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Energy, Velocity, Momentum

Total energy E= \/(pc)z +(mc*) =me*+W

Rest energy mc?

Kinetic energy W = \/pzcz +m’ct —mce® =mc’(y —1)

2
Relativistic particle y = e +2W — !
energy mc 1— ﬁ2
. . s_V

Particle velocity B= -
Mechanical (kinetic) particle p=myv= ch)/
momentum

2

Particle velocity versus relativistic B= Yy —1
energy

4
Mechanical momentum versus )% > <
_ — _ 1
velocity and relativistic energy mc Py Y
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Energy, Velocity, Momentum (cont.)

p 4 W cp
F, 5 y -1 Ja+wIE) -1 cp (e’ f)
y 1+ W/E, J1+lep me? )]
Y 1_1132 Y 1+W/E, \/1+( szjz
nic
114 {1 —1]E0 Ey(r-1) W
1B

)

heN

mc-

Eo(yz _ 1)1/2

wRE, +w)”

Some relations concerning first derivatives of relativistic factors:

. dpy) 1

a’ﬂ: 1 d(l/ﬁ):_ . d(ﬁ)/)zj/
dy By’ dy By dp
Logarithmic first derivatives:
g 1 dy 1 dw 1 dp
iy yy+) W oyt p
A B Briy rir+) v’ pY
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Vector Operations in Cartesian Coordinates

w0,
V¢_5wx+8yy+5'zz

_0A, 0A, O0A,
W= oz T oy t 0z

_ [(0A, OAy\. O0A, OA,)\ . 0A, O0A;)\.
VXA_(ay 6z)x+(8z 6x)y+(8w 8y>z

0%y 0% 0%y
2 —
e= ox?2 = Oy? T 022
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Vector Operations in Cylindrical Coordinates

x =1 cosf r=+/22+y2
y=rsinf tanf = 7
T
o= g=g
oY, 10y 0.
19 104y A,
VA= At 5 T
_ (10A, 04y, 0A, O0A,\» 1/0 0A,\ .
TEAES (F 50 3z)r+ (az " or >9+F<§(TA")_ ae)z
Note that "
r ré@ V7
VxA:lg 4 9
r|{or 00 0z
A, rAy A,
£ 18 [ oY\ 108% 8%
=) 2=~ [ pr== —
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Units

W =eU [eV], [electronVolt]  1eV=1.6-10""[C] x 1[V]=1.6-10"" Joule

2
1 Joule=1 Coulomb -1 Volt = kg 2m
S
Electron energy
melectron = 91 ) 10_31 kg
c=3-10°m/ sec MypyponC = 0.51092-10° €V = 0.51092 MeV
e=1.6-10"" Culomb
2
Metecron® _ _ () 51092-10° Vol
e
Proton enerqgy
=1.672-10"" kg=1836m m . c¢>=9383MeV
proton electron proton
2
proen_ —938.3-10° Volt
e
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Units (cont.)

lon Enerqgy

Atomic mass unit (1/12 the mass of E =931481-A-0.511-Z [MeV]
one atom of carbon-12):

A-atomic mass number

1u= 1.660540 x 10?7 kg
Z-number of removed electrons (ionization

E =931.481MeV state)
Proton mass: 1.007276 u Binding energy of removed electrons is
Electron mass: 0.00054858 u neglected

Negative lon of Hydrogen
H-ion mass: 1.00837361135 u

E =F +2x E =939.28 MeV
H proton electron

to

A
=
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Units (cont.)

2
p [ _mc > GeV
Particle momentum — =Py =47 -1 pP= - NY -1 |

mc C

Particle rigidity Bp = rrom

q

Example: proton beam with kinetic energy W = 3 GeV:

9 _ ‘+W 2—1
E=mc"+W =3938GeV y = mc — 49 B 4 =0.971
4

2
mc

p > mC‘2 G€V
%:ﬁy:,/y -1=4079 p=T Jr —-1=382 - L_Bp=127T-m
e
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Equations of Motion

Cartesian Coordinates ax -V dp =g(E+V x B)

py Bz' pZ dt dt

de - Px 4Px =q (Ex + By)

da my dt my my
dy Py d py

Px Pz
—g(E,-P* B 4+ Pz p
dt my a7 Ty T my <) .
dz Pz %=q(EZ+p_xBy-py B.)
d my dt my ~ my

Cylindrical coordinates
dr pl‘ dp’ —_ pg

-

X

da myr rodr my my - Relationship between cylindrical and Cartesian coordinates.

z-axis is directed to the reader.
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Resonance Principle of Particle Acceleration

\
\! "'/g\\*

Field distribution in RF structure: E_(z,r.t)=E, (z,r)cos(wr)

1
Time of flight between RF gaps  tioht = LRE perioa = ?
Distance between RF gaps L =npcTy, period — nfA

Alvarez accelerating structure
RF Frequency /
Circular RF Frequency w=2nf
RF Wavelength 1=<
/
fj Acceleration in linear resonance accelerator is based on
. hegﬁ'gmg-‘g synchronism between accelerating field and particles.
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Acceleration in & - Structure

Vsin(ot+ @, )

Accelerating structure with & - type standing wave.

T

. i __ 7 RF period
Time of flight between RF gaps of n- structure ! gt = —2
Distance between RF gaps of n- structure [ = BT i perioa _ pA
2 2
» Los Alamos . .
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Acceleration in n- Structure
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Plottype Beta

Sample ( 6/232)

Time 1.251e+000 ns

Particles @

A

Lo/js Alamos  Acceleration in z- structure (Courtesy of Sergey Kurennoy).
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Fig. 1. Induction accelerator principle:

1 — laminated iron core; 2 — switch; 3§ — pulse forming net-
work; ¢ ~— primary loop: 5 — secondary (case).

Table 3. Parameters for Typical Induction Accelerators

Induction Accelerator

Astron Injector ERA Injector NEP 2 Injector ~ ATA
Accelerator Livermore Berkeley Dubna Livermore
1963 1971 971 ~ 1983
" Kinetic energy, 3.7 4.0 30 50
MeV
Beam current on 350 900 250 10,000
target, A
Pulse duration, 300 2-45 500 50
ns
Pulse energy, 0.4 0.1 38 25 e il : e Y D e
kJ
Rep rate, pps 0-60 0-5 50 5 Overhead view of the Astrom accelerator as it appeared when first put into operation.
~ Number of 300 17 750 200 +3

switch modules




Maxwell's equations

Electric field E
. 9B Electric displacementfield p-¢ F
rotbE =—— ?
ot Magnetic field B=uH
ot B = £+] Magnetic field strength H
ot
divD=p
Permittivity of free space €, =8.85-10""F/m
divB=0 Permeability of free space U, =4rx- 107" H/m
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Electromagnetic Wave Equations

In the absence of charges, ] =0, p=0, Maxvell’s equations are

rotE——a—B divE=0 o
ot speed of light in free space:
. 1 9E = _ 8
rotB=—— divB=0 Cc= =2.99792458 -10° m / sec
C at \/ golLLO
. . . ~ . 1 0°E
Taking the rot of the rot equations gives: rot rotE = ——t(rot B)=———;
C
I . 1 0*°B
rot rotB=——(rotEk)=——
¢’ 8t( ) ¢ o’
By using the vector identity rot rot A = grad divA—AA
Taking into account that divE =0, div B =0 we receive wave equations:
2 D
o . 1 9°E -~ 1 0B
— AE —— =0| |[AB—— =0
. Los Alamos c* o’ c* ot’ o
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Components of Electromagnetic Field

Most of RF cavities are excited at a fundamental mode containing three
components £, E , B,. They are connected through Maxwell’s

equations, therefore it is sufficient to find solution for one component
only. Taking into account condition for axial-symmetric field (d/ 00 =0),
wave equation for £, component is

azEerl d (raEZ 1 0E,
9z ror or’ ¢ ot

0

Radial component £ can be determined from divE =0 as

-] E
disz—i(rE,,)-l—a <=0
r or 0z
¢ OFE
which gives Er(r)z—lj d “r'dr'
re  odz

Azimuthal component of magnetic field is determined from

_ 1 0E 1 tOE
/. rotB=—— which gives B, =— J ~r'dr'
Los Alamos € 9! Ty, ot
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Expansion of RF Field

Ar

) Eg (Z,r) half drift tube

aperture

= gap
cell leng-

Periodic distribution of RF field.

Field in RF Gap: E.(z,r,t)=E (z, r)cos(wt)

Wave Equation for Field Distribution in RF Gap:

7 O’E, 1 p . oE, ) ( PE -
_|_
Electric field lines az2 ror  or
between the ends of
drift tubes. : : : e _
Fourier Expansion of Field Distribution in RF Gap:
N 27rmz
. E (r,z2)=A,(r)+ 2 A, (r)cos( )
- Los Alamos 2
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Expansion of RF Field (cont.)

Equations for Fourier
coefficients of RF gap
expansion:

Transverse wave number:

Solutions are Bessel
functions:

Finally, expressions for spatial
z-component E, (z,r)

A
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10A (r) 0°A (1)
— +
r or or’

10A (r) 0°A (r)
— +
r or or’

+Eya (=0,
C

~k2A (r)=0,

A=At (), m=0
C

A r)y=A1(k, r), m>0

m=20

m>0

E,(r,2)= AOJO(Zn%) +Y A1 (k,r)cos(
m=1

2mwmz

)
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Bessel Functions

Bessel functions of the order n are solutions dy 1dy n’
y = J,(z) of differential Bessel equation: d* 7 dz +(1__)y 0
Power representation of Bessel function:
L 2w I 2o Zaw (DY oz,
=— — =)+ )" —=(=
/u(@) n’(2) ‘(n+1)!(2) 2!(n+2)!(2) (2) zkvr(n+k+1)(2)

Integral representation of Bessel functions:

2 4

Jn(z)—%ii

cos(nf —zsin@) dO

Special cases forn =0, 1: , Z Z
’ J (2)= 1——+—— J(@)=—J (2)==———+
ooooo 1
J(X) 4 64 2 16
1~
0.8 \.\‘ Jo(x)
e\ @ / Zeros v,, of Bessel function J,(z) = 0.
. ‘\\ J2(x) Fulx
0.4 \ (i\__,).,'m\-). J5(x) m =1 m =2 m =3 m =4
\ -
0.2 //‘ \\ =0 2.405 5.52 8.654 11.792
T A NN NS [ =1 3.832 7.016 10.173 13.323
-0.2 \ / N N —
% 3 n=2 5.136 8417 11.62 14
-0.4 Sz’
| : n=>3 6.38 9.761 13.015

EST.1943
Operated by Los Alamos National Security, LLC for the U.S. Department of E
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Modified Bessel Functions

Modified Bessel functions of the n-th order d’y 1dy n’
1,(z) = i"J,(iz) are solutions of modified d7 +Z$_(1+Z_2)y =0
Bessel differential equation:
P tation of modified Bessel functions: 1,(2)= Z (S
ower representation of modified Bessel functions: k'F(n+k+1) >
11(.1"'
flx) I‘.,(.\'l" Li(x) ILix) [I4dx)
Special cases forn =0, 1:
AT A o ; /
[ ()=1+—+—+ + ... | / 2
4 64 2304 _ g M
z 7 7 L
L(D)=1(2)==+—+—+... I
1 2 16 384 ‘ |
/\ e .”-:'— = 3 4 '
L;z; Alamos Modified Bessel functions of 18t kind, I (x).
Operated by Lo; Alamos National Security, LLC for the U.S. Department of Energy’s NNSA "’Avliuvlazgis



Integrals and Derivatives of Bessel Functions

Let Z,(x) to be an arbitrary Bessel function:

dZn(x) — _EZn (x)-l— Zn—l ()C) = EZn(-x) o Zn+1 (X)
dx X .

J x"Z (x)dx=x""Z,  (x)

Particularly

Z'O (X) — _Zl (X)
Z,(x)

X

Zi (x)=Z,(x)—

/)
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Expansion of RF Field (cont.)

Ea(a,r)

JEz

To get an approximate expression for ~ PORE EDGE
coefficients A, , let us assume the .
step-function distribution of component / AxS
inside RF gap of width at bore radius | -2
_ g -g/2 9/2
r=a ] T
E, 0<[]< g “
E ar)=1 T e —E
g : : >
\O, 5 S |Z| ':< L ’E z
L8 21 g Z
Expansion of periodic step-function |E¢(@:2)= Ea[z t ;z_;—sm(”m z)cos(Zirmz)]
: . - 21
Field expansion in RF gap Eg(raZ)zA0J0(27T%)+2Amlo(kmr)cos( Lmz)
m=1
- e . E &
Coefficients in field expansion: |4, =——+« 5 2E, g SIMmM )
an ex it YT T oL g
- Los Alamos A oy
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Energy Gain of Synchronous Particle in RF Gap

Equation for change of longitudinal particle dp. =gE (z,r,1)
momentum dt U

From relativistic equations p, = mcy/y” —1
dp, =mc*dy[(Be)  dW =mc*dy M GE. 1)

d z b b
the equation for change of particle energy <
L/2

Increment of energy of synchronous AW =gq J E (z) coswt (z) dz
particle per RF gap S L2 : s

When synchronous particle arrive in the center
of the gap, z = 0, the RF phase is equal to ¢, .

The time of arrival of synchronous particle in ¢ (z) = Py Z or |0t ()=, +kz

point with coordinate z o Pc
) . . 2
£ Longitudinal wave number k, = ﬁ
§ NLA?oSN A LIE m%% Y.K. Batygin Basics of Beam Acceleration USPAS 2019
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Energy Gain of Synchronous Particle in RF Gap (cont.)

Using equity COS®@ =cosQ  cosk z—sin@ sink.z
the increment of synchronous particle energy per RF gap:

L/2

—L/2

L/2

AW =gqgcoso. [ J E () cos(k,z)dz—1g0, J E (z) sin(k,z)dz]

—L/2

Let us multiply and divide this expression by
E L , where we introduce average field E, of

the accelerating gap across accelerating

L/2

— J E (z)dz|=

—L/2

period (note that £,=A):

Effective voltage applied to RF gap: U=FE L

o

The increment of synchronous particle energy per
RF gap can be written as:

L2
1

where transit time factor T = _— | j E (z) cos(k.z)dz—1g0Q,

/\ EOL —-L/2
~—
» LOoS Alamos

NATIONAL LABORATORY
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AW,

=qE TLcoso,

L/2

j E,(z) sin(k_z)dz

-L/2
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Transit Time Factor

Transit time factor indicates effectiveness of transformation of RF field into particle

energy. It mostly depends on field distribution within the gap, which is determined by
RF gap geometry.

Transit time factor T =
field expansion 2E,

, Where A, is the amplitude of n-th harmonics of Fourier

In most accelerators, synchronism is provided for n = 1, therefore:

T_J(zn ) Sm(,B;L .
[ (2Fay 78
ﬂ /l ﬁ/l A E(@)

In accelerators usually aperture of the channel is
substantially smaller than wavelength, a << 4,

then J (2ma/A)=1, and transit time factor is

sm(
T = 1 ﬂ), 1\/2 g
= A

Pa 2rma.  Twg P
- L) o
- Los Alamos ByA BA
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Transit Time Factor for Two-Gap Cavity

2 GAPS

k3
Two gap cavity
Transit time sm(
factor for two- |T = 1 m‘ sin E
gap cavity ] (27m) 24 2pA
pr-— BA

/D
L/ojsAIamos

NATIONAL LABORATORY
EEEEEE
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2 4 4 2

Field expansion in two-
gap cavity
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Design of Accelerator Structure

Specify dependence of transit time factor on velocity: T = T(g).

From equation for energy gain one can express dz,

dW dw
~=qE Tcosp. o |dz = s
0 S © qE Tcoso.
S
| at =2
Second equation: = ,BSC

Using equation dW, = mc? By? d3 we can rewrite them as

dz_=( me” ) pdp 232
qE cose =~ T(B)(1-p7)

it — mc dp

., ’ (qEO coscos) T(B)(1-p*)"
» Los Alamos
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Design of Accelerator Structure (cont.)

Integration gives:

—( mc’ )ﬁ pdp
' NgE, cosp, ) (1I- B T(B)

z

B

—( mc )J dp
4E,cosg, 3 (1- )" T(B)

{

N

Using B as independent variable, one can get
parametric dependence z4(t;). Increment in
time At = k(2m/w) corresponds to distance
between centers of adjacent gaps Az, = L.
Gap and drift tube length are determined by
adjustment of the value of transit time factor

T=T (B, A, a, g).

/)
> L;?sAlamos
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Calculation the lengths of
accelerating periods.
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Simplified Method of Design of Accelerator Structure

Increment of energy of synchronous

particle per RF gap AW =qE TLcos,

Increment of energy through increment dW = mczd}/
of relativistic factor
dy =Py dp
Increment of velocity of synchronous particle per RF gap:
qE T(p)A
B =B  +k ———COS(
mc*“y
Average velocity at RF gap: B, = B, +2'B’“

Cell length: L = k B, A (k=1 for 0 mode; k = 1/2 for 7 - mode)

/’-g)rift tubelength [=L-g
- Los Alamos
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Autophasing: Stable and Unstable Phases

RF phase of synchronous particle
is selected to be when the field is
increasing in time. Earlier particle
receive smaller energy kick than
the synchronous one and will be
slowing down with respect to
synchronous particle. Particles,
which arrive later to accelerating
gap, receive larger energy gain,
and will run down the synchronous
particle. When non-equilibrium
particles exchange their positions,
this process is repeated for new
particles setup, which results in
stable longitudinal  oscillations
around synchronous particle. While
synchronous particle monotonically
increases it's energy, other particle
perform oscillation around
synchronous particle, and also
increase  their energy. Such
principle is called resonance
principle of particle acceleration.

/)
> L;?sAlamos
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Beam Bunching: Analogy with Traffic

Continuous traffic Bunched car traffic created by a traffic light

» Los Alamos
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Standing Wave as a Combination of Traveling Waves

E
E cos(k z)cos(wt)= 70 [cos(wt—k z) + cos(wt+kz)]

2
> L/ojsAIamos

NATIONAL LABORATORY
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Equivalent Traveling Wave

L/2
Increment of energy of arbitrary particle in RF gap AW =g J Eg(z, r) cos(wt)dz

—L/2

The RF phase at the time of arrival of

wt(z)=p+k
arbitrary particle in point with coordinate z (2)=¢+kz

Standing wave can be represented as combination of traveling waves:

2 1 2 1 2
2. cos( ﬂLmZ)COS(a)t)=EZcos(wt— ﬂmz)+52cos(a)t+ ﬂLmZ)
B - m=1

m=1 m=1 L
traveling waves traveling waves in
in z — direction opposite direction

Only m = 1 harmonic of traveling
waves propagating in z-direction L2

Lcoso, =1
contributes to energy gain of j 008(271'Z _2mmg +0)dz :{ ¢, m
particle. In general case m =n 1 L L 0, m#1
(where L = n3A). »
i 2wz 2;mmg
. COS + +0)dz =0
. Los Alamos j ( 7 ?)
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Equivalent Traveling Wave (cont.)

Increment of energy of arbitrary particle in RF gap

Taking into account equation for increment of
particle energy dW/ dz = qE (z,1,t) , the equivalent
accelerating traveling wave is

Amplitude of equivalent traveling wave

Electromagnetic field of equivalent traveling wave

E_

=P

C

A
L;?s Alamos

NATIONAL LABORATORY
43

27r

AW =qE LT 1 (—) CoS @
PrA

E =

E T
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Longitudinal Dynamics in Equivalent Traveling Wave

Phase of particle in traveling wave: @=wf—k.z

0
Phase velocity: ¢ = const dp=wdt—k dz=0 Vo = A
21 .

k(z)=—"+

Wave number ﬂph(z)l

d(p 2 1 1

Longitudinal equations of motion dz A ,B [3 (2)
of arbitrary particle

)

a;’_W =qgEcosQ

Z

Auto-phasing principle: particle with f > f,, is slowing down with respect to
synchronous particle; particle with g < £, is accelerating with respect to synchronous

particle. For synchronous particle f = f,,(z). Dependence f,,(z) is determined by
geometry of accelerating structure. Synchronous phase is selected automatically with

certain value of accelerating field £ 1 dw
COSQP =———
qF dz
A With change of field £, synchronous phase is changing, and particles
) start oscillate around new synchronous phase.
- Los Alamo
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Oscillations Around Synchronous Particle

Equations of longitudinal motion in

traveling wave near axis Io(kzr) -1
4

Longitudinal momentum deviation from
synchronous particle

Deviation from synchronous particle
Phase of particle in traveling wave:

Equations of particle motion
around synchronous particle

df dz dz
j— —_— ) ju— d
i a 4P
1 d
22 dB = %
/Los Alamos P v* me

NATIONAL LABORATORY
T 1043

dp

£ =gFE cos

It q ¢

dz p,

dt my
Pe=DP,— Dy

C=2z-1,

p=wt—k(z,+C)=@,—kC

d
% = gE[cos(, —k .()—cose,]

dg _ P;
dt my’
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Hamiltonian of Longitudinal Oscillations

Equations of motion around synchronous p?

particle can be derived from Hamiltonian H = 2my? T L [sin(p, —k.C)+kGcosy,]

d{ 0H dp, _ JoH
dt dp, dt aC

Hamiltonian describes particle oscillations around synchronous particle,
where parameters vy, E, k, depend on longitudinal position. Let us assume
that parameters y, E, k,, are changing slowly during particle oscillations.
Hamiltonian with constant values of y, E, k,, is a constant of motion. Actually,
in this case:

Hamiltonian equations of motion:

dH _JH  0H dg A oH dp; _OH 0H OH JH

=0
dt ot a(,“ dt dp, dt K Jp; apg ol

Time-independent Hamiltonian coincides with particle energy (kinetic +
potential). Equation dH /dt =0 expresees conservation of energy in isolated
system (conservative approximation). In this case, we get equation for
phase space trajectory p, = p,(C) as equation

2 H( )= const
- Los Alamos 4 »P¢ o |
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Hamiltonian of Longitudinal Oscillations in (AW, y)

Another pair of canonical variables: yw=¢ - ¢@,, AW =W,— W
Phase deviation from synchronous particle Y= _kzg
Inverse energy deviation from synchronous particle: AW = —ﬁCpg

Hamiltonian of energy-phase oscillations around synchronous particle:

AW ) .
H = 21§1y3ﬁ)202 @ + gEBclsin(p, + ) -y coso. ]

Equations of motions: A
dd—tW = gEBc[cosp, —cos(p, +y)]

dy AW
diemy e

e )

)
» Los Alamos

NATIONAL LABORATORY
T 1043
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Accelerating Field, Potential Function, and Separatrix

E cos ¢
1 [ |
]
|
E cos ¢l L1

72, s N\ ¢

L (psl ) | S Potential function:
!
|
|

|
|
v E .
\‘&J(“’) ______ V)= lsing, +y) -y cosg
RN Z

oscillations including acceleration. 39

AN '

j /-‘_\ | Separatrix of longitudinal phase space
D

<



Equation of Separatrix

Derivative of potential function determines two dVv gE
extremum points: stable point @ =0 y = I [cos(@, +y)—cosp,[=0
unstable point ¢ = -2¢.. v :
To be stable, potential function must have d*v(0) gE
minimum in extremum point ¢ = 0 , or the u’ = —k—sm(ps >0
second derivative hast to be positive v z
Stability condition sin ¢, <0 ¢, <0
Hamiltonian, corresponding to separatrix H qE[ . N ]
_ B B oy =——[—SI@ +2¢0 cosp,
Hsep_H(pg_O’l//__z(ps) b kz
Equation for separatrix P’

¢

2my

7t qu [sin(@ . +y)-wcos@ +sing -2¢ cosp =0

<

A
=
» Los Alamos
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Phase Width of Separatrix

Phase length of separatrix ®, : .
is determined from separatrix sin(@, +y)—ycosQ, +sin@, —2¢ cosp =0
equation assuming p.=0

Equation has two roots y, = -2¢,, and y,. Width of separatrix is ®,= w,+ 2 /¢,/

Substitution w, = ®,- 2 /p,/ into upper equation gives expression for determination
of phase width of separatrix:

V20 ) SN I NN L N N L N L

— Q] 330 F /-
telo. | = O —sind, 300} /3
7 1-cos®, I :
S 210} <& :
~ 180F B / ~ -~
150 5
For small values of synchronous R .
. 3 90 -
phaSe, 1gQ. =Q, Sln(I)sz(I)s—CI)s/6 gg_ :
2 . . B ]
~ — 1 PR I 1 PR R | 1 M|
cosd =1-®d: /2 phase width of separatrix ) N R R
S S ] ]
Phase width of separatrix as a
ik function of synchronous phase
= _ y phase.
. Los Alamos Therefore, l//2 q)s | | |
NATIONAL LABORATORY Y.K. Batygin Basics of Beam Acceleration USPAS 2019
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Frequency of Linear Small Amplitude Oscillations

2

Equation for longitudinal oscillations d §= 9E [cos (@5 - k;{) - coss]
dt my

For small amplitude oscillations cos(p, —k.{)=cosp, + k. sing,

d* Z; (qu ‘smq)g‘

)§=0
dt* m)/

Frequency of small amplitude linear oscillations

Q= quz|Sin P 9 _ qE A Distortion of the longitudinal phase space
my 3 0] mc> 277;ﬁ'}/3 due to nonlineartity of longitudinal forces.

At the separatrix k.(=2¢,, frequency is zero: cos(Q, — kZC )—CosQ, =

/D
L/ojsAIamos
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Hamiltonian of Linear Small Amplitude Oscillations

From Hamiltonian of longitudinal oscillations

2

E
H = p53+q |
2my

sin(p, —k )+ k. {coso, ]

Z

expanding trigonometric function

2
sin(p, —k.C) =sing, —k.{cosp, — (kf) sing,

Hamiltonian of small linear oscillations:

2

2
H = pg 3 +mj/3Q2C—
2my

/)
> L;?sAlamos

NATIONAL LABORATORY
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Example of Longitudinal Oscillations

/’/--‘ =7 TR £
,/"’/ \\‘\
5 \-.\
P i T,
7
P \\ ‘
P 5 |
o !
H \ ‘
N P :
\\\ | / A
N\, / |
N e ‘
e P
™ >y 3
i
\‘ 1
Mg v
\\ ’-/__’ o
- B “t\-\‘ . e

/)j Longitudinal oscillations in RF field with ¢, = - 90°
- Los Alamos

LOS AlAIMOS (Courtesy of Larry Rybarcyk).
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Phase Advance of Longitudinal Oscillations

Equation of linear longitudinal oscillations Cé S + Qzé’ 0
t?
Change variable z = Bct d’ . (Q Pr=0
dz> " Bc
Solution of equation of longitudinal E=¢ cos(Q—z+ w)
oscillations ° Be ’
Let S to be a period of focusing structure. Q
Phase advance of longitudinal oscillations u,=— 27( ) ( )
: . ol 5 y
per focusing period ﬁC mc® " By’ B
Phase advance of longitudinal 0
oscillations per accelerating period U =—»~L= 27r( ) ( )
" Pe ﬁf pA
A
AN B B _
NLA?OSNAALIE(!HTOORSY For Alvarez StrUCture L - 181 , for o mOde Stzi.(;:t:i:eBaSsicsl;f;amﬁic/eiratlon USPAS 2019
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Longitudinal Acceptance

Longitudinal acceptance is a phase space area of stable oscillations available for
the beam (area of separatrix). Let us determine longitudinal acceptance using
elliptical approximation to separatrix.

The half - width of B sen i e
separatrix in momentum P, . Q Q. NN
is determined from =2By"—, |1 AN \\j,/ )

. . mc 0)] tg(ps o L MY I
separatrix equation ¢ sep[ | |
assuming = 0: [ L

2 2 —Csep Csep
H = Pe +m Sng—
Hamiltonian 2m}/3 4 2 Elliptical approximation of
separatrix
is constant along elliptical trajectory.
2 2
Maximal value of C at ellipse is  my°Q’ s = Pgsep3 or |{ = Pe -
2my e\ e,
Taking approximation tgp =@ +¢@’ /3
_ @, @, | Effective length 2 4
C) Ll 180, /3| of separatrix | P, :2”( g;ip) =4 [1- tgos = j%S
- Los Alamos 5
Operatedrt:y :os Alamos National Security, LLC for the U.S. Department of Energy’s NNSA ’”'A v'L:) a‘}%



Longitudinal Acceptance (cont.)

Area of separatrix ellipse is 7 {,,, (p,.,/ mc) Phase space area of acceptance is
determined as a product of ellipse semi-axis:

_gsep psep__)‘ﬁz 3( (- b, )
180,

The value of wis not included in the value of acceptance, but is included in units of
acceptance (mm radian), or, more often (w cm mrad).

2
Using approximation {__9s _ 95 |, normalized longitudinal acceptance
gp, 3

2 Q
=BV () I
RY/4 0,

Often longitudinal acceptance and beam emittance are determined in phase plane
(@ - s, W-W,) in units (T keV deg).

Relationship between phase and longitudinal coordinate Ap = 360" — ﬁﬂv
and between energy and momentum
: L : AW = mc? B(—=

Transformation of longitudinal phase space area in W =me 'B(mc
different units: 360°
/E) E,. [T-keV-degl=¢€_ . [7-m-rad] mc’[keV]
Lot Alamos Am]
Operated by Lo; Alamos National Security, LLC for the U.S. Department of Energy’s NNSA in ¥ .'l“?;‘-;



Longitudinal Acceptance: Example

0.95 Accelerating gradient E=E,T 1.6 MV/m

Ot S ' Synchronous phase @, -26°
| Wavelength, A 1.49m
s Energy 750 keV
50.75 1
3 0.70 T
G e ] Velocity, B 0.04

0.60 Longitudinal frequency:

0.55 x ‘

-206.00 -116.00 -26.00 64.00 154.00
phase [deg] Q _ \/QEA |Siﬂ§0s — 0.0665
LANL DTL Acceptance (red) @ mc*® 2mfy’

DTL Longitudinal acceptance:

€, = g)uﬁz}/g(g)(l— P, )=7.17-10°rmrad =1.62 © MeV deg
T ® tgQ

S

» Los Alamos
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Unnormalized Longitudinal Beam Emittance

Longitudinal oscillations:

d¢
dz

le

G ma ac _
dz

Unnormalized longitudinal emittance of matched beam:

/)
L;?sAlamos

NATIONAL LABORATORY
43

¢,

T (—) £=0

C =G max COS(Q—Z+W0)

Bc
Q

. Q
_gmax N Sln(_ Z + l//0 )

Be c
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Normalized Longitudinal Beam Emittance

dp _ P¢
mc mc

N

Q
3 —
gmax y C

dg

4

4 (Be)
1 d

dB=—-
Y~ mc

dC d(Bc) 1 dp
dz  Be By’ me

pCmaX

mc

3 Q2 Q
— Cmax,}/ - = 2E(Cmax )(_)}/
c A o

Normalized longitudinal emittance of matched beam:

/)
> L;?sAlamos

Q
e.=Pri>=0 v =2

Oy )5
)y
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1943

Y.K. Batygin Basics of Beam Acceleration USPAS 2019

S 943
Operated by Los Alamos National Security, LLC for the U.S. Department of Energy’s NNSA

m lsuyb:f:.
AT



Adiabatic Damping of Longitudinal Oscillations

Previous analysis was performed in conservative approximation assuming
accelerator parameters are constant along the machine. Consider now effect of

acceleration on longitudinal oscillations. Equations of motion for small oscillations

around synchronous particle. ,

Hamiltonian of linear oscillations H = 2p§ - +m}/392 C_
my

Along phase space trajectory H = const. Let us , ,
divide expression for Hamiltonian by H. Phase Ps 4

space trajectory is an ellipse gmax + 7 =1
m 1 |2H
L _ ) : )
Semi-axis of ellipse . [ Hy® v - -

The value of Hamiltonian, H, is the energy of particle oscillation around synchronous
particle. Product of semi-axis of ellipse, gives the value of phase space area
comprised by a particle performing linear longitudinal oscillations. Largest phase
s/p\ace trajectory comprises longitudinal beam emittance: D¢ max ¢ H

. ﬁ 82 =

> Los Alamos mc mc L)
NATIONAL LABORATORY Y.K. Batygin Basics of Beam Acceleration USPAS 2019
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Adiabatic Damping of Longitudinal Oscillations (cont.)

If parameters of accelerator are changing adiabatically along the channel, the
value of beam ellipse in phase space is conserved according to theorem of
adiabatic invariant. In this case, energy of particle oscillation around synchronous
particle, H , is proportional to frequency of longitudinal oscillation, £:

H~Q

Adiabatic change of parameters means that parameters are changing slowly
during one oscillation period of 2m/<2 .

The semi-axes of beam ellipse are changing as

/ £.c 1 Ve Q
gmax — 3 Q ~ :,3/2 g)l/2 me TX CZ ,}/3/2 ;
/)

3
» Los Alamos . .
Y.K. Batygin Basics of Beam Acceleration USPAS 2019
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Adiabatic Damping of Longitudinal Oscillations (cont.)

Many accelerators are designed keeping the constant values of equivalent
traveling wave, E, and synchronous phase ¢.. In this case, longitudinal oscillation

frequency drops as

1
Q -~ ﬂ1/273/2
Semi-axes of beam ellipse at phase plane are changing as
ﬁ1/4 y3/4
Cmax - 3/4 pC max - W
Y p

Phase length of the bunch and relative momentum spread drop as

1 J
Ay ~ \
3/4
(By) \ /\
\

Ap 1 ‘\\ -

54, 14 ‘
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Adiabatic Phase Damping

Longitudinal Beam Phase Space AW A¢ = Constant

Beam Energy Spread AW = Constant x (By)”"*

Beam Phase Width A= COHSt?/zlt
(br)

AW
P2

o
W Wy

o) 1)

(@)

Figure 6.8 Phase damping of a longitudinal beam ellipse caused
by acceleration. The phase width of the beam decreases and the
energy width increases, while the total area remains constant.
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Acceleration in Sections with Constant 3

LANSCE high-energy linear accelerator.

» Los Alamos

NATIONAL LABORATORY Y.K. Batygin Basics of Beam Acceleration USPAS 2019
EST.1943

Operated by Los Alamos National Security, LLC for the U.S. Department of Energy’s NNSA

" @ J-/
A\~



Acceleration in Sections with Constant 3 (cont.)

AW

%o

\;\

T
1
1

de Or

Accelerator structure with
$gm—00° constant length cell.

Phase space trajectory in structure with
constant length cell.

Because cell lengths are equal, actual synchronous phase in each structure is
@, =-90°. Energy gain per tank (for 7T - structure):

/\ AWref - QEOT COS(prechell
) 2
> Los Alamos
NATIONAL LABORATORY Y.K. Batygin Basics of Beam Acceleration USPAS 2019
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Acceleration in Multiple Sections with Constant 3

Dynamics in RF field of multiple Dynamics around
section with constant 8 synchronous particle
0.57
0.56 3.10_3
055}
< 2103
\a 0.54
5 0.53 1.10—3
: E
:&; 0.51f S \ \R% e
2 SR\
050} | 11072 \—\‘a 1l
— - [ ) !
i B el = | /
0.48 - _3.10_3 a\\\'—\ /
0‘4160 T \\.——/—///
, , B —-60 —50 —40 —30 -20 -10 0 10 20 30 40
Phase in RF Field, ¢ (deg)
@s - @ (deq)
» Los Alamos - |
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Acceleration in Multiple Sections with Constant f3

(cont.)
B1 B2 B3
\NNNNN ANNNNN NN NN
La [
, P Bi<B2<PB3
>

Synchronous phase @, =9,

EA _[sin L
Phase advance of longitudinal oscillations n = \/Zn(q ; )| (/;S (=%)
In single tank mc”~ By”  BA
~ La

Effective accelerating gradient E=E I +]

Effective phase advance of longitudinal oscillations

per accelerating period L ‘

- qEA. L |sn@| L +] [

= Haaz\/m( ) (Fe) = Hy, 17
-Los Alamos me Lt br P :
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Dynamics in Sections with 3 = 1

In accelerating sections with B, = 1 there is no synchronous particles.

Equation for change of particle momentum: % =qEcos@
Equation for change of particle phase @ =wt—k_z C;—(f = — 2Tﬂﬁc
Wave number for 35 = 1 k = 2 — 2
O BA A
Introducing dimensionless momentum P, = ﬁ we can write:
dp,  gEA cosQ
do 2mmc’ (14 Dy : )
1+ P,
> qgEA

Integration gives: |C =+/1+Dp, — D, +(277:mc2 )sing

A
=
» Los Alamos

NATIONAL LABORATORY
T 1043

where C is the constant of integration.
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Phase Space Trajectories for B, = 1
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Minimal Energy of Particles Accelerated in Wave with 8, = 1

gEA
2mmc’

Accelerated particles: P, = < C=( —)sing

qEA

2mmc

If c> , D, is finite and particles are not accelerated until infinity

2

gEA

For accelerated particles (C < >
2mmce

Therefore boundary of acceleration is determined by € =

EA
q —(1=sing) =1+ p; - p,

Minimal value p, r, is determlned by ¢ =-7t/2, or Slngo = -1

gEA | Forindefinite acceleration of protons in wave with £ =5
1_4(271'7%62) MV/m, A =1m, p,min = 294, or minimal kinetic energy
pgomin = 4( qu ) Wmin= 275 GeV
27me” Beams with lower energies can be accelerated in finite
@7 length section with B,= 1 within -n/2 < ¢ < n/2.
NLA?osN A ng (!;Hgasv Y.K. Batygin Basics of Beam Acceleration USPAS 2019
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RF Cavities Tuning: Threshold Field

The increment of energy that the equilibrium particle receives during each
acceleration period is determined by the increase in the period length and,
therefore, is determined by the design od accelerator:

AW =eE TLcos@, = const

The threshold field at which the equilibrium phase is still real (cos ¢, =1) is
AW,
" eTL

Accelerating field must be E,zE,
E

. _ _th
Synchronous phase is COSQ, =——

The threshold field is determined through measurement of width of energy capture
region as a function of field in resonator. This is done by measurement of dependence
of accelerated beam current versus injection energy. The threshold field is determined
by extrapolating of the energy width of capture region to zero value.

/)

= 3
- Los Alamos
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Phase Scans to Set the Phase and Amplitude of RF Linac

Beam Module N-1 Module N Absorber Collector
0 ) [ )
. ( J

o

Phase adjuster

Schematic of the phase scan measurement setup. At LANL linac
there are 4 absorber/collectors at 40, 70, 100, and 121 MeV.

Set amplitude

Set phase

I U.% T
; -80.0 -60.0 -40.0 -20.0 0.0 20.0 40.0 60.0 80.0
2
NLA(T?OSN !:“9!!2%% Resu It Of ph ase Sca n Y.K. Batygin Basics of Beam Acceleration USPAS 2019
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Phase Scans to Set the Phase and Amplitude of RF Linac

W
Energy gain of synchronous AWS = eEL COS(Q, = const N
particle per gap is constant /7()0(
i .
Decrease of accelerating |EV—cosp, T o L 5@ =3¢ ¢ = \D//\Z; 5 ¢
field results in decrease of
phase width of separatirx |E T—cos 0. L >0, T D, =30, T
(and vise versa)
0830 : |
) S Accelerated
/—“\\‘__ Beam
0800 /%/—-\EFZ fpercent) i | - FWHM
/ - / CLE~
> Grsoleeld /4 Accelerated beam as a function
& Q\\\/é/ of beam phase
NENNSZA AW
stqwo -80 -60 -40 - o 20
. Pz:A_SE (degrees) .
Longitudinal acceptance of RF linac for5 -
% different average axial field amplitudes.
® NLA?OSNALIE(!‘H%SY separatrix (rf ‘buckets’)

Operated by Los Alamos National Security, LLC for the U.S. Department of Energy’s NNSA

» e,

Sequence of RF buckets ,‘,Twa



Determination of Bunch Length Using Phase Scan

12 £ 2 1] P3121 k%
LB 810 usec
110 07-Aug-2013 17:36:22
Rel. Zero Phase=
100 e 232.1 deg
’/N TN 05eM001102= 0. 84uk
% {
o / Percent Phase
¥ L Trans  Spread
- f
-5 10 ! 50 5.7
@ f 60 7.0
E & l 70 9.6
s | 80 12.1
£ o» 5 90 18.2
" /" %5 21.3
> 40
b ¥
S B
Q H |
- 7
20 .1»"5 H
i/ .
J \
10 = /P’ Y
0 fopobarsd ko ':f ''''''''
K s s TS AR SR SN i 0

Relative Phase (deg)

LANL Phase Scan at the energy of 121 MeV.
- Los Alamos
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Delta-t Tuning Procedure

(A) BPM1 (B) BPM2 (C)
Dap . L <

! o e
Accelerating Module é

Phase 1 2
RF Phase Fhase : [
Reference RF Line >

RS 4 AR
o Delta-t tranduser ~ #=

Time-of-flight of the beam centroid from location A to B and from Ato C: 5, tsc

Change in t,g fsc values when accelerating module is switched from off to on are

Ly = tAB,oﬁ _tAB,on fe = tAC,Oﬁ B tAC,on

Deviation of values tg t; from design values:

D Ap. —A D AW AW
AtB:_ 3AB 3AWA_ Pr Pa_ 13[ /;_ Bs]
mc (By), 0 mc” (By), (BY),
D —-D AW AW
a Atc:AtB_ : 31[ A3_ B3]
> L/ojsAIamos me™ (B y)A (B y)B
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Delta-t Tune

Wdout=666.2), Sol 2, H-, 23-MAY-18 10:52:
0.40 —
ASP PSP DTB pTC
1456 704 0.020 0.112
0.30 1456 651 0.000 0.022
1456 641 ~0.003 0.003
1453 642 -0.004 -0.001
1453 642 0.002 0.007
0.20 1453 645 -0.005 ~0.002
1452 646 -0.007 0.000
1452 646 ~0.008 ~0.004
1452 647 <0.007 -<0.002
1457 646 -0.003 0.008
- 1457 643 ~0.005 0.003
8 1457 643 -0.005% - 0,005
m " ~
< 0.00
(&)
-
(=) 1/A22 = ~0.009 ns/MeV
-0.10
0.20
-0.30
«-0.40
-0.40 -0.30 -0.20 -0.10 0.00 0.10 0.20 0.30 0.40

DTB (NSEC)

A Output of delta-t program displaying search of amplitude (ASP) and
AN
> Los Alamos phase (PSP) while minimizing values of (DTB)and (DTC).
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Delta-t Tuning Issues

Delta-t tuning procedure works well In linac phase advance of
only when particles perform significant longitudinal oscillation per
longitudinal oscillations within RF module drops as

tanks. If longitudinal oscillations are

“frozen”, then combination of Atg, At, E‘sinq)

can be obtained with infinitely large i s
number of combinations of (E, @). o (By)’

Phase Oscillations N

0.505 T — | 1'110- \\
D W=100 MeV| W=382 MeV

[ 1.105

0.495

. /
1 1.100
0.490 — \\: il Z -
\\ \\
0.485 /\ 1.095 \\
—= | \\
0.480
™~
C > : 1.090
1’6 — //
9 ] L
NATIC T 1 /

~
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Phase Scans

1000. T . ; [ : : S—
800.
600.
400. o
é 200. [ o
E g — e — /1./';/ R ;:Q‘_-,\ S
;:3 -200. 4‘ -
-600. — —
¢S
-800. [ ks =
000 a5 200. 400. 600. 800. 1000. 120;). 1400. 160:). 180;. 2000.
MODULE PHASE (CQOUNTS)
Phase
Set Point
Phase scan: measurement of time of arrival of the beam to
[% downstream pickup loop versus RF phase of the accelerating
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Measurement of Beam Energy by Difference in
BPM RF Phases

Module N BPM 1 BPM 2 -
oo T Beam velocity
S 7
L 5 L
RF Phase Module N = Phase 1 Phase 2 | /I(N + (ploopZ B ngoopl T A('Dcorr )
Reference RF Line 277:

1.365e+08
- 1.36e+08
o 1.355e+08
= 1.35e+08
-

£

o)
Q

500 1000 1500 X[

A Beam RF phases measured at delta-t loops.
> Los Alamos
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Time-Of-Flight Measurement of Absolute Beam Energy

BPMH1 BPM2
L
¢
—>
|- -
.‘xléhluwz’i-f‘"
Tcablet Tcable2
- 1/
O
Scope
Beam velocity P
) 1
Beam energy |W=mc"( -1)
2
> Los Alamos 1- :B . |
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Longitudinal Beam Emittance Measurement

Deflecting magnet

w
@
e
| :
| 3 A AWIW
U o [\
|" a 3 L
| > Slit 3 .
| g ol
| .
! w
Slit ‘ 2 -y
" Deflecting device E
. S - (Cavity or plates) =]
f sine waves A~ 3 A (AW/ w
,‘3 \ | ' \|/ | |
= /
e\ L2
%\ 5
% 2
B \ — From another bunch = =
R\ ;\e% Laser strobe pulses move over bunch
° LOS A|amOS Y.K. Batygin Basics of Beam Acceleration USPAS 2019
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Measurement of Beam Energy Spread

High-dispersive part of 800 MeV beamline

= 6

T \3:4— j{'l*: ”:’("“1@5
— , - TR
Faraday cup ) //«f
117.5 mm \é | SN \sy
100 mm 120 mm - r . \ o — : N N\Y
I -
| A 11.1 mm ; . . .
Ll Beam size in point
Paleseiies | with high dispersion:
effective pole shoe "
diaphragm slit ._ th = O+ (ndisp _)
entrance slit \ |
Magnetic energy analyzer et ———L—sanannenseqs

v /-j | PSR Wire seivrs - i1 1. S0 2, 0, Hose = 411
» Los Alamos
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Beam energy- spread-dependent wire scan
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Bunch Shape Monitor (A. Feschenko, PAC2001)

Analyzed beam

—me +U”%s'r(nar +@)+ AV

9,2 f
Secondary electrons IX), X

7

Voo ~Um] sinina +) - AV,

Utap

th

Figure 1: General configuration of Bunch Shape Monitor
(1 —wire target, 2-input collimator, 3-deflector, 4-output
collimator, 5-electron collector).
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Figure 14: Behaviour of bunch shape in time, beam
cross-section and longitudinally-transversal distribution
measured at the exit of CERN Linac-2 with the 3D-BSM.
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Figure 7: Bunch boundaries transformed to the entrance g,
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