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Lecture outline

@ Transverse multi-bunch instabilities

@ Resistive wall transverse coupled-bunch instability



Long-range and short-range wake fields

Depending on the source of the wake field, the wake function can fall off rapidly
with distance, on a scale comparable to the length of a single bunch. Such
“short-range” wake fields are important for single-bunch instabilities like BBU
studied in the previous lecture.

In other cases, the wake function extends over the distance from one bunch to
another. This is a “long-range” wake field; it can drive coupled-bunch
instabilities which are the subject of this lecture.

In case of long-range wake fields, we can often treat each bunch as a single
“macroparticle”. This requires:

@ the distance between the bunches to be much larger than the length of the
bunches;

@ all particles in a given bunch see the same wake field, and respond to it in
the same way;

@ the bunch centroid can move, but the distribution of the bunch around the
centroid remains unchanged.



Equation of motion for betatron oscillations

We now study a transverse coupled bunch instability of a train of
bunches in a circular accelerator.
In the absence of any wake fields, the equation
of motion for the nth bunch moving in a storage
ring can be written as

Yo+ WRYn =0 (8.1)

where y, is the transverse offset of bunch n and
y = d?y/dt?>. The “averaged” betatron

2 frequency is

1 M

M bunches in a ring. (,UB = 27IV[5 (82)

-
where vg is the betatron tune and T = C/c is the revolution period, C
is the circumference of the ring (we use a smooth focusing approximation
for the betatron oscillations).




Account of transverse wake

We now add transverse forces from the wake fields as driving terms on the
right-hand side of the equation of motion. Bunches are considered as point
charges.

n Consider bunch n and another bunch, m,
moving ahead of n at a distance s, . Bunch m
generates the transverse wake per unit length
We(Sn,m)Ym- With account of the wake field

M  transverse force (= QeWs(Sp,m)Ym)
. 2 Qe _
Vn(t) +w|3}/n(t) nTYWt(Sn,m))/m

We need to take y,, at time when the driving particle was at the current
location of y,, that is ym(t — sp.m/c)?4,

Falt) + W alt) = 2 (sl (= 22 (83)

24
Think about wake in a cavity.



Many bunches, account of earlier revolutions

n
Consider now M bunches uniformly distributed
in a ring. The bunches are counted from 1 to
M, where the first bunch is at the tail of the
m train, and the M-th bunch is located at the
head (the bunch count increases in the direction
of motion)
V() + @i y,(t) AZZWt Snm + CK)yom (t—— Tk) (8.4)
k=0 m=1

Here s, ,, is the distance between the bunch n and bunch m, which is measured
along the circle in the direction of motion from bunch n to m; s, , is a positive
number. The distance s, 1 is equal to the interbunch distance s, the distance
Sn,n—1 is equal to (M — 1)s,. The wake is defined so that w(s) =0 for s < 0.
The value of k = 0 corresponds to the wake that is generated during the current
revolution; k > 0 give the wake that was created on previous revolutions.



Change summation limits

The parameter A is ,
AN
nmry
where N is the number of particles in each bunch.
Eq. (8.4) is written so that the argument in the wake function is always
positive. We will now modify it using the property of the wake w;(s) =0
for s < 0. This allows us to extend the summation over k from —oo to

oo,
0o 0o
> =)
k=0 k=—00

because the added new terms have a negative argument in the wake and
hence do not contribute to the sum.



Manipulate equations

n We can now redefine s, , considering it as a
difference of longitudinal positions s,, and s, of
the two bunches in the ring, s, m = Sm — Sy (Sm
and s, are measured along the beam path from

m an arbitrary established origin s =0). If m > n,
then s, > s, and the formula gives the correct
value for s, ». For m < n, we have s, < s, and
Saym = € 4 S = Spe

However, since we carry summation over k from —oo to oo, the additional term
C in s, m does not change the result, because it can be eliminated by the
change of the summation variable k — k + 1. Hence,

oo M
Vn 2 n =A Wt(Sm — Sn K)Ym _Sm_sn_Tk
Folt) + Rn(t) =A 5 3 walsm— 5o+ (£ = 2

k=—00 m=1

(8.5)



The frequency w of the oscillations

Since we have a linear system of equations, we seed a solution

Yn = Pne 't A mode with /mw > 0 means an instability. This is the
coupled-bunch transverse instability (CBTI). The frequency w satisfies
the dispersion relation

(W§ — w?)n =AY Wilsm — sp+ Ck)gme' T HeTh (8 6)
kym

Here we introduced a new variable T, = s,/c.



Carry our summation

We can carry out the summation over k in Eq. (8.6) by using a periodic
d-function

i S(x — k) = i 27X (8.7)

k=—o0 j=—o0
We have
I = ) Welsm—s,+ Ck)e'®T

k

oo

I
%

dx Wi (S — sp 4+ Cx)e'® 1> Z d(x — k)

> k=—o0
o0
_ J dx Wt o — S, + CX i Tx Z e2m_/x
Jj=—00
(o)
— Z J dx V_Vt(Sm — s, + CX)einX+2nikX.
k=—00 "

The last integral can be expressed in terms of the transverse impedance Z;(w).
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Express through impedance

See the definition (4.5)
Z(w) = —-J dzw,(z)e' %/

This yields & = Cx + s, — sp,

1 o« ([* &—(sm—sn)(

d&w, (&) exp {i w + kwo)

k=—o00 "~

= % Z exp [—i(Tm — Th)(w + kwg)] Z:(w + kwy)

k=—o0

The term with the frequency w cancels a term in Eq. (8.6). Replace
(Tm - Tn)('UO = 27-[(m - n)/M,
2 2 icA —27tik(m—n)/M
(w[s —w)g, = N € Zi(w + kwo)Ym

k,m
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The final answer
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There are different modes, or patterns, of oscillations. Each mode is
marked by an integer value of p, p=0,1,2,..., M — 1. The solution
corresponding to one mode is sought as 9, = Ypezﬂi””/M. The frequency
of the p-th mode w),, is found from

2 2 lCA = a 27ti(k—p)(m—n)/M
wp — W, = Zpr-l-kwo Ze P
m=1

k=—00

The last sum is equal to zero unless k = Mq + p, where g is an integer,
in which case the sum is equal to M. This reduces the dispersion relation
to the following form

o0

iAM
w%—w,z,: Z Zi(wp + pwo + Mgwy)

g=—00

To find the frequency shift Aw, = w, — wg, assume |[Aw,| < wp and

2 2 o
use Wi — Wy ~ 2Awpwg.
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More convenient form for the frequency shift

oo

Z Zi(wg + pwo + Mgwp) (8.8)

—00

iM Ne
2T wg my .

Use the beam current in the ring l and the Alvfen current /4

MNe 4t mc3

— Ip = ——— =17.045 kA 8.9
T’ A Zoc e (89)

We can go beyond the smooth focusing approximation replacing

wp = 2mvg/ T with

| =

ds
27y :J%
. Br  (

47‘[ c I
ZozYIA

(8.10)

1)

We then obtain

Awp, = (BL) ZZt wep + pwo + Mqgwo)

Reminder: Z; is the impedance per unit length.



Impedance varies around the ring

In practical situations the impedance varies from one location in the ring
to another. As more rigorous analysis gives in this case

A c |

AWy = —— ——
©p IZQ2‘Y/A

Z (BLZt(wp + pwo + Mgwg))
q

Impedance at locations with large value of the beta-function is more
harmful for stability.
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See the animation. Note the direction of propagation of the wave for
p=poand p=M — po.

e O0—DIEEIH]
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CBTI for resistive wall wake
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We now derive CBTI for the coupled bunch instability driven by the resistive
wall wake. We start from Eq. (8.8):

o0

Y ZPlwg + (M + p)al, (8.11)

=—00

Aw. — iM  Ne?
P 2CTwp my v

where Z2 = CZ; is the transverse impedance for the whole ring.

We can carry out the summation analytically, if we use wake fields instead of

impedances. In terms of wake fields, Eq. (8.11) can be written as follows

Ne?

Awp,=———"—
©p 2mcyTwg

Z W:(nsb)e2m(p+v[3)n/M (8.12)
n=1

where s, is the distance between the bunches, s, = C/M and wy the wake for
the ring (= Cw;).



CBTI for resistive wall wake

Here is the proof of this. We can extend the summation over n to —oo,
because the wake is zero there:

(o]
Z W?(nsb)e%ti(p—i-vﬁ)n/M

n=——0o0

00 . 00
:J ds WP (s)e2™i(PHvpls/sM Z 5(s — nsp)

=9 n=—o00

oo
:J ds V_Vt( ) 27i(p+vg) s/st Z equs/sb

—00

= c _,
= D Z(wolp+vp) + woMa) (8.13)

q=—00
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CBTI for resistive wall wake

For the resistive wall the transverse wake decays with distance as
w2 (s) = Ds™1/2 (see Eq. (5.16)) where D is a constant, and the sum can be
computed analytically in terms of the polylogarithm function Li%(x):

Li; (x) = Y 2. (x"/y/n), so that

Ne?

_ 2T[i(P+V[3]/M 814
2mecy Twg (e ) ( )

Aw, = w? (sp)Li

1
2

The function Im Li%(eh"x) is a periodic . . . . . .
function with the period equal to 1. It
has a singularity when x — 0. Its
imaginary part diverges,

ImLi%(x) — +o00 , when x — +0 and
ImLi%(x) — —00, when x — —0. Blue
line—real, red line—imaginary parts of

Li% (627”)() o [ 02 04 06 08 10

Re Liso(€® ™), Im Liy2(e® ™)
o
T
Il

|

)
T

L

o
o
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CBTI for resistive wall wake
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This means that the maximum growth rate is attained for the minimal
value of the argument (p + vg)/M, when it is negative. The most
unstable modes have negative p = —(1 4 {vg}) where {vg} is the integer
part of the tune with the argument of the Li% function equal to

—(1 —[vg])/M, where [vg] is the fractional part of the tune. For small
negative values of the argument x, the function Li%(eznix) can be

approximated by (1 — i)/21/—x which gives the following equation for
the approximate value of the growth rate of the instability

Ne? M
ImA = w —_ 1
Hade 4mcy Twg we (55) \/ 1—[vgl (8.15)



CBTI for resistive wall wake
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Growth Rate [ms™"]
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Growth rates of vertical coupled-bunch modes in the NLC Main Damping
Rings?®. The ring is assumed to be uniformly filled with 714 bunches.
Red points show the growth rates assuming the nominal bunch charge.
Blue points are correspond to a uniform fill, and red point to a
non-uniform one.
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CBTI for resistive wall wake

Growth Rate [ms™]

0 100 200 300 400 500 600 700
Mode Number

Growth rates of various modes in a uniformly filled ring. Black points:
tracking simulation. Red line: analytical estimate. Modes with positive
growth rates are unstable.
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