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RF accelerating structures

Outline:

* Architecture of modern SRF proton accelerators;
 SRF around the world

 EmAoyocg

e Home tasks.
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Chapter 9.

Architecture of SRF accelerators.
a. proton/ion SRF linacs:

- RT or SRF front end?

- choice of beamline elements;

- lattice design.

b. electron SRF linacs.
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Architecture of a GeV-range proton SRF accelerator:
Layout of typical modern proton SRF accelerator.
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Linac Design Philosophy:
dRT or SRF frontend?

* For low duty factor RT frontend (up to ~200
MeV) may be used

* For high DF or CW SRF Is necessary from the
beginning
d Choice of beam line elements
» Accelerating RF Cavities
* Focusing Magnets
 Lattice Design
e Focusing Period
* Transition Energy between Sections

$& Fermilab
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RF cavities:

Radio Frequency Cavity

p<0.5 ] — po0.5
| l Multi-cell elliptical shape cavity
l v NgYeYe'a%e Y
Quarter wave resonator Single spoke asE S A
(QWR), Half wave (SSR),Double, Triple... W
Resonators (HWR) L

* Lower RF frequency provides better interaction with beam.

 RF defocusing factor is inversely proportional to frequency.

« Lower frequency implies larger RF bucket and hence larger longitudinal
acceptance.
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RF cavities:

[ The frequency choices for multi-cell:
* Cavity length is about the same for the same [ (the same number of couplers,
tuners, etc). Typical length ~0.8-1 m depending on £, (from iris to iris)
* Lower frequencies = bigger size, higher cost, more difficult handling, microphonics
but: lower losses per unit length (smaller R/Q, but lower R,);
larger aperture (current interception), smaller beam
defocusing; smaller number of cells and therefore, smaller
a/A, smaller K. and K, and smaller numbers of cavity types.
» Typically, they use 650 — 800 MHz, and 5-7 cells/cavity:
SNS: 804 MHz, 6 cells/cavity (in operation)
ESS: 704 MHZ, 5 cells/cavity (under construction)
PIP II: 650 MHz, 5 cells/cavity (under development)

[ The frequency choices for the front end:
* Subharmonics of the main frequency.

1 Acceleration gradient choice (high DF, CW):
* Quench, B, <70-80 mT
* Field emission, E ., < 40 MV/m

* Thermal breakdown typically is not an issue for proton linacs.
2= Fermilab
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RF cavities:

« Selection of the maximum accelerating gradients in cavities are
made on the basis of :

— Peak surface magnetic field
— Peak surface Electrical field
« Choices of peak magnetic fields are derived from:
— Dynamics heat load due to accelerating mode
— Cavity guenching.
« Choices of peak surface field is made to avoid field emission

CW Linac assumptions: Accelerating Gradient in PIP-II Linac

* 162.5 MHz: H, <50mT
* 325MHz: H <60mT
* 650 MHz: H,, <70mT Gradient 9.7 10 11.4 15.9 17.8

¢ E, <40 MV/m. (MV/m)
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Focusing elements:

»* Normal conducting magnets are cheaper but superconducting magnets

are.
» Compact in size
» Provide intense magnetic field with low power consumption.

* Low energy part of SRF linac typically has solenoidal focusing:
+** Provide radial focusing

* Intermediate and high energy section of linac use normal conducting
doublet focusing.
s Simplify cavity magnetic shielding requirements
» Correctors are built in each magnets.
» Solenoidal and doublet focussing keeps the beam round in transverse
planes.

4

L)

(AR)

L)

L)

* Focusing magnets in each section

Section  HWR SSR1 SSR2 LB650  HB650

Magnet S S S FD FD
S —solenoid, FD — doublet (F : focusing and D: Defocusing quadrupole).
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Focusing elements:
 Solenoid:

Solenoid focal length f:
(non-relativistic case, T is a particle
kinetic energy, T=mv2/2.)

R

l = q2 I B’dz

f 8Tm° ~
* Focal length is proportional to 52
* Focal length is inversed proportional to B,%L, L is the solenoid length;

* Therefore, solenoid can be used for low S ($<0.5). For higher 5 quad is used.

(d Quadrupole lens:
Quad focal length f:

! _ 4B'L
fypme
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Focusing elements:

For low section SC solenoids are used.

- Simple and inexpensive;

-  Filed upto 6-8T;

- SRF cavity should have < 10 mT on the SRF cavity surface:
remnant solenoid field should be compensated

- Solenoid contains correction coils (steering dipoles)

- Alignment (typically <0.3- 0.5 mm, <5 mrad tilt);

- Quench protection;

- Leads

Magnetic Shield-
LHe Vessel-

Flux Return-
Bondoge-i\\\
Main Coil-
Steering Dipoles-

Beam Pipe-~

Bucking Coil-
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Lattice Design: Focusing Periods

« Length of the focusing period is kept short, especially in the low energy
section where beam is non-relativistic and non-linear force may be

significant . Cryomodule Arrangement
HWR Section:: [ Solencid | _Drif I"'W“C“'“YI 2 ] SC-SC-SC-SC-SC-SC-SC-SC
0.3m 0.0806 m 0.25m 0.0552m
< 0.6858 m >
. 03m 1‘_'f'a’-i'lf"

SSR1 Section: [SSRlCavity] [Solenoicl j [SSRiCavith [ssrtlcavitv] CSC-CSC-CSC-CSsC

! 1
i 0.4m

1
1
L e 0.45m

Y_.v___

P —

1.25 m
0.32m 0.4767 m
SSR2 Section:: i - i - SCC-SCC-SC
0.75m ‘i 0.75m ;
2.25m
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Lattice Design: Focusing Period in High Energy Section

* Frequency jump from 325 MHz to 650 MHz at LB650 MHz section
« Solenoidal focusing is replaced with quadrupole doublet.
« Same family of doublet is used in both LB650 and HB650 sections.

445 m

-
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>
>

]
; SC Cryomodule i
i i
1 1
H 0.9 m H
i — i
- ] I
LB Section : H Cavity Cavity Cavity !
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1 1
1 06m ! 0975m 0.95 m 0.2 m
e e >l > >
NC Doublet NC Doublet
10.6 m
1 € >
[ ]
i i
HB Section : | SC Cryomodule i
] 1
i 1.44 m i
E — p :
i Cavity Cavity Cavity Cavity Cavity Cavity i
! Field Map Field Map Field Map Field Map Field Map Field Map !
v
]
i
106m! 1.25m! 1.5m 0.2m
le—>———> R
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Transition Energy between Sections .

* Transition Energy between Sections (type cavity change). Optimization in order to
minimize the number of cavities.

 Beam matching between sections and cryomodules are achieved using elements of each
side of transitions. Avoiding abrupt changes in beam envelopes to reduce possibility of
halo formations.

e Adiabatic variation in phase advance along linac. Reduces possibility of beam mismatch.

Energy gain per cavity vs. Energy
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Number of cavities required for acceleration from 185 to 800 MeV versus cavity beta in the LB650
and HB650 sections (left) and the energy gain per cavity versus particle energy (right) for LB650 (red
curve) and HB650 (blue curve) cavities.
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Architecture of a GeV-range proton SRF accelerator:

Correct selections of transitional energy provide better optimization of
real estate gradient and reduction in total number of beam line

elements.

Transition time factor v/s beta

HWR SSR1 SSR2  LB650 HB650

AN

N

- HWR 2.1

= 03 SSR1 10.3
SSR2 35
LB650 185
HB 650 500

0.2 04 0.6 0.8
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Acceleration voltage distribution
Voltage Amplltude in CaV|t|es Voltage gam by beam
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Summary:

d

R SN N I

D [ ]
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Architecture of a big SRF linac is determined by:

accelerated particles — electrons, protons or ions;

accelerator operation regime — pulsed or CW;

accelerator parameters — energy and power.

For a proton accelerator the choice of the front end — RT or SRF — depends on
the operation regime, pulsed or CW.

The frequencies and cavity types for a proton or an ion accelerator should be
determined;

The types of the focusing elements should be selected.

The lattice should be designed, which provides

acceleration

focusing

bunching.

Break points between the section with different cavity types should be
optimized;

The sections should be matched to each other to provide required beam
quality.
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Chapter 10.

SRF around the world

2% Fermilab
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SRF around the world

ESS
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ARIEL / g@
MYRR /A\DERLinpro
CBETA ESA ’

LCLSHI R ¥
= [ U ATARLA
A B C,OA%[; & ASARAF

Operation
00

Construction
A\ electron
A\ proton/deuteron

A\ heavy ion

Future plan
(D i |

HEPS  IFmIF

" e

RAON
SHINE

Global view Distribution of superconducting particle accelerators using SRF structures for

electrons (orange), protons (purple) and heavy ions (pink). More than 30 SRF accelerators are
in operation (circles), approximately 15 are presently under construction (triangles) and more
than 10 future projects are under consideration (squares). Credit: CERN
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Big SRF Accelerator Facilities:

Linac Laboratory Application Acc. Particle | Operation Status

SNS ORNL, USA Neutron Source |H- pulsed Operation
ESS ESS, Sweden Neutron Source |p pulsed Construction
CIADS IMP, China ADS p cwW R&D

ISNS Indore, India Neutron Source |p pulsed R&D

ADSS BARC, India ADS p cwW R&D

PIP Il FNAL, USA Neutrino/Muons | H- CW/pulsed R&D

FRIB MSU, USA Nucellar physics |lons cw Commissioning
RAON RISP, S.Korea Nucellar physics |lons cw Construction
CEBAF JLAB, USA Nucellar physics | e Cw Operation
XFEL DESY, Germany | FEL e pulsed Operation
SHINE SINAP, China FEL e cw Construction
LCLS 1l SLAC, USA FEL e Ccw Construction
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New large SRF accelerator installations

CEB}AF Upgrade - JLAB 80 cavities Electrons
Upgrade 6.5 GeV => 12 GeV electrons

XFEL - Hamburg, Germany 840 cavities

17.5 GeV electrons — Pulsed X-ray FEL

LCLS-Il (+ LCLS-II-HE) — SLAC 296 (+184) cavities

4 GeV electrons — CW X-ray FEL

SPIRAL-Il - France 28 cavities lons
30 MeV, 5 mA protons -> Heavy lons

FRIB - MSU 340 cavities

500 kW, heavy ion beams for nuclear astrophysics

ESS - Sweden 150 cavities

1 -2 GeV, 5 MW Pulsed spallation source

PIP-Il — Fermilab 115 cavities

800 MV High intensity proton linac for neutrino beams

Coming up: SHINE in China, EIC at BNL, ILC in Japan, FCC-ee/FCC-hh at CERN, CEPC-SPPC in China,
Accelerator complex upgrade to 2.4 MW at Fermilab

2% Fermilab
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Eaec [MV/m]

SRF gradient achievements and applications
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Gradient growth SRF linac accelerating gradient
achievements and application specifications since
1970.

CW SRF Linacs — SCA: Stanford Superconducting
Accelerator; MUSL: llinois Microtron Using a
Superconducting Linac; CEBAF: Continuous Electron
Beam Accelerator Facility; JLab FEL: JLab Free
Electron Laser; ELBE: HZDR Electron Linear
accelerator with high Brillance and Low Emittance;
ALICE: STFC Accelerators and Lasers In Combined
Experiments; ARIEL: TRIUMF Advanced Rare IsotopE
Laboratory; LCLS-II:

Linac Coherence Light Source extension; SHINE:
Shanghai High Brightness Photon Facility.

Pulsed SRF Linacs — FAST: Fermilab Accelerator
Science and Technology Facility; STF: KEK
Superconducting RF Test Facility; E-XFEL: European
Xray Free Electron Laser; ILC: International Linear
Collider.

— 50
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S 40
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Fermilab PIP-II

22 PB=0.51 B=0.61 P=0.9
SC

325 MHz 650 MHz
1-177 MeV 177-800 MeV

—s e Y
Medium-Beta Elliptical
Cavities High-Beta Elliptical Cavities
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Architecture of Facility for Rare Isotope Beams (FRIB, MSU)

Beam Delivery
System To Target

. B=0.085 Matching B=0.29 Matching  B=0.29 Matching

p=0.53 Matching  Superconducting

Cryomodule Cryomodule Cryomodule Cryomodule Folding Segment
| = &,
= _‘u e e “f
. Pper 11 p=0.085 Cryomodules 3 p=0.041 Cryomodules 500 keV/u RFQ /
. Module - P "y A
Room-Temperature  f=0.085 Matching 12 p=0.29 Cryomodules 18 p=0.53 Cryomodules 10 m Vertical Drop from
Folding Segment Cryomodule lon Sources (above ground)
K. Saito, September 2014 LINAC 14 THIOAQ2
FRIB cavities
- meter .
Cavity Type QWR QWR HWR HWR
0.041 0085 | 0.285 0.53
805 80.5 322 322
0810 1.80 209 3.70
Eaec [MV/m] 529 568 7.89 .51
E . 582 589 422 3.53
By /Egec [MT/(MV/m)] 10.3 121 7.55 8.41
R/Q [Q] 402 455 224 230
G [Q] 153 223 779 107
Aperture [m] 0.036 0036 | 0040 | 0.040
il : = Leg = P [M] 0.153 0317 | 0265 | 0493
B,=0.041 B,=0.085 B,=029 B, = 0.53 Lorenz detuning ol &3 .y ol
N=12 88 72 144 Heltbld
sz Specific Q,@VT 14E+9 | 2 0E+9 | 55e+9 | 9.2E+9
CHE CHNIGITRAE. Q 6.3E+6 | 1.9E+6 | 56E+6 | 9.7E+6
total 347 including matching module, spares . : - s :
£& Fermilab
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FRIB linac is successfully commissioned in May 2021!

|

it s Wl Wy

w1 AN,

5-cell 644 MHz cavities for FRIB upgrade
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Architecture of LCLS Il (electron SRF Linac for FEL)

Lo L1 L2 L3
P 0=-21" o=-21° =0
Vp =94 MV Vo=223mv  HL Vo =1447 MV Vp =2409 MV
I =12 A Ii=12A @=165 ok =50 A Ipi = 1.0 kA
Ly=2.0 mm L, =2.0 mm Yo=55MV Ly =0.56 mm L, =0.024 mm
cMo4 }--| cm1s }/\{ CM16 }--| CM35 }—/m,c
LH BC1 BC2 E=4.0GeV
GUN E =95 MeV e=2somev  12CMs o comev 20 CMs Rsg =0
0.75 MeV  Rse =-14.5 mm Rsg = -55 mm Rss = -60 mm o;~ 0.016%
o;=0.05% 0;=1.4% o; = 0.46 % 2-km
100-pC machine layout: Oct. 8, 2013; v21 ASTRA run; Bunch length L, is FWHM

Line F (high temperature shield return)
NEG modules

Line B (helium gas return pi
RF Window e B - pipe)

Beam exit
‘/port JT and cool-down
; valves
Cathode _—7
injection/extraction Tuner access port

channel

Cathode .
perature shield supply)

e G (2-phase pipe, closed ends) and liquid level tube

RF Couplers

Line D (low temperature intercept return)
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European XFEL

View Along the 1 km Log g
Superconductmg Accelerator

) = EXFEL is the world largest SRF application at 17.5 GeV
SRR w1 (800 cavities).

s |k Operatjng gradient is 23.5 MV/m.
3 ‘j"‘-‘ Co st@tlon is complete commissioning has started.
t Ias§19 in May;¢17l A

# Fermilab
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SRF Liner Accelerator is self-consistent system, parts of it strongly
depend on each other. Deep understanding and careful analysis of
subsystems and components as well as their interaction are necessary
to achieve required beam parameters and facility reliability at minimal
capital and operation cost.

The design process will never be reduced to just a few simple rules or
recipes. Using an existing design as a base for developing a new system
IS OK and can shorten the new system development time, but the
system designers should be aware that even seemingly small changes
could bring big consequences.

As accelerator application demands continue to increase (higher energy,
higher luminosity, brighter beams, more efficient accelerators, ...) there
will be no shortage of new challenges to tackle in the future.

The field of RF superconductivity is very active. The SRF technology is
the technology of choice for many types of accelerators.

3% Fermilab
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There will always be ample
opportunities for imagination,
originality, and common sense.

2% Fermilab
30 5/25/2021 V. Yakovlev | RF Accelerating Structures, Lecture 5



2% Fermilab ® ENERGY |

2% Fermilab
31 5/25/2021 V. Yakovlev | RF Accelerating Structures, Lecture 5



u .S. DEPARTMENT OF Of-flce Of
# Fermllab ENERGY Science

Tasks for Homework



33

Homework

Task 1. Lecture

SRF 5-cell cavity designed for PIP Il has the following parameters:
* Operating frequency is 650 MHz

* Acceleration voltage V is 20 MV

* R/Qis 620 Ohm

° QO at operation voltage is 3e10

* The beam current | is 2 mA

Estimate for CW operation:

*  The cavity loaded quality factor, Q= V/(I-(R/Q))
* The cavity time constant, 7 = 2Q /w.

* The cavity bandwidth , 6f = £/Q;

* Loss power in the cavity walls;

* The power transferred to the beam;

* Power required for refrigeration; take Coefficient of Performance CoP= 1.e3 W/W,
i.e., in order to remove 1 W from the cavity wall one needs wall plug power of 1 kW);

* Acceleration efficiency, the beam power over the sum of the RF power and power
required for refrigeration.

& Fermilab
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Homework

Task 2.

PIP 1l SRF accelerator has CW capability, but will operate in the pulsed mode as an
injector to the booster ring. The beam and cavity parameters are the same as for CW,
Task 1. The beam pulse t, ., is 0.55 msec, repletion rate is 20 Hz. The beam appears
when the cavity voltage reaches the operating value V, and backward wave (from the
cavity to the RF source) is zero. Note that this wave is a sum of the reflection from the
coupling element (which is equal to the incident wave), and the wave radiated from
the cavity to the line. In the beginning of the cavity filling, the radiation is zero (the
cavity is empty), and the backward wave is equal to reflection from the coupling
element, and thus, to the incident wave. If there is no beam, the backward wave is
again equal to the incident wave (no losses in the cavity) after the voltage reaches its
maximal value, but it is again the sum of the wave reflected from the coupling element
and radiated wave. It can be only if the radiated wave is two times larger than the
wave reflected from the coupling element, and has opposite sign. It means that the
beam appears when the cavity field reaches half of the maximal value (zero backward
wave, the reflected wave is equal to the radiated wave, and they compensate each
other). The cavity voltage, thus, increases during the filling as V(t) =2V(1-exp(-t/T)), T
is the time constant, T = 2Q,/w. Filling is over when V(t;,) =V, and therefore, the filling
time t;, is equal to tIn2. After the beam ends, the RF source is turned off, and cavity
discharges as V(t) =Vexp(-t/t). Thus, the cavity voltage has the following behavior:

5/25/2021 V. Yakovlev | RF Accelerating Structures, Lecture 5
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Homework

Task 2 (cont.)

V(t) =2V(1-exp(-t/7)), t< tg, = =In2 - filling; RF is on, no beam;

V(t) =V, the beam acceleration; RF is on; 0<t<t,, ., t=0 corresponds to the
end of filling process

V(t) =Vexp(-t/z), cavity discharge; RF is off, no beam. t=0 corresponds to the
end of acceleration

Vit) | ,acceleration
filling

Estimate:

discharge
Energy, delivered by the RF source to the beam during the pulse

Total energy, delivered by the RF source during the pulse;

Total energy dissipated in the cavity wall during the pulse; t
Energy, required for refrigeration;

Beam power /cavity (20 Hz repetition rate);

Average RF power/cavity;

Power necessary for refrigeration/cavity;

Acceleration efficiency, the beam power over the sum of the RF power and

power required for refrigeration.

3% Fermilab
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Homework

Task 3
The ideal HWR cavity for f = 0.112 operates at frequency f = 162.5 Cavity axis
MHz. It provides the energy gain (acceleration voltage) V = 2 MeV. The i -
inner radius is a, the outer radius is b. i
Estimate: b S .
* The cavity length L; N
 Effective cavity length; N .
* Acceleration gradient - 4
* The optimal ratio b/a to achieve minimal surface electric field (on -

the inner electrode) at fixed b, taking into account that in a coaxial $

line E, ~1/r; 3 =
* b and ato get maximal energy gain; ]
* The voltage difference U between the inner and outer electrodes at =

z=0. E,
* The coaxial impedance Z.. e
* The energy stored in the cavity; b a I\\

¢ R/Q, )\I o a b r

* The Ohmic loss in the cavity taking R;=3 nOhm.
* Unloaded quality factor Q,and G-factor
* Maximal surface electric and magnetic fields and field enhancement

factors Kz and K.
Si(x) calculator: https://keisan.casio.com/exec/system/1180573420

3% Fermilab
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Homework

Task 4 (bonus problem)

Calculate the maximum temperature rise 6T and maximum surface magnetic field H,
in the cavity, when cavity has thermal breakdown. For estimations take the following

parameters:
» Operating frequency: f=3.9 GHz
Helium temperature:  T,=2°K

Temperature

Niobium thickness: d=3 mm

» Thermal conductivity*: k(T ,)=30 W/(m+K) e ik
- Kapitsa resistance*: h(T,)=10% W/(m?*K) P Tkapicz
» BCS surface resistance for Nb :

: Superconductor %

= (] (] et PEELTEttTtttts

Deposited Heat Flux Q

where: R,=10°[Q]; A=1.8; T_=9.2°K

Use assumption, that temperature rise oT is small compared to T,. Therefore, neglect temperature

dependence of k and h (but not R.!).
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Appendix 1, Vector calculus

V-(YA)=A -Vy+yV-A div(¢A) = A - grady + ¢ divA

V x (YA) =V x A+¢YV x A rot(y)A) = grady x A + ¢ rotA
V(A-B)=(A-V)B+ (B-V)A+ grad(A -B) = (A-V)B + (B - V)A+

+A x(VxB)+Bx(VxA) +A x rotB + B x rotA P.W.
%VAQ =Ax(VxA)+(A-V)A %grsm:lffl2 = A x (rotA)+ (A-V)A

V.- (AxB)=B-VxA—-A-VYxB |div(AxB)=B:rotA—- A rotB *

Vx(AxB)=A(V-B)-B(V-A)+ | rot(A x B) = A (div B) — B (div A)+
+(B-V)A—(A-V)B +(B-V)A—(A-V)B
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Appendix 1. Vector calculus

V x (Vy) =0 rot(grad i) = 0
V’t/): grad ’I,L'
V- -A=div A V- (VxA)=0 div (rot A) =0
VxA=rot A=curl A _
A=V2—V.V Ayp=V-(Vy) =V A ¢ = div (grad ¢)

VxVxA=V(V-A)-V?A| rot (rot A) = grad (divA) — AA

V:£E+i}+££ V[rDtF-d'S:.¢F-dE, fdideV:fF-dS
Stokes theorem Gauss theorem
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Appendix 1. Vector calculus
Differential operators in different coordinates:

Cartesian Cylindrical Spherical
A Ax+ A5+ ALz Ap+Ap+ Az A7+ Agb + A,
of of of of . 10f . Of. f . 10f 4 1 of .
bt B S Bt - = Y — ~ '@ -
vi oz T oy’ 1oz | 9" P06z o T78° t rsmoop”?
94, O0A OA. 1 0(pA 1 0A dA, a(r?A, 0A,
V-A 2oL 196 ’J)-l—— i 1 9( )+ 1 3(Aﬁ,sirmJ)Jr 1 z
oz Ay 0z p Op p Op 0z r2  Or rsin @ 06 rsinf Oy
dA. 0Ay\ . 1 84 04, ~ 1 7] 04p\
(E_ 9z )X (;B_Q_ 0z )p + 7 sin 6 (% (A"‘)S}'ng)_a—ga)r T
94,  9A.\ - 0A 94\ - 1( 1 04, a A
VxA (az_é‘x)y + (azp_ap) + ?(smea»_§(“4‘f’) o T
04, 04, \ ~ 1 { 8(pAy) A, N\ . 1 (8 04, \ &
(Br_ay)z F( app_a_;)z ?(E(TAB)_W)(P
92 o2 92 1 0 1 02 Ofl 1 0 1 9 1 02
Ap—vp 9OF OF O _i(p_f) 10F 97 _E(T.z_f)+ _ E(Sing_f) s
dx2 Oy | 922 pOp \" dp p? 8p2 022 | r2 Or or r2sin @ 00 o0 r2sin® § Op?
A 84, \ . 24, 9 3(Agsinf) - 9 OAp\ .
(AAP - ?P - p%a—np) P + (AAT r2 72 sin @ i rZsin@ Oy )’P +
AA AA %+ AAF + AA, 3 Ay 3 9y (a4 - oo+ 200 - 2t e
‘ yy z (AAW T p_z + p_QW) ¥ + 4 r2 sin? @ r2 af r2sin? § Oy
2 Ay 2 04, 2cos§ 94g -
(AAZ) z AA[p . r2 5in? 6 2 sin @ E r2 sin? @ 3_59)
3¢ Fermilab
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Appendix 2, Panofsky-Wenzel theorem

Let’s consider the particle transverse momentum change causes by the cavity RF
field. The particle moves on the trajectory z=vt parallel to the axis, but is displaced
fromit by 7| .

Force acting on the particle is
F(F)=e|E(F)+V = B(F) k.
From Maxwell equation rotE(7)= —iwB(7)one has:
E(F) = e[é(r) X~ rotE(F)}e“"t - e{E(F) L LYW-EF)-(-V)- E(r)}eia’t.
() ()
If V=iy then

F, (F) =¢€E, (F)e

FJ_ (F) = 8|:El (F) +Vi(§J—EZ (|—;) _ aqj_(r)]j|eiwt
@ 0z

The differential operator v, acts on the transverse coordinates 7, only.
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Appendix 2

If the particle velocity and particle transverse coordinates do not change
significantly in the cavity, Iongitudinal and transverse momentum changes are:

Apy=e| E, (F)e'“dt]_,,= j E, (F)e' dz;

| = o V= v OE, (F oo
Ap, =EI_ EJ_(r)+_v ,(F (1) ‘dt lezrv
® a
However,
aE (r) Ia)t _ I aE>J_(F>) iwzlv _1 B2 fe\aiwzlv [P E [(a\aict
ety = [ e dz == [ B (M dz= [ B, (Fe™dt],,
and

Ap, _e—f V E,(F)e*dt],_,,, =e— I V E,(F)e"*"Vdz

Finally, we have:

L vz
Ap, :_VJ_(Ap”)'
(0

This relation between transverse and longitudinal momentum changes in an RF
field is known as Panofsky — Wenzel theorem.
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Appendix 3. Eigen modes properties:
Eigenmodes in a cavity.

rot b = —iwp,H, rotH = iwgFE
— o = . N 3 2 3 L
rotrot £ — k2E = 0, rotrot H — kH = 0. (1)

Here k% = w?gu,

Boundary conditions: £, = 0, H, = 0 orix E = 0,i-H = 0
Equations (1) has non-trivial solutions only for definec k2 eigenvalues.
Corresponding solutions E,.(z,y,2) and Hx(z,y, z) -eigenfunctions.
There are infinite number of eigenvalues.

Eigenvalues are real and positive. From (1) and vector theorem (App.1)
div(AxB) =B-rotA—A-rotB  (2) one has:

div(H! xrotH,,) = rotH,, -rot H* — H* -rotrot H, = [rot Hy,|> — kI -|Hp|>.
0) [rot Hp |2 dV
B2 [ Hu2dv = [|rot B, 2dV — $(H xa6t H,,)itdS. b =
‘m m m m m j | Hm |2 Cﬂ/
v v s v
3¢ Fermilab
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Appendix 3. Eigen modes properties

Eigenmodes are orthogonal:

rotrot By — k2 Enm = 0, k2 #k2  (3)

ﬁ an__ = 0.

Let’s calculate using (2)

div (En_ X 10t E’m) — div (E’m X rot En_) = rot Em- rot E’,n_ — E’n- rot rot Em —
n

rotrot B, — k

—

— rot E’,n,- rot E"m - E’m- rot rot E’,n, = F,,-rotrot K
Using (3) we have:

div (E_’n_ X 1ot E_im) — div (E_”m X rot E_’n) — (krz} o kfn)ﬁm - E’”'

0
(k2 — k2) / E,-E,dV = j{ (E’n X Wt E’n)ﬁ ds.
v S

2 2 n Z Y — 2 2
(kn - km) / Em ) En dVv = 03 ]ﬁfn ?é kzn
%

- E:n. * I‘OT I‘OT E:n?) .

/E'm : E'n. dV = 0. and the same /H'm ) H'n. dV = 0
V i

& Fermilab
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Appendix 3. Eigen modes properties

Let’s consider again the equation we got

k2 f H,,|>dV = f rot H,,|? dV
v v

. . . - 2 2 ~
Taking into account rot H,, = iwme,Fmand km= Wy, * [
we have:

/LO|H'm|2 o €0|E’m|2 b
/T dI" e TdLﬁ

|4 Vv

The time-average electrical stored energy is equal to the time-
average magnetic stored energy.
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Appendix 3. Eigen modes properties:

Variation properties of the eigenmodes:

| e T 277
2 f|1'otH\2 AV rotrot H — E“H = ()

JHPav boundary conditions: 7 x rot H = 0
Variation gives:
ok? / H?dv = 2 / (rot rot )-0H dV + / div (0H x rot H) dV.

— kK*H

v ‘ v

azﬁ/uﬂ dV + 2A2/HoHd1 = /thrutc)Hdl
|4

The vector theorem has been used:
div (0H x rot H) = rot H -rot6H — O6H -rotrot H
Using Gauss theorem on has:

5k2/|ﬁ|2dv’ — 2/(1'ut.rutﬁ — K2H)-0HdV — jg(ﬁ.xmtﬁ) OH dS=0
Vv V ‘ S

0k? = 0
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Appendix 3.
Small perturbations of the cavity geometry:

[frot H22av — [lrot HDPaV — [rot HOPdV — [[rot HD? dV
Vi %4

Vi - _ Vo _
 [|H® P4V [IHM2av [IHM2ay — [|HMD2aV
Vi . Vi . vV Va
[1HM|2av [|rot HOV |2 dv , ,
21+ 2 _ = = k3 (1 + AlWe — ﬂlH’H)
1 JIEORAV  [lrot AV v Wo
|4 |4
AWg — AW 2Aw (wg — wyg)- AV
p = = LN = . «<Slater theorem
k 1 14 0 wh W 0
1 AT AT
On the other hand, 5(wH —we)AV=pAV =-AWo gnqg
Aw AW,
wo N HT{} ,

Wo

—— = const (Compare to E:Vh)

&
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Appendix 4: Accelerating voltage and transit time factor:
For arbitrary axial distribution of the axisymmetric accelerating filed the voltage
V(p) at arbitrary phase ¢ is the following:

Vip) = ReJ’ E;(p =0,2)et*2Z+0) gz =

— o0

= f_oooo Re[E,(p = 0,z)] cos(k,z + @) dz — f_oom Im[F,(p = 0,2)]sin(k,z + @) dz=
= J’OO Re[E,(p = 0,z)] cos(k,z + @) dz — J’m Im[E,(p = 0,z)]sin(k,z+ ¢)dz =

o1l

= cos(p) (Lm Re[E,(p = 0,z)] cos(k,z) dz — I

— 00

Im[E;(p = 0,z)]sin(k,z) dz) -

O

—sin(¢) (f_oo Re[E,(p = 0,2)]sin(k,z) dz — J‘

Im[E,(p = 0,2)] cos(k,z) dz)
Maximal voltage Vs, therefore,

oo

V =

(J’m Re|E,(p = 0,z)] cos(k,z) dz — J’

— 00

Im[E,(p = 0,z)]sin(k;z) dz)

o 1/2

+ (J’m Re[E,(p =0,z)]sin{k,z) dz — f

—C0

Im[E,(p = 0,2z)]cos(k,z) dz) ‘

1/2

If £,(p,z)isreal,  _

(J’m E,(p =0,z)cos(k,z) dz) + (J’m E,(p =0,z)sin(k,z) dz) ‘

— o0
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Appendix 5. Modes in a pillbox cavity:

In a pillbox cavities resonance field satisfies wave equations:

AE +k?E =0,AH + k2 H = 0, where k = % - wavenumber.
For an ideally conductive wall components of electric field tangential to the surface is
zero. The pillbox cavity may be considered as a part of a waveguide having circular cross
section, shortened at both ends. The fields in this waveguide may be described in
cylindrical coordinates, (I,¢,z). In cylindrical coordinates longitudinal field components
satisfy scalar wave equations:

AE, + k*E, = 0,AH, + k*H, = 0 (1)
For the waveguide, the fields have translation symmetry along Z, i.e., in two points having
the same transverse coordinate, but different z, the fields differ by phase v =k z; i.e.,
E H ~etkzZ_ |n this case:
* Equations (1) have solution

E,(r,0,2),H,(r,9,2) = ], (k,r)e™PetkzZ; | (k. 1) are Bessel functions;
o kZ+kZ=k%
* All transverse components ( E,, E, H.and H, )may be expressed through the
longitudinal field components, E, and H,, ;

Hy

= = 0.7 is normal to the waveguide

At r=b (b is the waveguide radius) E,=0 and
surface.
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Appendix 5.

1 ' ' ' 1
Jo (X)
will J5(x)
J1(X)
0.5¢ o 7 0.5 / J5(x)

/ |
/00

TR Y

~0.5 -0.5
Jo
1 ' ' ' ’ 1 ' ' ' ;
0 5 10 15 20 0 5 10 15 20
(a) . . )
Bessel functions and their derivatives
2% Fermilab
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Appendix 5.

E, and H, satisfy the same equation, but have different boundary conditions, and

therefore, different k. :

Electric field:
Equation: AE, + k*E, =0
Boundary condition: E,(r,¢,z) = 0,r = a;
or J (kb)) = 0;
and kr — V%; ]m(vmn) = 0;

Magnetic field:

AH, + k*H, =0
oH,(r,p,z)/0r =0,r =a
]7,11(krb) =0,

Ky = %; Jm (Umn) = 0.

For the pillbox cavity having end walls at z=0 and z=d; therefore k,d = np and
E,=C],,(k,r)e™Pcos(npz/d); H,= J.,(k,r)e"?sin(npz/d),

and resonant frequencies are:

@ = J(m) 4 ()
m=01,..,00;

n=12,..,00;
p — 0)11")m;

TM,,,-modes
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c

m=20,1,..,00;
n

=1,2,..,00;
p=12,..,00;
TE ,,,-modes
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Appendix 5.

Roots of Jy(x) = 0.

m Hm1 Hm2 Hm3 Hm1

0 |_3.832 | 7016 | 10.174 13.324,\

1 | L84 | 5331 | 8536 | 11.706

2 | 3.054 | 6706 | 9.970 | 13.170

3 | 4201 | 8015 | 11.346 | 14.586

4 | 5318 | 9282 | 12.682 | 15.964

5 | 6.416 | 10520 | 13.987 | 17.313

= Vin!
Roots of Jy,(x) = 0. Hon In

m Vm1 Vm2 Vm3 Vm1

0 | 2405 | 5520 | 8654 | 11792 ,

1 | 3832 | 7.016 | 10.174 | 13.324 TM;,,and TE,,,

2 |T5.135 | 8417 | 11.620 | 14.796 |
3 | 6380 | 9761 | 13.015 | 16.223 are degenerated!
4 | 7588 | 11065 | 14.373 | 17.616 n=1,2,...,00;

5 | 8771 | 12.3: 15.7 _

5| 8771 | 12339 | 15700 | 18.980 p=12... co*

*Note that TE,,, does not exist because of boundary conditions for magnetic field on the end
walls.
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Appendix 5.

Field plots for the
pillbox modes

(7) TMy, (8] TE4, {h TE» (103 T (RN

(13) TE=z

Gy Ths (173 ALy

(190 T M

(26) TMz0 (271 TMg, (28) TEag (203 TH 5 (30) TEqs
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Appendix 6: RF cavity excitation by the beam:

* RF cavity having eigenmodes: eigen fields satisfy
Maxwell equations:

rot Es= 'fmsuHm rot Hy= fmSEES* (1) > Je
 The field excited by the beam:
rotE = -iouH, (2)
rotH =ineE + J. J. — the beam current
* The excited field may be expanded over the density spectrum
eigenmodes: component oscillating at
E — ZASES _ oradg,, H — ZBSHS (3) the frequency ®

Here ¢, is space charge potential, typically its impact is small.

* From (1) and (2) one has:
div(E; xH) = H- (io;uH;) — E; - (imeE + J,) =
= io,uH -H! — ioeE-E. — J,-E_, (4)
div(ExH;) = H, - (—iouH) — E-(-ineE]) =
= —iouH-H; + ioeE-E_.

All the fields have zero tangential electric field components on the wgll.
3¢ Fermilab
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Appendix 6:
Substituting (3) to (4) one has:
[1.E;av [1.E av
A _ ({0 ) 1; Bs _ g ) '1,: .
: i@ — o) pJ'HS-H;dV‘ i — o) | J]—[s.[-];m.f
v v

Note that
MIHS H:dV = 2W,

If there are wall losses, wé = wg (1 T QL)
0

and for thin beam having the average current |, on the axis one has:

' ‘ I|[° E.,(2)e*?dz
A — 0 fJ#ESdV= - w X ﬁlJ‘_’: ( ) | yk: ms (5)
c

@o; * oW, W W,

MZ—ME—ITS 5 &JE—&JZ—IWS—
From (5) and (3) one has for the cavity voltage on the axis for the sth mode:

y= HE f%sze””dz ~ g Lol Eal(2)e mzd‘gl Loy o (ﬁ),
§ - . W W, . (W
€ - w? — w? —i—> Ws mz—wz—t—o—s Qs
5 A 5 .
3% Fermilab
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here

R E.,(2)ek2dz|
(6)5 - w W,

At the resonance one has

where

r=()

Appendix 6:

is a shunt impedance of the st" mode.

57 5/25/2021 V. Yakovlev | RF Accelerating Structures, Lecture 5

& Fermilab



58

Appendix 6:
This coincides to the voltage excited by the AC current | =-21, ina
parallel resonance circuit.

Note that for a short bunch the beam current spectrum is
() = Iy+210. d(ws),
@, is the bunch sequence frequency; the equivalent circuit describes
the cavity excitation by imaginary current, it gives the sign “-”.
From Kirchhoff theorem one has
|+ +1;=1IVwC+V/R+V/iwL = -21,,
and taking into account that w,=(LC)'?, we get
i g R
w2 — w2 — LY Jﬁ(ﬁ); {

5 T F 1
5

]}’2:

. S
parameters:

L=(R/Q)./2w;

C=2/w(R/Q);; Y
R= (R/Q)Q./2.

5/25/2021 V. Yakovlev | RF Accelerating Structures, Lecture 5
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Appendix 7: The cavity coupled to the line.

Let’s consider the cavity coupled to the feeding line:
Coupling slot

/
Cavity M_ line
/

Consider another problem — the cavity coupled to the line shortened by a perfectly
conducting plane S, placed such a way, that the electric field at the coupling slot
has no tangential component:

/Coupling slot S;
Cavity _\/ ~ line ~ line |
/ 1
/
(1) (2) E=0

* The eigenfrequency of the new problem will be the same as %or uncoupled cavity;
* The fields inside the cavity will be the same as for uncoupled cavity;
* The magnetic field on will be proportional to WG magnetic transverse eigenfunction h,

H,=ikh(x,y); k is coefficient (real for convenience). Tangential electric field is zero.
3% Fermilab
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Appendix 7:

For the cavity excited by the line (problem 1) one has on S, for transverse fields:
E=Ue(xy), H=Ih(xy), (1)

where e(X,y) is the electric WG transverse eigenfunction, fsl (e X h)ds = 1.

The field in the cavity H is proportional to the eigenfunction H, of the cavity
coupled to the shortened line (see previous slide):

H = B- H, = ikBh(x,y) (2)
From (1) and (2) one can find that
|=1kB (3)

Following the procedure from Appendix 1 for the Lecture 2, we have, see Formulas
1,2 and 3 from this Appendix 1 and (1-3):
im& I_gj (FK E.; ).' dS _ ms . D?;{.

5= W% —w? 2W, T w? —w? 2W,

5 &

and
@)
iwg  Uk?
wz—wg'zmg

[ = —
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Appendix 7:

If there is wall loss in the cavity, w? - w? (1 + Qi) and
0

| — iwg Uk?
_— ) . R

2_,2_ W5 2Ws

@WTTWs T,
The cavity impedance at S, is therefore
a)z—a)g—ﬁ
Zl = —R ia)f o = Rl(l + lQOx) (5)
where
_ 2wgWyg w? 2(w—wy)

Ry Qok? ’ w§ 1~ Ws

The impedance (5) coincides to the impedance
of a serial resonance circuit . At the distance of
A/4 (A is wavelength in the WG) the cavity impedance i<

7 R, _Z30,k? “
Z,=—= : — : R, (6) L= g
Z, R(1+iQyx) (1+iQyx) 20, W, =0 ;
It is the impedance of a parallel resonance CII’CUIt | &
(Z, is the WG impedance).
2% Fermilab
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Appendix 7:

If the line is matched, the equivalent circuit is
o yf

; CE}R Dz

o 2
* Power Py dissipated in R corresponds to the Ohmic losses in the cavity walls;

* Power Py dissipated in Z,corresponds to radiation in the line.
One can see:

Pzo _ R _

PR Zy Qext'
External quality factor, Q,,; describes radiation to the line:

wsWs
ext — P—Zo
W, : . :
Note that Q, = === . The total loss is described by the loaded quality factor, Q.
1 Pzy+PRr _ 1 1
Qload B wsWs Qext T Qo (7)
Ratio of Q, to Q. is called coupling, £ :
Q _ R _
Qext Zo g (&)
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Appendix 7:

Let’s estimate the reflection coefficient I" of the parallel resonance circuit connected to the line:
Z—Z

7427y

According to (6)
R

4= A7 0,0

At resonance (x=0)

L
R—Zy 7, B—1

"R+Z, R _. B+1
Z

lo

+1

For x#0 one has

R+ Z,(14+i00x)  1+i0ux/(1+B) ~  1+i0,.4%
(from (7) and (8) it follows that Qo /(1 + £)= Qipad)-
The power P dissipated in the cavity exited by the input power P,, is the following:

1-T¢
1+ leoadx2 |

P=P,(1—|T*) =Py
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Appendix 8: Beam Loading

Power from RF
source Pg

Input line

| Coupling
element

Beam |,

Cavity

RF source and beam o
Cavity: wg

Cavity voltage : V,
Shunt impedance: R,
Losses: P, = V2/Ry, = V 2/(Q,-R/Q)
Radiation to the line: V 4/(Q.R/Q)
Coupling: f = Qu/ Qe

Loaded Q: Q, = Q,/(1+ /)

Average beam current: |,
Synchronous phase: ¢

Power consumed by the beam: P, =
= 1,V .cosp

[nput power P

Reflected power: P, =P, - P, - P,

g:a)b: a),

& Fermilab
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Appendix 8:
Equivalent circuit for the cavity excited by a WG and loaded by the beam
(transformed to the cavity):

L=R/Q/(2w,)
= ~ C=2/(R/IQ- w,)
L] [ MU ==c [ |5 [R R.=RIQ -Qy/2
B = 0o Qext
WG Cavity Beam 2
The WG impedance transformed to the cavity is Z,,;=R./p (radiated power is - jﬁ);
The WG is terminated by the cavity impedance* Z, = 1+fQC " in parallel to the
0
beam impedance Z, = Ye @ is the beam phase versus the voltage V..

Ibei‘P'

. . -1 ' ip\ 7
The total load impedance is Z = (i + i) = (L%ox | e .
Zy Zp R¢ Ve

Vref _ Z—Zwg _ 1—ZWG/Z
— — V4 .
Vorw Z+Zwe 1+ WG/Z

The cavity voltage is V. = Veert Veorw = Veorw (1 + 1) = Vegry N -

_|_ZWG/Z
V. V.
Veorw = (1+T) =?(1 i ZWG/Z)'

Reflection for this load is I' =

and

*See Formulas (5-6), Appendix 7
(5:6), App £& Fermilab
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Appendix 8:

Therefore, the input power is:

|VfOTW| ZWG
9= e 4ZWG|1+ f7] =
_ VEa+p)? +1b00590( )2 ’ + (% .zAf_I_IbSi"QO(g)QO ’
4(%)/3@0 (1+B)V, 148 f 1+P

The formula works next to resonance: approximation is used for X:

2

x = (1)__1 zz(w_w()) — z(f_fo) zz(f_fo) _ ZAf
w} wg fo f [
Note that P, —| ;m‘" does not contain factor of 2 in the denominator
wa

because of the cavity impedance (Q) definition.
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Appendix 9: Transverse impedance:

Let’s consider a cavity excited by a beam current |, having offset x,,. If Eisa dipole
eigenmode, the field E in the cavity in one-mode approximation may be expressed

as E ~ A(w, wO)E, where w is the bunch sequence harmonic frequency, w, is the
resonant frequency, and

Ao iw y [7-Edv _ ~ iw y Io|f” E,(x,y, z)et*?dz]
w? —mﬂ—ngjD 2W w2 _wﬂ_lméu{] W

€ =2 :
where W = > |[E| dv and I, is an average current

3% Fermilab
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Appendix 10:

RF-kick at x= x, and y=0 may be obtained using Panofsky-Wenzel theorem:

oo . 2
Ap,c ic = " c Lo|J__ E.(x0,0,z)e™*?dz|
Ugick = == V, | E,e®dz|= —am % T
i 2 _ 92—
Xo ((u Wy — 1= )
2
Xol, J‘_"O (aEz(g:: O:Z)) oikz 4, ,
_ cwy y . X X=xg _ W « (xn) / (TII)
~ o 0 —
(wz - Iwédn) Ww, (mz — w2 —i médn) k Q
2
J‘_C’O (aEz(gr 0, Z)) Elkzdz
(’*"u) _1" Y Jxex
where (—=)=
Q Ww,

is dipole longitudinal impedance. and k= w,/c. Dipole (%) is measured in Ohm/m?.

3% Fermilab
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Appendix 10:

RF-kick may be expressed through the transverse impedance:

2
Wg

L
Ukick = X Xolg (_):
e el

dx

Im (BEZ(JC, 0, z)) oikz 4,
= X=Xg

) _ m) 1_
where (Q) ‘(Q %= KW
Note that (%) is measured in Ohm/m.

At resonance

Ukick = i(:;{_ﬂ) I,Q (%) = ixolyQ (%)
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Appendix 10:

Sometimes they use other transverse impedance, that is determined as:
(T_l) _ | Ukicr|?
Q/, woWy
where W, is the energy, stored in the cavity at the RF field amplitude which provides

given transverse kick U, W,=|A|°W. At the resonance one has
2

= aEz (I, 0, Z) ikz
e XoloQ f_@( ox )szuf? dz _ af (XOIGQ)Z
A" = (Wwg)? _(a) Ww,
and

r ! d 2
woWo = woWIA|? = (g) (x010Q)?. On the other hand, |Ukickl®> =75 (XGIDQ (j))

k Q
and
(’-"_1) _ \Ukickl? — (ﬂ) v 1
Q/4 woWp Q k%
(%) is measured in Ohm. Note that Ugice = 1(kx)I,Q (%l)l
1
2= Fermilab
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Appendix 11: Travelling—Wave acceleration structures:

71

Each previous cell exits EM filed
in a current cell, which in turn

excites the field in the next cell.

2a

Pillbox cells with thin walls >

/Sj < d >
Sjll
t N\
Ne,
SJ'
j-3 j-2 -1 j j+1 j+2 | j+3

S;is the cell metallic surface, S;" and S;” are the
coupling holes; V is the cell volume.

]

— —

E: . H

E, ,H’} - fields in the j™ pillbox cell oscillate at frequency w;

i nHj, -eigenmodes in the it" pillbox cell oscillate at frequency wy;

All the fields satisfy Maxwell Equations. Boundary conditions:

Ej Xn =0ons§;; Ej,n X n = 0 on S;+ 5/+5;”.
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Appendix 11: Travelling—Wave acceleration structures.

We consider the following:

J‘VV(EJ, XH}'J«”) dV ZJV'[HLH'(VX j)_Ej '(VXHJ,"H
= [—I(Uﬂoﬁ] . ﬁj,n — i&)ngg . Ej,n . E] ]dV

Vi

Using Gauss theorem and boundary conditions we have

= — — . 1 — 2.
wnsaf E,E dv—wuof H; -H;, dv :?J" (E; xH},)-ds (1)
V; V; Si+S;

Similarly, by considering

Lj(mxﬁgar
we have

mgof Ein-EjdV-—amuof H -H av =0
Vi Vi

The eigenmode expansion:

B = Xk
H; = Z Yinjn
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Appendix 11: Travelling—Wave acceleration structures:
By using (1) and (2) we obtain

oy Jsug(Er X i) S 3)
Jn = w? — CU% 2”’3’,11

v iw fs}+s}’(Ej X Hj,n) ~dS
I 02 — w? 2W;

The eigenmode amplitudes are determined by tangential electric field on the holes, Erj
How to find E; for small holes?

1. Quasi-static approximation:

We have: aE; +k2E; =0, k* = % . 2

For a small hole, a<<A.. It means that 8F~—>» k*E = (<)  and AE; ~ 0
i.e., it means that E_} = ﬁd«‘*, AD =0 or electric field is quasi-static.

Far from the holes electric field has only longitudinal (accelerating)

component!

3% Fermilab
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Appendix 11: Travelling—Wave acceleration structures:

L
mem ﬁ hole W
A B
3. Electrostatic problem: conducting sheet at z=0 with a circular
hole of the radius a, at z=-co the field is homogeneous, E,=E; at
z=co the field E=0 : problem A above. The problem has analytical

solution.*
We need to define the radial electric field at the hole, or at z=0 .

2. Superposition:

+

* W.R. Smythe, Static and Dynamic Electricity, 1939, p. 159

3% Fermilab
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Appendix 11: Travelling—Wave acceleration structures:

Oblate spheroidal coordinates: N .
£=const ~\\ N // //,
z2 r? . o P ol
Ao «2 Spheroids
(=const
2 2 . (50
_;—2+ - i 7= «2 hyperboloids ey wre— —
r=a[(1+{*)(A =) 2
gl X ~
z =adé ¥ o ‘ﬁio ~
AD =0 . // / .- \ \\ A
l E=0, ‘ 1
1 z/a
— _ —17 _
®(¢,9) = aFof [ =~ (cot ¢ — 1) : Lamet coefficients
1 (1-¢ r -7\
E’.‘"(T!O) =h_1vf(¢'(€lg)|(=ﬁ =E0 ﬂ-f = Eﬂn(az _rz)]_/z hl =a(1—€2)

1 1
E,(r,0) = h_zvi(q)(‘f: O|§=u = EE-:]

75
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Appendix 11: Travelling—Wave acceleration structures:

For TM,,, mode in a pillbox near the axis (see slide 32):

Ej‘,?"(r)lsj :Eﬂ TE({IE _TE)].;?.. [}(}—I_XJ] THE
r
50y = Bt % - %] PHYSICAL REVIEW
J H(a _T ) nal of experimental and theoretical physics established by E. L. Nichols in 1893
(ﬂ ¥ Seconp Series, Voir. 66, Nos. 7 anp 8 OCTOBER 1 anp 15, 1944

Theory of Diffraction by Small Holes

2 ZD H. A. BetHE

Department of Physics, Cornell University, Ithaca, New York
(Received January 26, 1942)

and from (3), slide 69, we have:

1—(1+f() + f(

where K is the coupling, dimensionless parameter:
_ 2E}a® 2 R/Q kea®  _ o
- 3Z,Woe 3 Z, d2T? ¢
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Appendix 11: Travelling—Wave acceleration structures:

In the infinite chain of cavities equation (1) has solution (travelling
wave):

X; = Xel® w(p)

and

wo[l + 2K]Y/?
w(p) = wy[1 + K(1 — cosg)]/? /
For small K we have: w /
0

w(p) = we[l + %K(l — cos@)]

One can see that

_ () —w(0)

K w(0)

3% Fermilab
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Appendix 11: Travelling—Wave acceleration structures.
The 2d Bell theorem, illustration:

For a pillbox structure:

The fields on the hole are equal to

Ej,?"(r)lj‘j = Ep (a2 — ?,.2)1;’2 [Xf_l - Xf]

()r
qu:.,.(?*')|5. X —E, ——— 17, [X;i—1 + X]

(E; and H, on the hole are two times smaller than in the cell center,

see slides 71-72).
Therefore, we have

P “Re[E;Hpds  woEZa’d |
Vgr = = = Reli(X;-1 — X)) (X;, +X7)] =
W W, | OhoWoe TGS
d d
woE3ad wod nKd dw
= 3}0%0 sin(¢) —TKsm(go)—cTsm((p) ar,
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Bell theorems for periodic acceleration structures, proof

| I. Floquet Theorem
“For a given mode of propagation in a periodic system
| | at given steady-state frequency the fields at one cross

‘ S, section differ from that one period away only by
o a ' "z~ complex constant”.
) E(x,y,z;) = E(x,y, z;)e” et
H(x,y,2,) = H(x,y,2;)e ! (1)

Zyp =271 + L

Il. 15t Bell Theorem

“The time-average electrical stored energy per period is equal to the time-average magnetic stored
energy per period in the passband”.

Consider the periodic structure to be divided by a series of surfaces perpendicular to the axis spaced by
the periodic distance L. One cell of the structure having the volume V is surrounded by these surfaces S,
and S, and the ideal metal boundary S,. Let’s consider the integral over the surface surrounding the cell,
which equals to zero:

9SE><H*-d§=fSOExH*.d§+flexH*-d§+fSZE><H*-d§ =0 (2)
This is because we have
fso E x H* - d$ = 0 because E, = 0 on S,
and Exﬁ*-d§+fs E x H* - d§ = Obecause of (1) and d$, = —d3,
1 2
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Bell theorems for periodic acceleration structures, proof

From Maxwell equations

rotE = —iwuoﬁ (3)
rotE* = iwuoﬁ*

and (2) we have

$E X rotE*-d3 =0

Applying Gauss’s theorem, we get:

¥ div(E x rotE*)dv = 0. (4)
Using the vector theorem (see Appendix 1)

div(ff X §) =B -rotA—A- rot§, (5)
we get:

I, (rotE*) - (rotE)dv — J, E - (rot(rotE*))dv = 0.

Using Maxwell’s equations (3) and the homogenous wave equation derived therefrom (see Lecture 1)
rot(rotE*)) = w?uyeoE” (6)

we get

I, (—iwpoH) + (iwpgH")dv — J, E - (0?ugeoE*)dv = 0

Dividing through 4w?u, yields:

—,2
=f, wolH| dv ==, elE|?dv =w/2,

quod erat demonstrandum.
Here W is total energy of electromagnetic field per period,

1 - —>* 1 — —>*
W==:f, &E-E'dv="[, uH-H'dv
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Bell theorems for periodic acceleration structures, proof

lll. 29 Bell Theorem
“The time-average power flow in the pass band is equal to the group velocity times time-average
electro-magnetic stored energy per period divided by the period.”

Consider (4) wherein E and E* are functions of frequency w. Differentiate with respect to frequency:
0 i - = _

-y div(E X rotE*)dv = 0.

It gives:

. (0E = . (= dE* .
J, div (£><rotE )dv+fv dw( aw)dv = 0.

Using the vector identity equation (5), we get
OF =
J, (rotE*) - (rot—) v—J, 5o (rot(rotE Ddv +.

+f, (rotE)- (rot%) dv — J, B - (rot(rot 22 )yav = o)

Differentiation (6) with respect to w gives

ok

Using th|s in the second and fourth mtegrals of (7)

oF
j (rotE*) - (rot—) dv — w?ug&g e -E*dv +
v

+ [, (rotE) - (rota) dv — 2wpes, [, E-E*dv — w?uye, I, Z—iE cdv=0
which is
2Re {fv (rotl:f*) (rot —) dv — Z—f). (rot(rotﬁ*))dv} — 2wy fv E-E*dv =0.

3% Fermilab
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Bell theorems for periodic acceleration structures, proof
Using (5) in reverse,
2Re {fv div (Z—i X rotﬁ*) dv} — 2wlo&g fV E-E*dv=0.
and using Gauss’s theorem on the first term,
2Re {gﬁg—i X rotE* - d§} — 2wy fv E-E*dv =0. (8)

=

0E =% - .y .
Integral fso 5, X TOtE™ ds = 0 because of boundary conditions on the ideal metal surface.

From Floquet theorem (1) the following relation hold:
E(X, y' ZZ) = E(xr y' Zl)e_ikZL
rotE*(x, v, 2)| gz, = rotE*(x, v, 2)| 3=z, €% (9)

E*(x,y, ZZ) = E*(x,y, Zl)eikZL

0E(x,y,2;) _ OE(X¥.71) _ik.L o dkzp —ik.L
= e iL — E(x,y,z;)e "z
Separating the surface integral of (8)

ZRe{fS Mxrotﬁ*(x,y,zﬂqu d5+ | OE(x,y,72)

1 Jw S, dw
2(1),[1080 fV E . E*dv =0
and substituting equations (9)

2Re {fs 9ECyz) o rotE*(X,y,ZNZ:Z1 -ds +

1 dw

x rotE*(x,y, Z)|z=z, * d§} -

f aE(x)yizl)
Sy dw

20),[1050 fV E . E*dv =0

= - .. dky, = =t -
X T0tE*(x,y,2)|5=7, - dS — lLEfSZ E(x,y,z1) X 1otE*(x,y,2)| =7, * ds} _
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Bell theorems for periodic acceleration structures, proof

Since dS, = —ds§,; the first two integrals cancel. Using Maxwell equation (3) and condition s (9) we get
2Re {a),uOL &f E(x,y,2,) X H*(x,y,2y) - d§} — 2wo& [, E-E*dv=0

Multiplying by LZTwe finally have
—Re{f E(x, y,zz) X H*(x,y,2,) - ds} S:Z-%-%fv o - E*dv = 0
or
P = VgrW,
here

P = lRe {f E(x, Y, Z5) X ﬁ*(x, Y, Zy) ¢ d§}is the time averaged power flaw in the passbands;

dw .
vgr E is a group veIouty,

. = w, : :
- Efv eOE CErdv = Z . Efv UoH - H*dv = Lis the time-averaged stored electromagnetic energy
per unit length.

[1] J.S. Bell, “Group velocity and energy velocity in periodic waveguides,” Harwell, AERE-T-R-858 (1952)
[2] D.A. Watkins, Topics in Electromagnetic Theory, John Willey & Sons, Inc. London, 1958

[3] E. A. Burshtein, and G. B. Voskresensky, The Intensive Beam Electron Linear Accelerators, Atomizdat,
Moscow, 1970.
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Appendix 12: Standing —Wave acceleration structures.

Perturbation theory.
In matrix form Eq(1), see Lecture 2, Slide 44:

. Wi
MX ——X =
w
here ij = 1, ] = 0,1, N,
K

1
and wW()=1j=12,..N—-1 wW(j) =5 J=0N

Eigenvectors and elgenvalues:
: 2

. s W
szcosﬂ; wg = 0 nq,qzo,l,...N
N 1+ Kcosw
Orthogonality:
Nﬁqr

N
X987 = zwg) 227 = Sgq =1,and 8, = 0,if q # 1

. 7 2W(q)
j=0
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Appendix 12: Standing —Wave acceleration structures.
Perturbation theory
Perturbation of the cell resonance frequencies causes perturbation

of the mode resonance frequencies §a)q;
the field distribution oX ...

21
Wo; = w§ + 5‘1’0;

N X1 = xa +5}?q,

Variation of the equation (1), see previous

. . - w
slide, gives M&X =

85

2

_0
wg

2

6(,0
587+ QX1 ——Lg9|,
Wq

2

q

5X1 =

= [2W(q)/N] - X10X;

"nNYanxa
Z 2W(q)X10X par

wé
q'#q N -1
wq,
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oWy
5 0
)
where Q=| :
Swiy
0 2
w§
Owq i
|6)?q|~ I Ojlav
|"”q ‘”qi1|
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Appendix 13: Wake potentials

Acceleration cells

T
i i

B / ‘“I.""'-' . . . .
/ i ||.!!'|fc'|'{i!'-*-|‘ 7 Radiation fields in the
% S TW acceleration structure

— S

'-‘__:::_" - { __
=) ~ obstacle
"---:.__""'-‘-i‘; = T

test chérge drive charge

—
7 - o
—

I]|

f

T T

———————

22
- 1 S
Wz(TgT’,S] = —E /dz[EZ(T}z?t)]t=(z+3)/c s
)

7 dz [E"_L-l—c(éxé)}

21

S
-
R
L
&
!

t=(z+s8)/c '

=

A. Novokhatski

Blue — deceleration b h
Green - acceleration unc WZ:O, W_L =0 for s<0
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Appendix 13: Wake potentials

Loss and kick distribution along the bunch V,(s) and V ,(s):

V.(s) = ds' As —s') W,(s') = ds' Ms') W,(s—s'),
/ ]
_17_;_(3] = f ds' A(s —s') W_L(s') = j ds' \(s") W_L(s —s').
0 — 00
A(S) is the charge distribution along the bunch.
Total losses and kick:

o0

Al = f ds Ms) Vils), &, = 22 = /ds A(s) Vi (s) K1~ loss factor
q q
e J
kHOM = kl - Z R/Q ] wlacc. mode‘

- - l T — — .
L =q¢%k /c KL = e / ds A(s) V 1(s) k , - kick factor
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Appendix 13: Wake potentials

Panofsky-Wenzel theorem for wakes:

N . L
aW_L — i@;’: — -.}- f dz [_V-}_L Ez(zat)

ds eq 0Js q

t=(s+z)/c

Relation between wake and impedance:

Z(w) = / W.(1) exp{—iwr} dr = W.(r),
0

Z(k) = / W,(s) exp{—iks} ds = W.(s) = c[Z(w)] ,—ie
0
and
AU 1
ko= =1 ﬂf Z(w) P(w) do
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