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Beam Bunching in RF field
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Layout of klystron beam bunching scheme (from
http://en.wikipedia.org/wiki/Klystron)
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Beam Bunching in RF Field (cont.)
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RF beam bunching scheme: (left) initial beam modulation in
longitudinal momentum, (right) final beam modulation in density.
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Beam Bunching in RF Field (cont.)
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Increase on fraction of the beam inside separatrix after beam bunching.
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Beam Bunching in RF Field (cont.)

Initial particle velocity after extraction voltage U,

Equation of motion in RF gap of width d and applied voltage U,

Longitudinal particle velocity in RF gap

Longitudinal particle velocity after RF gap

RF phase in the center of the gap
Transit time angle through the gap

Longitudinal particle velocity after RF gap

Amplitude of modulation of longitudinal velocity
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Transit time factor of RF gap
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Beam Bunching in RF Field (cont.)

Z Z 120
: . : f. =t + . ~t +—(1-—Lsinwt,)

Time of arrival of particle to the second gap 2= h v+, sinar, I v, 0 1

. . . Z Zvl .
Phase of arrival of particle into the second gap Wt, — 0 — = O, — 0 —-Sin Wt

vO vO
wt, 8 7
o e e wt, —0=owt, — Xsinwt,

Transit angle between gaps 0=

T v,
i T wt,
1
| v, UM, oz
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|
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e -7
yah Phase of arrival of particle into second gap as a
> Los Alamos function phase of the same particle in the first gap.
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Beam Bunching in RF Field (cont.)

Conservation of charge Ldt, = 1,dt,
..t 1
Beam current in the second gap L= di 7
2 2
dt,
Beam current in the second gap as a function of RF phase . I
in the first gap and bunching parameter L = 1— X cos f
1
L:2 !
iﬂ = il S T
a
i) , -1 T X<l
Ly 7/¥:;7/"\K X=1
=5 = il s
Lok
"O‘Jk““ k‘ X1
: 7 =
A
- Los Alamos Current in the second gap as a function of time.
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Beam Bunching in RF Field (cont.)

Phase of arrival of particle into second gap

Expansion of the current in the second gap in Fourier

series

Fourier coefficients A, =
Differentiation of RF phase
Constant in Fourier series

Other coefficients in Fourier series A

Bessel function (integral representation)

2
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Beam current in the second gap

x=wt,—0=owt, - Xsinwt,

L(x)=A, + ZAn COSnx

n=1

17 27
;jiz(x)dx A :;jiz(x)cosnxdx

dx = odt,

21

= — | cos(nwt, — nX sinwt,)dwt, = 21J,(nX)

T

4

T

1
J (2)=— Jcos(ngo —zsin@)do
T

4

I,(x)= I+2]Z]n(nX)cosnx

n=1
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Beam Bunching in RF Field (cont.)

n=1
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Beam Bunching in RF Field (cont.)

| /4
osf Y/

V /4

0.2

00 = L 1 1 L 1 1 L 1 1 L L
100 125 150 175 200 225 250 275 200 323 3580 a5
ziem)

The first harmonic of the induced beam current in the second gap 5L =2J,(X)
as a function of z for different values of voltage at first gap.

' The optimal value of bunching parameter is X,,,,= 1.84.
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Beam Bunching in Presence of Space Charge Forces

o,
Gauss theorem 2E. = g_zzp
. . . E = ﬁz
| E, 1D longitudinal space charge field T
2
Longitudinal oscillation in presence of mﬁ =qg(E._—E)
space charge field, E,, and external dt’ o
field Egy
—» £
dzzp 2 q
Substitution of space charge field gives: dr> Tz, = ZEext
o - gp 2c | I
Plasma frequency p me, R\LP
I
Space charge density of the beam P= TR’ Be
A,
- Los Alamos
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Space Charge Field of the Train of Cylindrical Bunches

d
- . AR
- & >4 &

Jo(Vom Z) cos(

)

n=1 m=1 &, Uom[(zjzn)2+(v0am)2] “ L Tt (Vom) (2L7ml) L

Space charge potential of the train of the bunches (Y.B., NIM-A 483 (2002)
611-628)
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Reduced Plasma Frequency

Averaging of the field over radius

om

2 a r
== J W, -
R 1( oma)

om

Additionally, consider only linear part

of the field assuming sin(2zn{ / L) =2mng / L
0 R il
Taking only first term in field ﬁ+w 2 8J1 (0, a) Sm(zﬂL)}C ~0
expansion, the equation for dt* 02 I (0 )[H(Uoﬂ’ 5)2] (2ﬂi)
longitudinal beam oscillations is Vot /1 Wor 2T a L
: [
s1n(27rz)
For most common beam bunching —7 =05
(27rz) R
J2(24-)
Reduced plasma frequency due to F,= 2561 5.7661
finite transverse beam size and o = \/Fa) (ya)a)2
p/esence of conducting pipe q p™p Be
LosAIamos
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Longitudinal Bunched Beam Oscillations in
Presence of Conducting Tube

A AT Longitudinal plasma oscillations in tube

] P 2 —
R |R+dR 7 dt> +qup_0
2azb R o g . r g
s, it Longitudinal particle oscillations under space charge forces

z,=B,sinw (1 1)

Longitudinal velocity of particle oscillations under de —Bw cosw (1—1)
space charge forces: dr 04 q 1
. . . ey i Zp .
Constant B, is defined from initial conditions for d—(tl) =B,0w, = v, sinwt,
particle velocity after first RF gap: ¢
v
— 1 o
[\.7 BO = a)_ sin ¥,
- Los Alamos a
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Effect of Space Charge Repulsion on Beam Bunching
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Effect of Space Charge Repulsion on Beam Bunching

Finally, particle oscillations under space charge forces

in the moving system

Particle drift

Vo :

z, =—sin,(t—1)sinwt,
wq

z=v,(t,—1)+z,

V., . .
z2=v,(t,—t,)+——sinw, (¢, —t,)sinwt,
®
q

Multiply by @

B v, . ,
—=wt, —0t, + sinw, (7, —t,) s wr,

v, @V,

RF phase in the second gap wt, —0=wt, — X'sinor,

x'= Y ginw (1,-1,)
Modified bunching parameter in v, o
presence of space charge . 7
forces sin(w, v)
X'=X—2
Z
o, N
sin(@ =)=1 w ="
Condition for maximum bunching: i, 7 i, 9
o o
£7 .UM, a)) I—1=2J(X' )
- Los Alamos "~ 50 ‘o 7 (& o
NATIONAFLSTLQ?? pil i 0 q Y.K. Batygin Acceleration of Intense Beams USPAS 2019 16

Operated by Los Alamos National Security, LLC for the U.S. Department of Energy’s NNSA



Hamiltonian of Particle Motion in RF Field

Equations of motion in dz _ P
equivalent traveling wave: dt  my
dp,
dt
dr _ p,
dt my
dp,
dt

Traveling wave can be represented by an
effective potential of accelerating field

Actually, equations for particle
momentum

2
> L/ojsAIamos
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=q(Er—ﬁcBe)=—q?ll(

E_kr_ .
) sin@
4

U,=E 1,&Y sin (w1 - k2)
kz ’)/

dp
—=—qg oradlU
s q8 a
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Hamiltonian of Particle Motion in RF Field (cont.)

Equations of particle motion around dpg kr
synchronous particle in presence of  — == qE[I,(—)cos(@, —k,§)—cos@ ]+ qE (r.0)
space charge forces Y

d _ D¢

dt my’
Space charge field is expressed through 1 oU,
potential of self-field of a bunch E (r,0)= ot

2 .2
Potential of external focusing field U, —BcA = BcG(z)—2
e zmagn 2
Hamiltonian of particle motion in RF
field with quadrupole focusing:
2 2 2
yoPtr P k. -y

E r. . _ v
3+qk 1,C )sin(p, —k$)+ kg cosp,1+qBeG(2)= 2y +qy3

2my  2my
l”j
» Los Alamos
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Hamiltonian of Small Amplitude Particle Motion in
RF Field

For small bunches

sin(@s - k;0) = sin@s - (k;{)cos@; - %(kzé’)zsin(ps
kR <<I, k.R <<1, kR <<1

Hamiltonian describes particle dynamics in three-dimensional linear external field

2 2

2+ 2 2 2_|_ 2
=20 p53+my3£22§ +qBcG(z)~ 2y —msz(x V) g Y

2my  2my

,}/2

Generalization of KV approach for 3-dimensional case is not possible.

Pk
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Bunched Beam in RF Field: Problems with
Ellipsoidal Bunch Model

=-lul= UURL=LO4D4

1. There is no 6D distribution APPENTITCES
function Wh|Ch resu'ts in 3D A. The Nonexistence of Uniformly Charged
uniformly charged ellipsoid in e i ot e of FlnereEnecelons ot
linear field (see F.Sacherer R
Thesis, 1968).

2 2
HD, T = p~ +q°, O<KH<LI . (A1)

Because of the inequality, the accessible region in phase space is a

2. RF fields across separatrix are S e, e PR T CORTARE: FSEE B e 6
essentia”y non_linear_ Does there exist a spherically symmetric distribution f£(p° + q°) that
has a uniform projection cntc the 3-sphere? The following necessary
condition for the existence of such a distribution has been found by

Maurice Neuman.

o

Theorem: The spherically symmetric distribution f£(p~ + q) does not
~ s =
B GG o= P A 2\ = x .
exist if its projection p(g°) = [f(»° + q)d’p violates any of the

following inequalities:

b N3 .
3
L3 _E(J’?) 2 O\T‘-%":;
bid
p(7)
;S =
- £ o
= T £ =7 b) :"\\TQ/— (A:)

The maximum permissible value of p(7), which corresponds to the equal

sign, is shown in Fig. (Al). An immediate consequence of this theorem
is the nonexistence of a spherically symmetric distribution f(p2 + qz)
with a uniform projection, r(qg) = constant.
» Los Alamos
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Potential of 3D Uniformly Charge Ellipsoid

While there is no complete 6D self-consistent treatment of bunched beam

dynamics in linear field, we can formally include linear space charge into
equations of motion.

Potential of 3D uniformly charge ellipsoid:

Z
rz Ub(x7y’§):_£[Mxx2+Myy2+Mz’y2§2]
— ” y Coefficients:
r j ’}/R dS
) (R +s)\/(R +s)(R +5)(7 R +5)
X
J '}/R dS
Space charge density: (R +s)\/(R +s)(R +s)(}/ R +5)
NEER = R.RYR. ds
pa 4r CRnyRz M, :_J 2 12 2 2 2 2
= 25 (P°R? + )\ (R + )R +5)(Y*R +5)
LosAIamos
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3D envelope equations

Focusing functions in
presence of RF field:

3D Envelope Equations

d’R e’ I M
L — —+k R -3 - =
dz’  (By)’R/’ w @, 1. By 3RyRZ
2 2
d°R, £ )4 Myl

+k,, (2)R,—3

_ Y -0
&2 (BY’R; I. BY'R.R.

d’R. g’ Q’ Rl M2

— < 4 =
> (BY’P’R} (Be) I BY’RR,

/D ko (2)=

~—
» Los Alamos
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3D Averaged Envelope Equations

3D averaged envelope d’R, & . Moy = 1 MA
equations d7> (ﬁ7)2Rx3 g2 ¥ I B2}/3I_3y1_3Z -
d°R, £, I, 2 I MA
2 53T 2 &7 2.3D D
dz”  (ByyR’° S I. B°Y"R.R,
d’R. e’ w,= I MA
2 253 T T 2.3 =
iz (By’Y’R’ S I, B*Y°R.R,

Smoothed focusing

function in presence of /Jz
: . _ ol —
RF field: JLLOI// T luo - 2 2 ILLOI// T ILl’S
H,
/\
= 3
» Los Alamos
NATIONAL,L'A?’ORATORY Y.K. Batygin Acceleration of Intense Beams USPAS 2019 23

EST.1943
Operated by Los Alamos National Security, LLC for the U.S. Department of Energy’s NNSA ’”’v‘ '“:i



Rms Beam Emittance of Ellipsoid Bunch

Introduce spherical coordinates
0<r<l1, 0<@<2m, 0<0<7m *= R, reosgsin®
according to transformation: y=R,rsin@sinf
§ =R _rcosO
Volume element is transformed as
_ 2 o
dxdydC = R R R r"sin@drdpdo

Rms beam size;:

R3RR 1 2r T R2
<x’>=—"2 Z_[r4drjcoszgod§0_[sin39d9= x
‘/e 0 0 0 5

Ellipsoid size is related to rms size:

R =+5<x*>

Assuming elliptical beam distribution in x
transverse momentum, the emittance of
yRiform bunched beam : € =35¢,

)
» Los Alamos
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Uniformly Charged Spheroid

Consider matched beam, I?; :E; :R; =0, with equal transverse emittances

€, =¢€,=¢ and equal averaged transverse sizes R = Ey = R. Such beam is a
uniformly charged spheroid. For such spheroid, coefficients in
(1-M))
2
Potential of the uniformly charged spheroid

M, =M, =

1-M. ,
U,(r,f)=——— > MM+ 2Zr]

R’R_ ds 1-¢> 1 1+
where Mz:y ZJ 2 2 p2 32 2§ (z=In g_l)
2 TR +s)Y R +5s) G 2¢ 1-¢
. . . R
where ¢ is the eccentricity of spheroid: c=,[1- (?)
VR,
R
a For most of the beam parameters, M._ = ﬁ
- Los Alamos re
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3D Matched Beam

2

Equilibrium envelope equations 32 : :uo;/f 3 1 : (ﬁl)(l_MZ):O
(BY)°R S 21.(By)R R
_ 822 Auol2 I ﬁﬂ’ —
By’ YR, §° ° L(By)R
R =R (1+v
Equilibrium conditions can be £=j .UWRZ = U+ V)
rewritten as — Py S R.=R (1-v,,)
2
3 lLl’le
8 -_ R .,
=Pr
Depressed transverse and = [1_2 ! (m‘)( 5 )2 (1_Mz)]
longitudinal phase advances per v v 2 IC([3}/)3 R, R ,ujw
focusing period
31 BA_S LM
2 2 2 Z
/A ILLZ :uol[l_ 3( )( ) 2]
= I R R ;
“Los Alamos P & X ]
Operated t;Ty'Lg:sAlamos National Security, LLC for the U.S. Department of Energy’s NNSA - in ¥ 'l"?,\.



Transverse and Longitudinal Beam Current Limit

Transverse current limit

Longitudinal current limit

Transverse normalized
acceptance

Longitudinal normalized

acceptance
/A

)
» Los Alamos
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82
Imax r (1 _2)
S (1 M )€
2 uol 82
max, l
2
_Prau,,

i S

A 1 Q
=B () el A
21T 0]
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Transverse and Longitudinal Beam Current Limit

(cont.)
Focusing period usually contains N
accelerating periods, S=NBA . The 4 mc” 3 ( 2 )
value of transverse I!mlted beam Lo = 3 qZ (1 M )N 2 8
current can be re-written as
Using the approximation for M. = R
ellipsoid parameter 3YR,
and expression for longitudinal : > 5
phase advance, the longitudinal A 2,87/E|s1n(ps b.a (1_f_Z)
beam current limit can be written e Z, E..

as

The impedance of free space |
Z =(cg,)) =376.73Q

i LAB?RATORY Y.K. Batygin Acceleration of Intense Beams USPAS 2019 28
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Condition for Equal Tune Depression in
Transverse and Longitudinal Directions

Depressed transverse phase advance ,u_f,_l 3 1 AL, S ,(1-M)

w2, 21(By) "% w2,

Depressed longitudinal phase advance /J_zz —1— 31 (ﬁl)( S ) M.
M, LByY R R,

Condition for equal tune depression in transverse

2 2!/ 2
and longitudinal directions: Hoy _ Mo

A-M,) M.
Coefficie_nt of ellipsoid providing equal tune M = [T
depression (Y.B., NIM-A 483 (2002), 611-628) © 2l
: : : : : - R ‘uzl
Ratio of ellipsoid semi-axis providing equal tune ~ oL
deprfe)ssion 3yR. 2u;
- Los Alamos
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Equal Transverse and Longitudinal Beam Current
Limit

Equal depressed tune in transverse ,u,f, - u{? 3 ] BA_ S

and longitudinal directions 5 —=1-— (—)(—)
Uy, My 2u, I.(BY)’ R.R

Equal current limit in transverse and
longitudinal directions for negligible
beam emittance with respect to
acceptance of the channel (R is the
beam radius which maximum value
IS Rmax= a)

O, R

B 2ﬁ}/E|sinq)s
- Z

o

Imax —

Ic 352 2
3n(ﬁy) (S) 1, |0,

A
> L;?s Alamos
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Envelope Modes of Mismatched Bunched Beam

Deviation from matched solution R, = Ex +&, R, = Ry + gy R, = EZ + @

results in excitation of envelope modes with eigenfrequencies [M.Pabst, K.Bongart,
A.Letchford, Proceedings EPAC98, p.146]:

ALLenv,QZZALLI//
1 3
A= g+ 2 g+
., ,=A+B
2 _ _ 2 2 1 2 3 2N\2 2 2 2 2
u =A-B B= (u0+uy,—5ulo—5ul) +(u, — iy, )y, — 1)
A

» Los Alamos

i _Lf" !.3 f) BT Y.K. Batygin Acceleration of Intense Beams USPAS 2019 3 1

r)
o8

$T.1943
Operated by Los Alamos National Security, LLC for the U.S. Department of Energy’s NNSA NA'



ion

sources

Beam Funneling

Fig. 4. Layout of the Two-Beam RFQ Funneling Experiment.
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Fig. 6. Emittance of a beam with deflector off (a) and with

single gap funnel (b).

Beam funneling is a technique to combine
two and more beams in one beam. According
to Liouville’ s theorem, additional particles
cannot be inserted into 6-dimensional (6D)
phase-space volume already occupied by
other particles. However, 2D and 4D
projections of beams can be overlapped.

Parameters of the Two-Beam RFQ Funnel Experiment

Two-beam FRQ He™
Jo (MHz) 54
Voltage (kV) 10.5
Tin (keV) 4
Tout (MeV) 0.16
Length (m) 2
Angle between beam axes (mrad) 75
Multigap funneling deflector
Jo (MHz) 54
Beam Funneling Voltage (kV) 6
. Length (cm) 54
Experiment at
Frankfurt University Single gap funneling deflector
_ fo (MHz) 54
(A'SChempp’ NIM-A Voltage (kV) 23
464 (2001) p395) Length (cm) 2.54
Y.K. Batygin Acceleration of Intense Beams USPAS 2019 32
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Beam Funneling (cont.)
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................................... (R.W.Thomae et.al, AIP Conference

@ Proceedings 139 (1985), p. 95)

Fig. 4. The 40 MHz MEQALAC acceleration structure. A1l dimen-
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Parameters of FOM-MEQUALAC Experiment

Parameter 1 2 3 4 Dim.
Particle He' D N; N -
Injection energy 40 80 80 40 keV
Exit energy 120 1000 2000 1000 keV
RF frequency 40 80 27 25 MHZ
Synchronous phase ~-38 -30 -20 -20 °
Gap electric field amplitude 2.6 12.0 14.2 12.0 MV/m
Width RF gaps 0.2 0.4 0.5 0.4 cm
Number of gaps 20 23 33 24 -
Number of channels 4 25 36 64 -
Overall beam dimensions 4 35 35 65 cm?
Length resonator 65 150 200 170 cm
Diameter resonator 40 40 100 80 cm
Quality factor 1800 2500 3700 2800 -
Parallel resonance resistance Rpo 16 28 110 38 MQ
Rgo eff 8.1 17 79 27 MQ
BA/2 first cell 1.75 1.95 1.60 1.81 cm
BA/2 last cell 2.80 6.10 6.50 7.40 cm
Quad spacing/length; g/l 0.75 0.95 1.30 0.81 -
Channel radius 0.30 0.30 0.25 0.30 cm
Quadrupole voltage + U 2.6 6.3 6.7 3.3 kV
Zero current uyt 60 60 60 60 °
Zero current uy 19.8 27.6 30.5 35.8 °
Depressed up 24.0 24.0 24,0 24,0 °
Depressed yj, 7.9 11.0 12,2 14.3 °
Channel acceptance ag 108 = 97 = 95 n 104 = mm mrad
Channel acceptance aj 270 M2 100 = 130 = mm mrad
Ip time averaged 2.9 7.7 3.1 1.6 mA
I;, time averaged 3. 7.6 3.2 2.3 mA
y Total current 11.6 190 10 102 mA
| Acceleration efficiency 54 78 83 74 A
=)
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Space Charge Dominated Bunched Beam in RF Field*

1. Beam is accelerated in traveling wave with constant amplitude E

27c
2. Beamis bunched at RF frequency ®= P Particles between bunches are

removed.

Focusing is provided by a continuous z-independent focusing structure

4. Beam is matched with the structure, i.e. there are no envelope oscillations
(both transverse and longitudinal)

What is the self-consistent particle distribution within the bunch and what is
the limited beam current?

— P
S D K
Z
: pA : pA .
< —>ig >
2 Sequence of bunches in RF field.
Los Al
* LOSAMTIOS *Y.B., NIM-A 483 (2002), §11-628.
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Equation for Field of Moving Bunch

The space charge density distribution of a moving bunched beam has the form p = p (x, y, z -vs?).
The moving bunch creates an electromagnetic field with a scalar potential U, = U, (x, y, z -vst)

and a vector potential A, = A, (x, y, z -vst), Which obey the wave equations:

AU, - 1L 99 P 5.50
b s 2 . (5.50)
s 82X
AAp - LEEb =y, j, (5.51)
C Jt

where j=p v, is the current density of the beam. The current density has only longitudinal
component

x=jy=0,  jo=vsip (x,y,2- Vsl), (5.52)

and. therefore. the vector potential has only a longitudinal component 4 .
In a moving coordinate system where particles are static, the vector potential of the beam i1s zero,

A = 0. According to the Lorentz transformation, the longitudinal component of the vector
potential in the laboratory system is A, = f; U, / ¢ while transverse components 4,= 0, 4, = 0.
Therefore, to find solution of the problem it suffice to solve only equation for the scalar potential
(5.50). Substitution of the value 4 _ into the wave equation (5.51) gives the equation for the scalar
potential:

2 2 2
Uy , °Up 0" Up
/ Tttt 2=_Lp(x,y, ). (5.53)
= ox dy i 14 €o
- Los Alamos
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Self - Consistent Problem for Bunched Beam

Equation (5.53) has to be solved together with the Vlasov equation for the beam distribution
function:

g 1 df 9f df . dfoU . df U . df aU
aimyax oy PG T ap. oy T ap, o

) (5.54)

where U = U,; + ¥ ~*U, is a total potential of the structure. Egs (5.53), (5.54) define the self-
consistent distribution of a stationary beam which acts on itself in such a way, that this
distribution is conserved.

The general approach to find a stationary, self-consistent beam distribution function is to

represent it as a function of Hamiltonian /= f(H) and then to solve Poisson's equation. Because
the Hamiltonian is a constant of motion for a stationary process, any function of Hamiltonian is

also a constant of motion which automatically obeys Vlasov's equation. A convenient way is to
use an exponential function f = f, exp (- H/ H,):

2 2
px+p 2 Ueir + Upy 2
f=fexp (-2 —Y . pZ3 e bY ). (5.55)
2>myH, 2my>H, H,

/D
> L/ojsAIamos
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Hamiltonian of Averaged Particle Motion in RF Field

Particle motion is governed by the single-particle Hamiltonian (Kapchinsky, “Theory of resonance

linear accelerators”, Harwood, 1985):

2 2 )
_Pxt Py 4 _PZ
2my

+qUe_xt+ql]12)

2my? %

H

Ue=E | 10(%”) $in(Qs- keL) - sinet ke cosps] + Gtg

zZ

Pis Py transverse momentum
p.=P,- P, longitudinal momentum deviation from synchronous particle
{=z-2z4 deviation from synchronous particle
0, synchronous phase
k.= z—z wave number
U, potential of external field
U, space charge potential of the beam
E amplitude of accelerating wave
G, gradient of the focusing field
N

Pk
° IE Alamos
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Beam Equipartitioning in RF field

Let us rewrite the distribution function, Eq. (5.55)

2 2
_ Px + Dy p2
f=foexp(-2——F= -2
Pt /

where p, =2 V<pi> =2 V<p?> and p;=2 | <p2> are double root-mean-square (rms) beam sizes in
phase space. Transverse, &, and longitudinal, &, rms beam emittances are:

Upt + Upy 2
g e T oY

(5.56)
H,

S

g=2 P Y<x?> =2 Pt V<y?>, (5.57)
mc nmec

mc
The value of H can be expressed as a function of the beam parameters:

£ = 2ﬂ\/< &> (5.58)

me’> &  mc® & @ mc €
16H, = — = — = —. (5.59)
y <x'> oy <y > y <{>
Equation (5.59) can be rewritten as
E_% (5.60)
[‘j R YR

» Los Alamos

NATIONAL LABORATORY
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Self-Consistent Solution for Beam Distribution

The first approximation to self-consistent space charge dominated beam potential is:

2
Vp=- -t Veu
where parameter 6 = 1 << 1
bk
o . 2 I R
and b, is a dimensionless beam brightness of the bunched beam: b, = [3— T
y c gt

The Hamiltonian corresponding to the self-consistent bunch distribution is as follows:

2 2
+ 2
= px py + pZ + q ( 6 ) Uext.

H
2my  2my’ 1+6

Equation (5.88) indicates that in the presence of an intense, bright bunched beam (6 << I) the
stationary longitudinal phase space of the beam becomes narrow in momentum spread, while the
phase width of the distribution remains the same in the first approximation.

Low brightness beam, b <</ High brightness beam, b >> 1
1.5 l()"‘ T T T T T T T T 151 0‘ ! I ! I ! I ! | ' |
1.0-103 - _ 1.0-103 | ] '
50104 - i 5.0104 — : ! ! ! _ (
aN 0.0-100 - N 0.0-100 - C — l‘
50104 F ] 5.0104 - ~ ~ - - ’
S1.0103 _- -1.0-10°3 - SR T
-1.5:10-3 L | L 1 L 1 L 1 L | -1.5:103 — 1 k I_ . ! . I" L . . .
A5 -0 05 00 0.5 10 s 05 00 05 10 Total field within the QHHCh .
£5T.1943 kz® k, & Y.K. Batygin Acceleration of Intense Beams USPAS 2019
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Analogy with Plasma Physics: Debye Screenmg

screening. If a positive test charge of magnitude Ze is placed in a plasma, i
attracts clectons and repels ions in such a way that its Coulomb clutmsmlu
potential ¢, x Ze/4nz,r is attenuated at distances beyond a Debye length. To
calculate this effect, we solve for the potential ¢(r) generated by such a test
charge. Assuming the plasma to be in thermal equilibrium, the distribution
functions of electrons and ions are of the Maxwell - Boltzmann form

muv? c’,qff)

. |81
kg T | kyT, RAEER)

Six,v) = n,,cxp( -
and the densities are n,(r) = n,exp(e,p(r)/k,T). Here ¢(r) is the potential
generated by the test charge, which is as yet unknown. Since this potential must
satisfly Poisson’s equation

1
Vig = —plr), (1.8.2)
[
with the charge density p(r) = ch.,n)(r), it follows that, assuming spherical
symmetry, ¢ satisfies the equation

1 d ,d¢ 2n,e?

7 3 y l83
FAdr dr - cokgT Lre

here we have assumed that the potential is small enough that e kg7 <« 1.
Taking the solution of Eq. (1.8.3) which vanishes as r — o, we obtain

R
¢ = rcxp(—r Ap), (1.84)

where /iy = (6okT/2nye*)"'? is known as the Debye length, and A4 is not yet
determined. To evaluate the constant A, we must match the potential to the *bare’
Coulomb potential of the test charge, ¢_ = Ze/4me,r, at a distance r from the
charge which is small compared to the average interparticle distance n, 13 The
result is that A = Ze/4nz,, provided that ng ' « 4. Eq. (1.8.4) then shows that,
at distances greater than a Debye length, the potential of a test charge ina plasmais
° I_os Alamos exponentially attenuated below the value it would have ina vacuum. This cutoffof

NATIONA;:LABORMORY the potential has important implications for the collisional events in a plasma, 41
.1943
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Space Charge Density of the Bunch

The self consistent space charge density

distribution of a matched beam can be found
from Poisson's equation:

a‘/ext €.Xt
r.0)=2yGe, {1- J & & 3 ' ( )
AT v \/(1+5)2_2‘/m 32y <x* > tha [(1+65)° —25

]3/2 }

€Xl

Space charge density of stationary bunch is p(r,f) =2
close to constant

Pk
L?sAIamos

NATIONAL LABORATORY
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Grgo.
1+0
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Stationary Bunch Profile

Equation U_(r, z) = const gives the family of 2008l |~ ]

equipotential lines of the space charge field of g 1

the beam: 3 o] 1

Io(k Vsin(@s-k; ) - sin@s+ k;lcosqs + Gikz 2 = const 23 0z o1 00 o1 oz
2 E . B

Bunch boundary is not an equipotential surface; :

therefore U, (1, z) = const does not coincide with
bunch profile. To find the self-consistent bunch

profile, consider a uniformly populated bunch with B <ol
boundary defined by the following nonlinear equation

0.00 |34

X/ (Bh)

-0.05 -

(X >sm<<os ko0 +5in@s-2 k. Ocospe+C(kR) = S e
The self-consistent bunch profile in real space is ’ |

close to separatrix shape in longitudinal phase space P R TR TR YRR

C(ph)

/\ Stationary self-consistent particle distribution in RF field,
,‘ ) @ = -60°, C=3.8: (a) RF field, (b) particle distribution, (c) space
NLA?OSNA ngm'gksv charge field of the beam. 43
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Bunch Profile as a Function of Accelerator Parameters

Parameter C can be expressed as a function of ratio of effective transverse gradient:

G
G, eff= GA1 - —%—)
1 t 212G,

and longitudinal gradient

\°\
o
S
\\
® \\

N
N
N\

A P
/ O {/1 //

V]
'\QK TTTTTTY
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1 ] /

0 L e  —— ! L 0:111111111114A111|AAAL IRRES NS S
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Coefficient C in bunch Coefficient C in bunch

shape for ¢, = -30° as a shape for ¢, = -60° as a

function of ratio of function of ratio of

transverse and longitudinal transverse and longitudinal

gradients of space charge gradients of space charge

field of the beam: a) y= 1, field of the beam: a) y=1,

b) y=3,¢) y=6. b) y=3,¢) y=6. 44
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Transverse and Longitudinal Bunch Sizes

For a long bunch, BA>>R,,, the Bessel function can be

approximated as [,(y) = 1 + y*/4, and bunch boundary is given
by:

R(() = BA Qs - k) cos@s - sin@s - sin(Qs-k () 596 |
2r C+ L1 sin(pek.0) Rmax
4 7’2 =
5 0.00
Transverse bunch size, R i1s determined from the equatio )
IR(O/DE=0:
max = % 2 ((pg COSI(Ps - Sll’l(Ps) . (597 (7))
C+ N Qs ’
1 yz sSinQ. ﬂ
| ~ A2
The ratio of transverse to longitudinal bunch sizes for a give ’ 2r
value of synchronous phase, ¢,, 1s:
Rmax — 1 2 ((ps COS()DS - Sll’l(ps) ) (598)
L 3¢5 c+ 1 SinQy
4 y?
A
- Los Alamos
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Initial and Final Bunch in RF Field
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Kapchinsky Model for Self-Consistent Bunched Beam

<< 1. Restricting ourselves in the expansion of a modified

Bessel function to the first two terms

lo( ot \]z i
YUS /

we can write potential function (4.7) in the form

Vix,y, 0= evawE [sin ((ps —_ §)+ % cos qu]

) Ug

1My [gr  _E Gnfo 9@ #\f,e
+ 5 [Q, + 2mﬂ’,%sm(q», = C)]r

By ignoring the dependence of the defocusing force pro-
duced by the accelerating wave on the variable component of

the particle phase, we can represent the potential function

324 [. M. KAPCHINSKIY

first term

Us Us

"':(C)«—%[Siﬂ(%—2§)+LCCOSCP;], (4.13)

which depends only on the longitudinal coordinate of the
particle, coincides (to within a constant factor) with po-

tential function (1.41). The second term
V, (x, y) = (my 7/2) |9} —eaE [sin @, |/2my v v, r?,  (4.14)

which depends only on the transverse coordinates, is the po-
tential function for the equilibrium particle in a "smoothed

out" external field. In Section 3.1 we showed by using a

as a sum of two terms V(x, y, &) = V, (L) + V(x, y). The

» Los Alamos
NATIONAL LABORATORY
EST.1943

With this simplifying assumption, the Coulomb potential
of the bunch can be represented as a sum of two independent
functions U.(x, y, ) = Uzl(z) + Up(x, y). Because of the
axial symmetry of the fields, the potential U,is a function
of only the radius r. The two independent integrals of mo-

tion can be separated by using the simplifying assumptions

discussed above;

H, = 21V, @+ U, @ bl
= 2y y? T R
H, =(pz +pg) 2my ¥ +V, () + (e v U, (r). (4.16)
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Representation of the Bunch as a Uniformly-
Charged Cylinder with Variable Density Along z

& "

Transverse distribution

326 I. M. KAPCHINSKIY

Longitudinal distribution

side the separatrix. Specifically, we assume that the phase

: ; : ; density on the ¢y, p; plane inside the separatrix is con-
The microcanonical phase-density distribution £ (Hy)
) stant. Since H, < H, for the phase trajectories inside the
= &(H, - H1) can be used in four-dimensional transverse-os-
-2 separatrix and H, > H. for the phase trajectories outside
i i s e. In this case )
cillation phase spac ’ st we can write
p(r, &) =eng \ f: (H,) dp. \ |\ 8 (H,—H,) dp.dpy. f_’([l(-)_c[ 1 for H, < H T
B3t S i (0 for H,>H.. o
Although the space-charge density in each beam cross
section is constant, it nonetheless depends on the longitu-
dinal coordinate. A bunch can be represented as a circu-
lar cylinder of finite length. Since the charge density in-
side the cylinder depends only on the longitudinal coordi-
C nate, the cylindrical bunch has flat end-faces. The cyl-
i The law governing the charge-density distribution along
the longitudinal axis of the bunch duplicates the behavior Y.K. Batygin Acceleration of Intense Beams USPAS 2019 48
rof the separatrix. The maximum charge density of a cylin- N\NNSA U YA [ a5
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Separatrix as a Function of Beam Current

Analysis based on Kapchinsky' s model for beam distribution indicates that synchronous

phase is shifted in space charge dominated beam and phase width of the bunch decreases with
current but much slower than the vertical size of the separatrix.

)

The potential function and separatrix

R The separatrix shape for different values of
of the beam with high space-charge space charge parameter (from Kapchinsky,
density (from Kapchinsky, 1985). 1985).

/\

)
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