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Quadrupole Fields & Forces ﬁ
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B, = 10 T/m An ideal upright quadrupole field is defined by
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The transverse force on charged particle moving along
the z axis is then

dx’

— = —Kyzx B
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See Chapter 16: Electromagnetic Fields in the Bmad manual 2
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Thin Quadrupole lens
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For a thin quadrupole with effective length L, we can identify the focal lengths in the x and y planes
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Thin Quad, Drift transfer matrices -
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Thin linear maps for quadrupole and drifts illustrate the building blocks of map analysis:
- 1/(K:L) = 0.50 m L 0o Thin quad map from 0 to 1:
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Thick Quadrupole Focusing %3
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. 0.04 A quadrupole that focuses in one plane will
always defocus in the other plane.
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2D phase space .

Here is the motion in 2D (x, x’) phase space.

s=-150.0 mm
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2D

phase space

x" (mrad)

A closer look shows that the particles are initially started on an ellipse in phase

space, and that the phase space area area enclosed by this ellipse is conserved.

This is because a transfer matrix derived from a Hamiltonian is symplectic,
which has determinant 1 (“area preserving”)
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Action-Angle coordinates 7
XELERA
. _ 7
An alternative way to view particle motion in the ﬁ;ﬂpll’?ude. (s +
transverse phase space is to use action-angle a5 Pals) + ¢

coordinates:
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Beta function: B (s)
Alpha function:  «,(s)

Particles with the same amplitude will lie on an ellipse in
transverse phase space:
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Normalized Coordinates
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Twiss Propagation -
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It can be shown that the Twiss parameters at one
location along s can be related to another by the
transfer matrix M between these locations:

Ta;(Sl) = M - Tx(So) ¥ MT

where the Twiss matrix is defined as:

11
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Matrix from Twiss 24
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A transfer matrix can also be written in terms of beginning and
ending Twiss parameters, denoted by 0 and 1 respectively:

M = (Mu Mm) _ % (cosp + agsiny)) v Bof1 sin
Ms1 Moo (vo—ou1) cos\zﬁ%l—aoal) sin 1 % (costh — o sin )

Note that this decomposition is not unique, because it depends on
the initial Twiss to be defined.

However, with a periodic system, the decomposition is unique.
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Periodic Twiss from Matrix
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XELERA

The transfer matrix can also be used to define a periodic

system. Setting beginning and ending Twiss to be the same
in the previous slide gives:

(Mn M12> _ <cos¢—|—ozsin¢ [ sin )

2
Moy Moo — (Hﬁa ) sinYy cosY — asiny
This is easily solved:

1
cos 1) = §(M11 + M>»)

5= Mo
V1 — (M1 + Mag)?/4
1 My — M,

"2 V1 — (M1 + Mayg)?/4

There is a real periodic solution only if: % M1 + Mas| <1

Example: FODO Cell
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Twiss from Particles
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Twiss parameters can also be determined
from particle distributions. To understand
this, consider a distribution of particles with

amplitude J = €, and uniform distribution
in phases:

V2J

B Area = 27TJ2. 5

Transforming to physical coordinates:

()= 3)6)
o a1 —
VB VB

and averaging over phases reveals:
<£IZ‘2> 6265113
(2"?) = €275
<£l?,33/>:

— €0y

geometric emittance: € = \/ (22) (x2) = (xx')?

(J) = € 14



Mismatch SELAIC
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A beam is mismatched when its statistical Twiss 06 TN
parameters are not the same as the designed Twiss 041 8% % 0 o
parameters. To quantify this, recall that the design Twiss 02 % S %
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Normalized Coordinates, Mismatched
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6D Phase Space Coordinates “;ﬁ'
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Actual (X\ ( 2y B / \
Pﬂc Px = Pac/pO ~ T
Y Y
t) — S
- p, | " Pa =Py/po =y (5)
eference _
Particle Orbit Z z = —fc(t —to)
\ﬁf—/ \ - )

Reference
Particle

Center of
Curvature

Lab frame local frame

We will choose local phase space coordinates more
suited for following a reference “particle”:

* The independent variable is s,

e Zissetto zero by construction in the local frame
 Often we write the relative momentum deviation:

o = p,

Note that there are many conventions used. This is the
convention used by Bmad. Y
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6D Thick Quadrupole Map . %4
XELERA
In these coordinates, the body field of a quadrupole 126 CHAPTER 1. TRACKING OF CHARGED PARTICLES

(neglecting the fringe fields) has a well-known analytic
solution.

Here we see that the map varies with the momentum
deviation (“chromatic”), red = -4%, blue = +4%:

154

10 A

_10 -

0.04

- 0.02

- 0.00

- —0.02

-15

0.0

0.2 0.4 0.6 0.8

1.0

1.2

—0.04

By (T)

The Hamiltonian for an upright quadrupole is

2 2
Pz + Py ki, 2 2
H = + —(z* —
2(1 +pz) 2 ( 4 )
This is simply solved
_ Pz1
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From the Bmad manual ¢




yLight

ol Ay

FODO Cell and Lattice 3%-
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A system consisting of equally spaced quadrupole magnets

;‘7‘[3)(T T P T L
with alternating field strengths is called a FODO lattice - By /\ E
(“focusing, defocusing”). - ]
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A system with a single period is called a FODO cell. Because "o g
of the periodicity, the cell could be defined to start anywhere,
and repeated cells will yield periodic beta functions.
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FODO Stability 5
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Scanning the focusing strength reveals average beta 2D stability “necktie” plot
functions and stability for this thick quad system: 5
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Generally, there are stable solutions when: . : . :
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FODO tracking
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Practically we need to use numerical methods and computer simulations, many of which are described in
* D. Sagan, Bmad Manual (online) (continuously updated)

Also see these standard reference books:

* Forest, Etienne. Beam Dynamics: A New Attitude and Framework. Harwood Academic Publishers, 1998.
 Wiedemann, Helmut. Particle Accelerator Physics. 3rd ed., Springer, 2007.
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https://www.classe.cornell.edu/bmad/manual.html
https://www.sciencedirect.com/science/article/abs/pii/0003491658900125
https://www.sciencedirect.com/science/article/abs/pii/0003491658900125
https://journals.aps.org/prab/abstract/10.1103/PhysRevSTAB.2.074001
https://journals.aps.org/prab/abstract/10.1103/PhysRevSTAB.9.024001
https://iopscience.iop.org/article/10.1088/1748-0221/7/07/P07012

