Using mtaylor, this map can be
limited to a desired order for further increase in tracking speed.

Lattice function plot structures can be generated using the LatticePlot procedure and put on the screen
using plots:-display.

Beam distribution and phase-space ellipse plot structures are generated with BeamPlot.
Synchrotron-radiation integrals are computed by the functions I1, 12, I3, I4x and I5x. These act on
ExpandedLines.

The procedure Subs can be used to substitute variables on elements and beam lines of the Latfice
package. It changes all occurrences of a variable in the given element or beam line. It recursively
changes any sublines as well. Note that this is preferable to changing members of the element record as
Subs ensures that all occurrences of a variable are changed and the element record remains consistent.
The symplectic 6x6 Matrix J is defined in Latfice and can be used together with Vector Calculus -
Jacobian to check symplecticity of an operation or element or beam-line map.

Output for the lattice program MADS can be produced using Mad8Form.

Most of the accelerator physics formulae used in Latfice are from Ref. [4]. Units used in Lattice are
meter, radian, MeV, MV, Tesla unless otherwise noted.

The Lattice package is compatible with Maple versions 15 and later.
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Implementation details

The machine elements are represented by Maple Records. Each element has a somewhat different set of

parameters stored in its record, but a number of parameters are common to all elements:

* [ - the length of the element. This length is understood to be the path length unless otherwise noted.
Procedures like DefineLine or ExpandLine keep track and recalculate the length as appropriate.

* R - the first-order 6x6 R matrix. This is used for first-order calculations like twiss and dispersion.
For elements with only higher-order terms, R implements a drift of the equivalent length. Some
elements 0 length will have R=IdentityMatrix.

* TF - the trackFunction or map. This function describes the passage of particles through the element
and can include to higher than first order. It is implemented with the Maple arrow operator. 7F
always acts on the column Vector with the 6 particle coordinates, <x,xp,y,yp,/,dp>. Elements like
Foil and Collimator can add random values to the beam coordinates.

* kind - This is a name denoting the kind of the element. In general it is the same as the name of the
constructor (Drift, Quad etc.).

* Eref - areference energy. Not always assigned a value. Used if elements change the average energy
of a beam, like synchrotron radiation in a bend.

A general note: Record elements in Maple and therefore in the Elements of Lattice can be changed.
However, the parameter values of the elements in Latfice are interdependent; this interdependence gets
lost if only one parameter value gets changed by assignment. As a result such assignments lead to
erroneous results unless great care is taken. The Subs procedure is provided to allow change of
parameter values that will maintain consistency across all parameters of an element. Subs also allows to
change parameters in BeamLines in a correct and consistent manner.

Lattice defines a number of types that are used to restrict the operation of the procedures in Lattice to its
own types. In a few instances this is used to overload Maple operations. The types defined in Lattice
are:

* Element - An element like a Drift, Quad etc. Any BeamLine is also an Element. An ExpandedLine
is a Vector of Elements.

* BeamLine - A BeamLine is a concatenation of several Elements. A BeamLine is distinct from a mere
Element type by having a parameter BL, which is assigned the list of Elements making up the
BeamLine. The other parameters of a BeamLine are the combination of the parameters from the
Elements of the BeamLine, i.e. the length / is the total length, the R Matrix is the total R matrix and
the trackFunction 7F is the total trackFunction.

» ExpandedLine - a Vector of Elements. In general, the components of this Vector are Elements and
not BeamLines. Sublines are expanded in the ExpandLine procedure. The Elements of an
ExpandedLine have the following parameters:

— s - the total distance from the beginning of the exit of the element

— R - the R matrix of this element (not cumulative)

— TF - the trackFunction of this element (not cumulative)

— kind - the kind of this element

— Eact - the actual beam energy at the exit of this element. (this allows evaluations of e.g. the energy
sawtooth of an electron storage ring)

— any other parameter the present element has.

» Machine - A BeamLine with the addition of a Title. Certain operations (like Mad8Form) require a
Machine as argument.
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V Initialization

As usual with Maple packages, the package file Lattice.mla has to be placed in a directory (folder)
where Maple can find it; the same is true for the help database Lattice.help (or Lattice .hdb for Maple
versions before 18). The correct locations depend on the operating system used (Windows vs Mac OS
X vs Linux) and the specific setup of the user. Loading Latfice using the with command will produce a
confirmatory message even with its output suppressed.

restart
"Maple Initialization loaded..." 3.1)

with ( Lattice)
"Lattice.mw, Version 1.0.1, 4-Feb-2016"
[ ., BeamPlot, Bend, DefineBeam, DefineElement, DefineLine, DefineMachine, Drift, 3.2)
Edefault, ElnamT, EtaTran, ExpandLine, Foil, GKick, H, Hx, HxTran, Hy, 11, 12, I3, I4x,
15x, J, LatticePlot, LumpLine, MadSForm, Quad, QuadOld, RfCavity, SRotate, ST,
Sextupole, Solenoid, Subs, Track, Tunes, TwissTran, Wire, ', alphax, alphaxT, alphay,
alphayT, betax, betaxT, betay, betayT, cosmux, cosmuy, dET, dispersion, etapx, etapxT,
etapy, etapyT, etax, etaxT, etay, etayT, gammax, gammay, nux, nuy, SINMux, SINMuy, wiss,

IWissx, twissy |

V Element Details

In this section the individual machine elements provided by Latfice are described by example. An
explicit listing of the tracking function is obtained by calling element:-TF(<x,xp,y,yp,dl,dp>) with
unassigned names in the coordinate vector. Note that the name / is used for the length of the element
and should not be used for the path-length difference in the particle vector.

V Drift
drift :== Drift(len)

[ 1 len 0 0 0 0|
01 0 00
0 0 I len 0O
Record | = len, kind = Drifi, dE= 0, Eref=0, R = , TF 4.1.1)
0O 0 01 0O
0 000 1O
0 0 O 01
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= trackFunction

drift:-TF ({ x, xp, y, yp, dl, dp) )
[ x + len xp _
xp
v+ lenyp
yp
dl

dp

4.1.2)

len - length [m]
This element implements a field-free drift region. The track function presently is to first order only i.
e. neglects the path-length change with angle.

¥V Bend
dipole := Bend (len, theta, n, E[ref']);

l
Record|l=len,a=0,El=0,E2=0,n=n, Eref= Ere/, kind = Bend, p = een’ dE=|E (4.2.1)

cos(\/ﬁe),

177 E*?:-a 7-a
— - R=
4000000 ol :
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sin(me)len 0.0.0 len(l—cos(\/l—n 9)) ],

> > > >

J1—n 0 0 (1 —n)
| J1—nesin(T—n ) cos(yT=76).0.0.0. sin(T—n 6)

1_
len 1 —

3

n

(/7 6). sin(g(;) e o
0,0, - ﬁesin(ﬁe) ,cos(ﬁﬁ),0,0

len

3

0, 0, cos

b

. sin(V1—7 6) ) len (1 —cos(y1—n 6)) 0.0, 1,

b

1—n 0 (1—n)

ten (JT=7 0 — sin(yT=70)) |

0 (1—n) > _’

0,0,0,0,0,1 ||, TF = trackFunction

dipole:-TF ({x, xp, y, yp, dl, dp) )

l cos(me)x—l— sin(me)lenxp + len(l—cos(me))dp ’

4.2.2)
J1—n 8 0 (1 —n)

-_ - esin(\/l—n G)x —I—cos(me)xp-l— sin(wll—n G)dp ’
_ len m
_cos(ﬁe)y-i- sin(\/j_n@)elenyp ’
Ao IIOLY o (0) )
) sin(\/l—n G)x B Zen(l—cos(\/l—n 6))xp tal
D 6 (1—n)
+ len (\/I—n G—Sin(\/l—n 6))dp

0 (1—n)'2 ’

dp

len - the length [m]

theta - the bending angle [rad]

n - (optional) the field index, defaults to 0

E[ref] - (optional) the reference energy [MeV], defaults to 0
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The Bend element implements a sector dipole magnet. The field index » allows to implement a

gradient magnet. Edge focusing is taken into account.

The transfer function at present is first-order only and does not include and higher-order

aberrations.

¥V Quad
quadrupole = Quad (len, kil);

Record | = len, kil =kll, ns =0, Eref=0, dE= 0, kind = Quad, R =
sm(\/len J kil ) \ len 0,000,
V kil
K sin(Jlen JkIT) ,cos(Ten JKIT ), 0,0,0,0],
I len
0’ 0’ Cosh(\/m)’ Sll’lh(\/ Zel’l k]l ) \/Zel’l : 0’ 0 :
I J kil
0,0, YK sinh(y/Ten /KI7) , cosh(\/Zen JFIT ), 0,01,
len
0,0,0,0,1,0],
0,0,0,0,0,1||, TF= trackFunction]
quaa;rupole:-TF( (x, xp, v, yp, dl, dp) )
COS(W\/W) Y+ Sln(\/lel’l \/k]l ) \/len xp

J kil

len

VHEsin(len VKD x e )

cosh( Ten kT ) y+ sinh(\/len kll ) J len yp

len - the length [m]
k11 - the integrated focusing strength [1/m]

JHIT
JEIT sinh(Ten JFIT) y + cosh(VTer JFIT) 3p
len
di
dp

cos(Ten JkIT), (4.3.1)

4.3.2)
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The Quadrupole element implements a thick quadrupole. The focusing strength is the integrated
strength k1*/en. This allows to model a thin quadrupole by setting the length to 0 when calling
Quad(). Modifying the length to 0 in a subsequent Subs operation, however, will lead to a divide-
by-zero error and is to be avoided.

The trackFunction at present is to first order only and does not contain any chromatic or third-order
aberrations. Chromaticity can be modelled by calling Quad with £1/ being a function of dp (the 6th
coordinate) of the particle.

V Sextupole
sext == Sextupole (len, k21)
[ 1 len 0 0 00 |
01 00 00
0 0 1 /len 0O
Record | = len, k2] = k21, Eref = 0, kind = Sextupole, dE = 0, R = , (4.4.1)
0 001 00
0 000 10
0 0 00 01
TF = trackFunction
sext:-TF ({x, xp, y, yp, I, dp) )
1 1 1 : 1 :
x+ —lenxp+ —len|xp+ k2| |y+ —lenyp| — | x+ —lenxp
2 2 2 2
1 : 1 ’
xp+k21[(y+ 2lenyp] —(x-i—zlenxp) )
1 1 1 1
y+ 7 len yp + 3 len (yp + 2 k21 (x + 3 lenxp) (y + 7 lenyp)] 4.4.2)

1 1
yp + 2 k2] (x+ 2lenxp) (y—i— 2lenyp]

i
dp

len - the length [m]
k21 - the integrated sextupole strength [ 1/m”2]

The Sextupole element implements a thin sextupole with a pure quadratic field. The length is made

8
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up by drift sections of half the element length up-and downstream of the thin sextupole element. The
R matrix of the sextupole is that of a drift section.

The trackFunction implements a pure sextupolar field plus the first-order drift.
Sextupoles with more realistic behavior can be modelled using several sextupole-slices.

V Solenoid

This element is not yet properly debugged. Use at your own risk!
sol == Solenoid (len, ks)

Record [l = len, a = al, Eref= Er, kind = Solenoid, dE= (E—0), R=| | cos (ks len)z, 4.5.1)

sin(ks len) cos (ks len)
ks

sin (ks len)2
ks

, sin (ks len) cos (ks len), ,0,0

>

[—ks sin (ks len) cos (ks len), cos (ks len)?, - ks sin (ks len)?, sin (ks len) cos (ks len),

0,0

3

sin (ks len)? > sin(ks len) cos (ks len)

-sin (ks len) cos (ks len), - s , €os (ks len) s

A

[ks sin (ks len)z, -sin(ks len) cos (ks len), - ks sin(ks len) cos (ks len), cos (ks len)z,

)0)

0,0l,
[0, 0, 0,0, I,Ol,

[O, 0,0,0,0,1 H, TF = trackFunctionJ

sol:-TF ((x, xp, y, yp, I, dp) )
sin (ks len) cos (ks len) xp
ks

cos (ks len)2 x+ + sin(ks len) cos (ks len) y 4.5.2)

sin (ks len)zyp
ks‘ 3

| - ks sin (ks len) cos (ks len) x + cos (ks len)2 xp — ks sin (ks len)zy
+ sin(ks len) cos (ks len) yp],

sin (ks len)zxp
ks

-sin (ks len) cos (ks len) x — + cos (ks len)2y
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+ sin (ks len) cos (ks len) yp

ks

| ks sin (ks len)2 x — sin(ks len) cos (ks len) xp — ks sin(ks len) cos (ks len) y
+ cos (ks len)zyp],

|

|

len - the length [m]
ks - the solenoid strength [ 1/m]

The Solenoid element implements a solenoid without fringe fields. The strength £s is not integrated.

The trackFunction implements the first-order equations only.

V RfCavity

This element is not yet properly debugged. Use at your own risk!
cav := RfCavity(len, freq, V0, phi)

Record

= (E—Vecav sphi)

[ = len, kind = RfCavity, R =

cav:-TF ((x, xp, y, yp, L, dp) )

o o o O

0

1

o o o O

10

o

oS o o =

(1 len 0 0

len

S =, O O O O

- o o o o O

, TF = trackFunction, Eref, dE (4.6.1)
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VOsin| ¢ +

Xp
v+ lenyp
yp

/

1

x + len xp

299792458 BeamBetar

[freq Tt j

dp +

len - the length [m]

freq - the rf frequency [Hz]

VO - the peak rf voltage [MV]
phi - the synchronous angle [rad]

BeamEnergy

(4.6.2)

The RfCavity element implements a single-cell rf cavity. The R matrix is that of the equivalent drift

section.

The trackFunction adds the longitudinal energy change to the 6th coordinate of the particle. No

change in path length due to the kick is calculated.

¥V GKick

corr = GKick(dx, dxp, dy, dyp, dl, ddp)
(100
010

0 01
Record | =0, kind = GKick, R = 000
000
000

=dyp, dl=dl, ddp = ddp, dE = 0, Eref= 0, TF = trackFunction

corr:=-TF ({x, xp, y, yp, I, dp) )

S O = O O O

11

S = O O O O

S O O O O

, dx =dx, dxp = dxp, dy = dy, dyp

@4.7.1)
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x + dx
xp + dxp
y+dy

4.7.2)
yp + dyp

[+ dl
dp + ddp

dx - horizontal offset [m]

dxp - horizontal angle kick [rad]
dy - vertical offset [m]

dyp - vertical angular kick [rad]
dl - longitudinal offset [m]

ddp - energy kick [1]

The GKick element implements a general kick. It can be used to model orbit correctors but also
misalignments. No energy dependence of the kick is present. The element has zero length and the R
Matrix is the IdentityMatrix.

The trackFunction adds the specified deflections and offsets to the particle coordinates.

V Wire
= Wire(len, i, xs, ys, Eref)

0.149896271779928 mu_0 —
Record | 1= len, kI = - mu 0i (x5° = ys°) kind = Wire,R=||1. (4.8.1)
(xs + ys ) Eref
n 0.0749481358899640 mu_0 i (xs — s ) len® L lon
(xs —|-ys) Eref 2
N ;Ien 0.0749481358899640 mu 01( xs® — ys*) len” v1l00.0.0.]
(xs —I—ys) Eref
0.149896271779928 mu 01( xs> — ys”) len
(xs + ys ) Eref
2
L 0.0749481358899640 mu_0 i (x5 — ys?) len 0.0.0.0.|

(xs + ys ) Eref
0.0749481358899640 mu_0i (xs* — ys*) len” 1 1
S len + > len | 1
(xs + ys ) Eref
0.0749481358899640 mu_0i (xs* — ys*) len” 0.0
(xs + ys ) Eref
0.0 _ 0.149896271779928 mu_0 i (xs —ys )len |
T (xs + ys ) Eref
12

0,0,1.—
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0.0749481358899640 mu_0 i (xs* — ys* ) len*

, 0., 0.

2

T (xs2 + ys2 )2 Eref

0.,0.,0.,0,1.,0.

0.,0.,0.,0.,0.,1.||, Eref= Eref, TF = trackFunction]

W:-TF((X, xp, Y, VP, la dp) )

x|, (4.8.2)

1 1 xs mu_01i
xp + ———10.299792543559857 | - — =
Eref 2 n (xs2 +ys2)
mu 01 2 xs° mu 01
— X
n 1 T TC(XS2+yS2) xsmu 0iysy
2 2 2
2 xs” +ys n (xs® + ys”)
xsmu_01 2mu 0i (xs2 —ysz) xs | 2
2 2y 5 N *
+L n (xs” + ys°) m (xs” + ys”)
2 xs” -I—ys2
.2 . 2 2
4 ys mu_01ixs 2mu 0i (xs — s )ys
) 2 2\2 2 22 I
+L T (xs” + ys”) T (xs” + ys”)
2 xsz+ys2
xsmu 01 4ys2 mu_01ixs 2
- y
2 2 2
1 m (xs” +ys7) n(xs2+yS2)
Ty 2 2
2 xs” + ys
mu_Oi(xsz—ysz) B 2mu_0i(xs3—3ys2xs)xs 3
2 3
n 1 Tt(xsz—i-ysz) Tc(xsz—l-ysz)
2 xs” —I—ys2
. . 2 3
+L 1 2ysmu_Oixs 2mu_01(6ysxs —2ys)xs
2 2 2 3
2 xs + s n(xsz-l-ysz) Tt(xs2+ys2)

13
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(3 2
_ 2mu_0i (xs 3ys3 xs) s yx2
T (xs2 +ys2)

1 1
2 x + ys2

+

[ mu 0i (xs2 —ysz) 2mu 0i ( -xs® 4 3ys2 xs) Xxs
2 3

Tt(xs2+ys2) n(xsz+ys2)

2mu_0i(6ysxs2—2ys3)ys 2
— 3 x
3
n(xs2+ys2)
{ 2ysmu_0ixs 2mu_0i(—xs3+3yszxs)ys] 3
- y
1
l

1 71',(xs2—|-ysz)2 Tl:(xsz—i-ysz)3
2 xs” -I-ys2

+

| ysmu_0i ys mu_0ixsx

2 n(xsz+ys2) Tt(xs2+ys2)

[ mu_0i 2ys2 mu_0i ]
- Y
! )

1
29979254 -
W+ o] 0:299792543559857 .

T Tt(xs2+ys2
+ 2 2
2 xs~ +ys
ys mu_ 01 4 ys mu_()ixs2 2
— X
2
1 XS —I—ys) n(xsz+ys2)
T 2 2
2 xs~ + ys
~ 2mu_ 01 xs2+ys2)xs 4ys2 mu_01xs
2 - 5 2 [ VF
+L (xs -l-ys) Tt(xs +ys)
2 xsz-i-ys2
ysmu 0i 2mu_0i(—xsz+ys2)ys 2
2
1 XS + s ) T (xs2+yS2)
Ty 2 2
2 xs~ + ys

14
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2ysmu Oixs 2mu_0i(3ysxsz—ys3)xs e
1 e (xsz—l-ysz)2 T (xs2+ysz)3
T 2 2 2
xs~ + ys
n 1 1 mu_()i(—xsz—l—ysz) B 2mu_0i(—2xs3+6y52xs)xs
2 xs2+yS2 T (xsz-l-ysz)2 n(xsz+ysz)3
. 2 3 .
2mu_01(3ysxs — s )ys 2 1 1 2ys mu_0ixs
B 2 233 ya 2 2 2 2 232
T (xs” + ys°) xs™ + ys Tc(xs + ys7)
B 2mu_0i(—3ysxsz+ys3)xs B 2mu_0i(—2xs3+6yszxs)ys yzx
Tc(xSQ—I—ysz)3 Tt(xs2+ys2)3
mu 01 (—xs2 +ys2) 2mu 0i ( -3ys xs” +ys3)ys 3
2 2\2 2 233 4
1 Tc(xs +ys) Tc(xs +ys)
+ = 5 5 len | |,
2 xs” + ys
L,
dp

len - the length of the wire [m]

1 - the excitation current [A]

xs - the horizontal distance to the central orbit [m]

ys - the vertical distance of the wire to the central orbit [m]

Eref - the beam energy [GeV]. Note: the energy has to be given for the kick to be computable.

The Wire element implements a current-carrying wire parallel to the beam orbit. Primary use is for
beam-beam compensation. The model used is a 1/r drop in field of the wire (i.e. the wire is long
compared to the distance from the beam). No end fields are considered. The R Matrix models the
first-order kick (gradient) on the beam axis due to the wire.

The trackFunction implements the full nonlinear kick due to the wire, but without end effects.

V Foil

15
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Foils only work with numerical input data, so the following produces an error when trying to access

the trackFunction:
0.0136 | 2 (1 +0.038 [ ‘-
' X0 ' X0

window = Foil (len, X0, Eref")

"Rms scattering angle is ",

Eref
(10000 0]
01 0000
001000
Record | | = len, kind = Foil, R = , Eref=Eref,dE=0, TF “4.9.1)
000100
000010
000O0O0T1

= trackFunction

window:-TF ({x, xp, y, yp, ldp) )
Error, (in Statistics:-Sample) unable to evaluate 0.136e-1%*
(len/X0) " (1/2)* (1+0.38e-1*1n (len/X0)) /Eref to floating-point

len - length of the foil [m]
X0 - radiation length of the material [m]
Eref - reference energy [MeV]. Used for the scattering calculation

The Foil element implements a scattering foil, e.g. a window in a beam line. As such items are
invariably thin, the R Matrix is the unit matrix independent of length. Note that there is no energy
loss calculated in the foil.

The trackFunction implements a Gaussian random-number generator and assigns angular kicks in
both direction to the particle coordinates. The rms scattering angle is calculated using the PDG
formula[5] and is printed when the Foil constructor is called.

V Examples

Since the various functions are documented in the Help facility, this guide will introduce the use of
Lattice by means of an example.

We reload Lattice as usual in Maple using with:

restart,

16
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with ( Lattice) :
"Maple Initialization loaded..."

"Lattice.mw, Version 1.0.1, 4-Feb-2016" 5.1)

Example 1: Thin-lens FODO Lattice

Build a simple thin-lens FODO lattice and derive some formulae for its parameters.
The elements are defined thus:

OFh = Quad(O, %’IJ :
ODh = Quad(O, ?) :
DRh = Drift( lc:” j :

Build the beam line from these elements. This can be done in stages:
FOD = DefineLine (QFh, DRh, DRh, QDh) :

DOF := DefineLine (QDh, DRh, DRh, QFh) :

FODO = DefineLine ( FOD, DOF) :

Note that DefineLine works in a left-to-right fashion, like a beam-line definition in MAD, unlike
matrix multiplication.

Find the cosine of the phase advance p as function of the quadrupole strengths &f'and kd:
cos (mux) = simplify (cosmux( FODO));

1 1 1
cos (mux) = - 7 kd Icell + 3 kd Icell* +1-— 7 [cell kf (5.1.1)

cos (muy) = simplify(cosmuy( FODO))
1 1 1
cos(muy) =1+ 7 lcell kf + b3 kd Icell + 3 kd lcell* kf (5.1.2)

which can be solved for the quad strengths in terms of the cosines in order to get the FODO cell
parameters independent of the quadrupole strengths.
convert~(solve ([(5.1.1), (5.1.2) ], [kf, kd ]), radical )

1 1 1
kf = Teell ( 3 cos(muy) — 7 cos (mux) (5.1.3)

1
+ 5 (cos(muy)2 — 2 cos(muy) cos(mux) + (:os(mux)2 — 16 cos (muy)

1/2 3 1
+ 32 — 16 cos (mux) ) ], kd = (4 (2 cos(mux) — 2 + 5 cos (muy)

17
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1
+ 5 (cos(muy)2 — 2 cos(muy) cos(mux) + (:os(mux)2 — 16 cos (muy)
1/2 1 1
+ 32 — 16 cos (mux)) (lcell (—4 + 5 cos(muy) — 5 Ccos (mux)
1
+ 5 (cos(muy)2 — 2 cos(muy) cos(mux) + (:os(mux)2 — 16 cos (muy)

1/2
+32—16 cos(mux)) j )

Make the two phase advances equal for further simplification:
subs (mux =W, muy =W, (5.1.3)) [ ]

_ 1 | -32cos(n) +32 4 (2008(11) -2+ ;J ~32 cos () + 32 )

kf , kd = (5.1.4)
2 lcell 1
« lcell(—4—|— 2\/—32cos(u)+32j
and put this back into the cell:
cell == Subs((5.1.4)[1], (5.1.4)[2], FODO) :
#' Note: Subs does not accept a list of replacement equations.
Compute the lattice functions for this cell:
tw = twiss (cell ) :
(5.1.5)
simplify~ (tw) assuming 0 < mu, mu < Pj;
» leell (cos(p) + 1)
<—2 + -2cos(pn) +2 ) sin()
0
~2cos(p) ++ -2 cos(p) +2 cos(p) +2 — -2 cos(p) +2
Icell sin( )
(5.1.6)

lcell(cos(p) -3 +2\/ -2 cos(u) +2 )

(—2 + -2cos(pn) +2 ) sin( )
0

_ 2cos(p) — 2+ -2cos(p) +2 cos(p) —+ -2cos(p) + 2
sin(W) leell

Plot this for a cell length of 6 m
plot(subs (lcell= 6, [(5.1.6)[1], (5.1.6)[4]]), mu = 0..Pi, view = [default, 0..60], labels = [ 'mu’,
typeset('beta[ x]', ", ",'beta[ y]') ]);

18
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60-

50+

T m on m 5% 3% 7%
8 4 8 2
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To plot the lattice functions specify values for the variables:

cell numeric := Subs (lcell =6, mu= P?i, cell j :

twiss_numeric = evalf~ (twiss (cell_ numeric));

[ 10.2426406871193

1.00000000000000 107"
0.0976310729378179

(5.1.7)
1.75735931288072

-1.50000000000000 107"
0.569035593728850

latticePlot := LatticePlot(cell numeric, twiss_numeric, (0, 0,0, 0) ) :
plots:-display (latticePlot, labels = | typeset("Distance (m)"), typeset(beta[x], beta[y], eta[ x],
" (m)")])
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10-

O_I ' | ' | ' | ' | ' | ' |
0 1 2 3 4 5 6

Distance (m)

A phase-space plot can be created by defining a beam and using Beam Plot. To make the plot more
interesting, create some particles. Note that this does not involve actual tracking.

Beam := DefineBeam ( Electron, 1, |[E—6, 1E—6, twiss_numeric, 0, 0, 0, 1000) :

Beam:-Sigma

[[0.0000102426406871193, - 1.00000000000000 107", 0, 0, 0, 0], (5.1.8)
[ - 1.00000000000000 107", 9.76310729378179 10°%, 0, 0, 0, 0],
[0, 0, 0.00000175735931288072, 1.50000000000000 102", 0, 0],
[0, 0, 1.50000000000000 107", 5.69035593728850 10™, 0, 0],
[0,0,0,0,1,0],

[0,0,0,0,0,0]]
BeamPlot( Beam)

PLOT(..) PLOT(...)

(5.1.9)
PLOT(...) PLOT(...)

plots:-display (%)
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0.0015{ -
0.0010{ - [, s
0.0005 i3
04+
~0.0005] " de%
-0.0010; .
-0.0015

yp (rad)

~0.00060 0.0006
xp (rad)

Note that in this version of Lattice the bottom two plots are only produced when particles exist in
the beam.

In order to see the phase space at the center of the cell, track the beam through the half-cell (FOD):
Pi
half cell == Subs (lcell =6, mu= 71, Subs((5.1.4)[ 1], (5.1.4)[2], FOD) j :

Beam_D := Track(half cell, Beam) :
plots:-display ( BeamPlot( Beam D[21]));
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0.004] -4
0.002+ - st
>\ o -.'
-0.0021 - £
~0.004-
~0.006-

yp (rad)

~0.002 "~ 0.003
x (m)

The result is as expected.
Tracks can be plotted by converting the line to an ExpandedLine and tracking that.
cell e := ExpandLine (cell numeric, cell numeric) : # use 2 cells to make the plot more interesting

(5.1.10)

BeamVector == Track(cell e, Beam) : #" here Track will create a Vector with Beam elements
. The first element is at the entrance so there are one more beam elements than elements
in the beam line.

s = (0, seq(cell e[i]:-s,i=1.numelems(cell e))) :
#' “get the distances from the line, but need to pre-pend 0

plots:-display(seq (plot(s, (seq(BeamVector[i]:-Coordinates|j][1],i=1..numelems(s)))),Jj

=1..100),
labels = [ typeset("Distance (m)"), typeset('x'," (m)")])
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Note that the plotting uses two nested segs: the inner one gets one track and plots it vs s; the outer
one plots each trace. The plots:-display function puts all traces onto one graph.

¥V Example 2: Multi-turn Tracking Example

This example demonstrates how a Latfice model can be used for multi-turn tracking by making a
floating-point map out of the trackFunction.

The elements of a ring

OFh = Quad (0,277") :

ODh = Quad (0, -147") :

HBh=Bend (527 ',18°',0):

FODO = DefineLine (QFh, HBh, HBh, ODh, QDh, HBh, HBh, OFh) :

With exact parameters, Maple keeps everything exact:
simplify (cosmux( FODO))

(5.2.1)
25
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10 137w —20

2
189 -

(5.2.1)

The trackFunction is a function acting on a 6-element Vector (particle vector or pv). It can be
converted to an expression by specifying the elements of pv explicitly, which allows to unapply
later in terms of pv and using the modified function as a map for tracking. It is then possible to
convert all constants in the map to floating-point numbers and do other simplifications like series
expansion and truncation. This is of advantage if tracking or other analysis is to be performed on the
trackFunction of a larger structure and in many cases required to obtain a result in a reasonable

amount of time.
FODO:—TF(<pv1,pv2,pv3,pv4,pv5,pv6>) : # a long expression, still exact

In order to make tracking possible, we reduce the entries in FODO:-TF to floating-point numbers:
‘~‘emlf(FODO:-TF(<pv1,pv2,pv3,pv ,pvs,pv6>) )

0.111725124208604 pv, + 9.26108868488540 pv, 4 7.56530082140020 pv,
-0.106630821733977 pv, + 0.111725124208597 pv, + 0.908158347416860 pv,
0.523809523809524 pv, + 6.42857142857143 pv,
-0.112874779541446 pv, + 0.523809523809524 pv, (522)

-0.908158347416850 pv, — 7.56530082140017 pv, — 3.62039421017390 pv, + pv,

PV

And then unapply to make it into a function again. This is then our map:

Map = unapply((5.2.2), pv)
Map = pv— rtable ( 1..6, {l =0.111725124208604 pv, + 9.26108868488540 pv, (5.2.3)

+ 7.56530082140020 pv,, 2 = -0.106630821733977 pv, + 0.111725124208597 pv,
+ 0.908158347416860 pv,, 3 = 0.523809523809524 pv, + 6.42857142857143 pv,, 4
= -0.112874779541446 pv, + 0.523809523809524 pv,, 5 =
-0.908158347416850 pv, — 7.56530082140017 pv, — 3.62039421017390 pv,

+ pvs, 6 =pv, }, datatype = anything, subtype = Vector, , . storage = rectangular,

order = Fortran_order)

Now we can setup for a tracking loop:

nturns = 100 :

coords ={(0.001, 0, 0, 0.0001, 0, 0) :

pvV = Array(0 ..nturns) :

xv = Vector (nturns + 1, datatype = float) :
pvV, = coords :xv, = coords, :
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And track:
> for turn to nturns do
pVVturn = ‘N‘evalf(Map(pVVturn - 1));
xvturn + 1 ::p‘}Vturnl
end do:
plots:-listplot(xv)

0.0010+

0.0005+

~0.0005-

-0.0010-

10 20 30 40 50 60 70 80 90 100

Installation

The Lattice package is distributed as a zipped archive containing the following files:
*Lattice.mla Maple library file, needs to be placed in a directory included in Maple's libname

data structure.

At present this file is generated using Maple 2015.

*Lattice.mpl Text file with the source of the Latfice package (code in Maple syntax).
*Lattice.mw A small Maple notebook run once to install the Lattice package.
*Lattice.help The Help database for Lattice (new style Help facility for Maple 18 and newer).
*Lattice.hdb The Help database for Lattice (old style Help facility for Maple 17 and older).
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*The Lattice Package Users Guide.mw (this file).
*The Lattice Package Users Guide.pdf (pdf of this file).

In order to install Lattice, the user should decide where the library file should go. This could be a
directory within the Maple installation directory tree, or a directory in the users home directory. Then
pre-pend this path to the entries already in libname: 1ibname:="/Path/to/directory",
libname: The path is absolute.

The quick way to install is to then copy Lattice.mla to this directory. This is sufficient if a user
does not plan to modify the package.

In order to be able to install modified versions, open Lattice.mw. Edit the path to Lattice.mpl in
the first command (read(...)) to point to where Lattice.mpl is located (absolute path), which can
be anywhere. Execute the file (/// button). If no error is generated, Lattice.mla is generated and
installed. Save the edited version of Lattice.mw for future use.

The Help database files go into the same directory as Lattice.mla.

Finally, test your installation with restart;with(Lattice) ; If all is well, the Latfice package

will print an informational message during loading even when terminating the with command with a
colon (:). Search for Lattice (with capital L) in Help to verify the Help database is installed properly.

Known Issues and Limitations as of Version 1.0.2, 10-Feb-2016
built.

Bends, Quadrupoles and Drifts are implemented to first order only, even in their tracking function.
Sextupoles are implemented as thin elements.

The RfCavity element is not properly debugged and should be considered experimental.

The Solenoid element is not properly debugged and should be considered experimental.

Keeping track of Erefis spotty and should be considered experimental.

The Foil scatters particles upon tracking but does not model energy loss. The ). matrix for the beam is
not recalculated upon passing through the foil.

Subs will only accept a sequence of replacement equations, not a list. On occasion, Subs has failed to
recurse into sublines but in sufficiently inconsistent and rare cases that I have not been able to uncover
the underlying issue.

The nux and nuy functions do not correctly track the integer part of the tunes even if given an
ExpandedLine as argument.

In older versions of Maple (specifically in Maple 15), the output from Lattice elements or Beam Lines
can confuse the Standard GUI and lead to lost output and output lines printing on top of each other.
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This effect (which is a Maple problem, not a problem of the Lattice package) is mitigated by setting the
typeset level to standard in Maple versions earlier than 16. In Maple 2015 this problem has not been
observed. Note that there is no automatic way to change this setting back.

When calculating the tracking function (map) of a beam line, execution time rises steeply with the
number of elements in a beam line. Do not attempt to find the tracking function of a full machine in the
straightforward way as it most likely will not work and lock up Maple. This problem can be mitigated
by using evalf to convert the coefficients into floating point format thereby greatly speeding up the
calculations. See Example 2.

The Track operation works reasonably well for a single pass of many particles. For multi-turn
operation, create the map and track by applying this map to the particle vector to avoid unreasonably
long computing times. See Example 2.

The linkage to the Help files and their formatting is not always correct. Starting from the top Lattice
help page usually works, however. The change of format of the Help database has not been of help to
this project. The Help pages need more examples.

The Lattice package is compatible with Maple versions 15 and later (tested up to Maple 2015).
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