
VUV and X-ray Free-Electron Lasers

Transverse Focusing
Dinh Nguyen,1 Christopher Mayes,1 Nicole Neveu2, Colwyn Gulliford3

1 xLight Inc.
2 SLAC National Accelerator Laboratory

3 Xelera

U.S. Particle Accelerator School
July 15 – July 19, 2024



Quadrupole Fields & Forces
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Bx(x, y) = B1y

By(x, y) = B1x
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B1 =
dBx

dy

���
x,y=0

See Chapter 16: Electromagnetic Fields in the Bmad manual

An ideal upright quadrupole field is defined by

The transverse force on charged particle moving along 
the z axis is then
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K1 ⌘ qB1

p0
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dx0

ds
= �K1x

dy0

ds
= +K1y

https://www.classe.cornell.edu/bmad/manual.html


Thin Quadrupole lens
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For a thin quadrupole with effective length L, we can identify the focal lengths in the x and y planes
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dx0

ds
= �K1x

dy0

ds
= +K1y
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�x0 ⇡ �K1Lx
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fx =
1

K1L

fy = �fxpositrons at 100 MeV
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fx



Thin Quad, Drift transfer matrices
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positrons at 100 MeV

<latexit sha1_base64="eFo6ImqR2ddBj6TLtoAnGGTqqrI="></latexit>✓
x1

x0
1

◆
=

✓
1 0

�1/fx 1

◆✓
x0

x0
0

◆

<latexit sha1_base64="+5/NJtMe47IGbOJcTh9NukHBIqI="></latexit>✓
x2

x0
2

◆
=

✓
1 L
0 1

◆✓
x1

x0
1

◆
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<latexit sha1_base64="XjsC28/WdZUWrk/mrAk0LRKrDL4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg+lX+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn81PnZJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTtCF4yy+vkla14tUqtfvLcv0mj6MAp3AGF+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwAJKI2n</latexit>s2
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L

Thin quad map from 0 to 1:

Drift map from 1 to 2:

Linear map from 0 to 2:

Thin linear maps for quadrupole and drifts illustrate the building blocks of map analysis:

<latexit sha1_base64="lfp6jP1Pk2zyQTnWUzaT1QkA3IE="></latexit>✓
x2

x0
2

◆
=

✓
1� L/fx L
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x0

x0
0
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Thick Quadrupole Focusing
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A quadrupole that focuses in one plane will 
always defocus in the other plane.



2D phase space
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Here is the motion in 2D (x, x’) phase space.



2D phase space
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A closer look shows that the particles are initially started on an ellipse in phase 
space, and that the phase space area area enclosed by this ellipse is conserved.
This is because a transfer matrix derived from a Hamiltonian is symplectic, 
which has determinant 1 (“area preserving”)

Entrance Focus



Action-Angle coordinates
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An alternative way to view particle motion in the 
transverse phase space is to use action-angle 
coordinates: 

Amplitude:
Phase:
Beta function:
Alpha function:

Particles with the same amplitude will lie on an ellipse in 
transverse phase space:

<latexit sha1_base64="WAxXUN7d6l/PeJMJHDk6XOFobZo=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0mKVI9FL+Kpgv2AJoTNdtsu3Wzi7kQMof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL4g5U2Db38bK6tr6xmZhq7i9s7u3bx4ctlWUSEJbJOKR7AZYUc4EbQEDTruxpDgMOO0E46up33mgUrFI3EEaUy/EQ8EGjGDQkm+WXHUvIavduAEF7D9W1OnEN8t21Z7BWiZOTsooR9M3v9x+RJKQCiAcK9Vz7Bi8DEtghNNJ0U0UjTEZ4yHtaSpwSJWXzY6fWCda6VuDSOoSYM3U3xMZDpVKw0B3hhhGatGbiv95vQQGF17GRJwAFWS+aJBwCyJrmoTVZ5IS4KkmmEimb7XICEtMQOdV1CE4iy8vk3at6tSr9duzcuMyj6OAjtAxqiAHnaMGukZN1EIEpegZvaI348l4Md6Nj3nripHPlNAfGJ8/aTiUoQ==</latexit>p
2J�x(s)

<latexit sha1_base64="yMb/4Bbubg5/L/neQeniexYfgM4=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhHgwzQaLHoBfxFMEskBmGnk4nadKz2F0jxiH4K148KOLV//Dm39hJ5qDRBwWP96qoqufHgiuwrC8jt7C4tLySXy2srW9sbpnbO00VJZKyBo1EJNs+UUzwkDWAg2DtWDIS+IK1/OHFxG/dMal4FN7AKGZuQPoh73FKQEueuXfsqFsJaeXK8RkQ776kjsaeWbTK1hT4L7EzUkQZ6p756XQjmgQsBCqIUh3bisFNiQROBRsXnESxmNAh6bOOpiEJmHLT6fVjfKiVLu5FUlcIeKr+nEhJoNQo8HVnQGCg5r2J+J/XSaB35qY8jBNgIZ0t6iUCQ4QnUeAul4yCGGlCqOT6VkwHRBIKOrCCDsGef/kvaVbKdrVcvT4p1s6zOPJoHx2gErLRKaqhS1RHDUTRA3pCL+jVeDSejTfjfdaaM7KZXfQLxsc31eqU2A==</latexit>

�
p

2J�x(s)

<latexit sha1_base64="WtouZhEm0venirpBWwg8wZ52eAg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahIpREpHosevFYwX5AE8Jmu22XbpJld1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCwVnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjlkpSSWiTJDyRnRAryllMm5ppTjtCUhyFnLbD0d3Mb4+pVCyJH/VEUD/Cg5j1GcHaSIFte0Kx4KmiztEF8sSQBXbZqTpzoFXi5qQMORqB/eX1EpJGNNaEY6W6riO0n2GpGeF0WvJSRQUmIzygXUNjHFHlZ/PLp+jMKD3UT6SpWKO5+nsiw5FSkyg0nRHWQ7XszcT/vG6q+zd+xmKRahqTxaJ+ypFO0CwG1GOSEs0nhmAimbkVkSGWmGgTVsmE4C6/vEpal1W3Vq09XJXrt3kcRTiBU6iAC9dQh3toQBMIjOEZXuHNyqwX6936WLQWrHzmGP7A+vwBBdySoQ==</latexit>

 x(s) + �

<latexit sha1_base64="ktVt5E0hsRx1T3mqtCK4rTrmsbg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHosevFYwX7AdinZNNuGZpMlmRXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+55Fpw5V8gEnCgpgMJY84JWAlv0dEMiL9p6o575crbs2dA68SLycVlKPZL3/1BoqmMZNABTHG99wEgoxo4FSwaamXGpYQOiZD5lsqScxMkM1PnuIzqwxwpLQtCXiu/p7ISGzMJA5tZ0xgZJa9mfif56cQXQcZl0kKTNLFoigVGBSe/Y8HXDMKYmIJoZrbWzEdEU0o2JRKNgRv+eVV0r6oefVa/f6y0rjJ4yiiE3SKqshDV6iB7lATtRBFCj2jV/TmgPPivDsfi9aCk88coz9wPn8AxneQ8A==</latexit>

↵x(s)

<latexit sha1_base64="ikHk8vSnu/V2d0xgVsHZI7uLzjQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL+IpAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6QTjNk=</latexit>

J

<latexit sha1_base64="AiNRrA4I4nLq71HgdJyuc1oXVPE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAcmIcxOZpMhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVHjo+R9p7KpmzXqHolt0ZyDLxMlKEDLVe4avTj1gScoVMUmPanhtjN6UaBZN8ku8khseUjeiAty1VNOSmm84unpBTq/RJEGlbCslM/T2R0tCYcejbzpDi0Cx6U/E/r51gcNVNhYoT5IrNFwWJJBiR6fukLzRnKMeWUKaFvZWwIdWUoQ0pb0PwFl9eJo3zslcpV+4uitXrLI4cHMMJlMCDS6jCLdSgDgwUPMMrvDnGeXHenY9564qTzRzBHzifP/ywkHw=</latexit>

�x(s)



Normalized Coordinates
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<latexit sha1_base64="q9FoHTSxJU0Th1m/ENkI4PRQNeM="></latexit>
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� 0

� ↵p
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1p
�

◆
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1p
�

0
↵p
�

p
�

!

<latexit sha1_base64="E+rWp5LCuVLB8EjpdTawSwcwW/E="></latexit>✓
a
a

◆
=

 
1p
�

0
↵p
�

p
�

!✓
x
x0

◆
<latexit sha1_base64="Ow4RbkPIXhwsGA40N0dsOxpzpDc="></latexit>✓
x
x0

◆
=

✓ p
� 0

� ↵p
�

1p
�

◆✓
a
a

◆

<latexit sha1_base64="CKW8YWnPJG9dASk/E0Mm/FqNeFc="></latexit>

a =
p
2J cos(�)

a =
p
2J sin(�)

J =
a+ a

2

<latexit sha1_base64="lp06E1WJFwEp8cPF5SVrv8x9g1w="></latexit>

2J =

�
↵2 + 1

�

�
x2 + 2↵xx0 + �x02“Courant-Synder Invariant”



Normalized Coordinates

10



It can be shown that the Twiss parameters at one 
location along s can be related to another by the 
transfer matrix M between these locations:

where the Twiss matrix is defined as:

Twiss Propagation

11

<latexit sha1_base64="wHAUnWqFJ8aERSZu0KSPNdBlCsQ="></latexit>

Tx ⌘
✓

�x �↵x

�↵x �x

◆

<latexit sha1_base64="jjpL7S+HAKp/yOeTxSbB7fKOjVc=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTaTUlEqhuh6MZNoUJf0MYwmUzaoZNMmJmIJfQL3Pgrblwo4ta1O//GaZuFth64cOace5l7jxczKpVlfRsrq2vrG5u5rfz2zu7evnlw2JY8EZi0MGdcdD0kCaMRaSmqGOnGgqDQY6Tjja6nfueeCEl51FTjmDghGkQ0oBgpLblmsek+lKRrl+ElrMM+9rmCc8kqZ8/6XdM1C1bFmgEuEzsjBZCh4ZpffZ/jJCSRwgxJ2bOtWDkpEopiRib5fiJJjPAIDUhP0wiFRDrp7JwJLGrFhwEXuiIFZ+rviRSFUo5DT3eGSA3lojcV//N6iQounJRGcaJIhOcfBQmDisNpNtCngmDFxpogLKjeFeIhEggrnWBeh2AvnrxM2qcVu1qp3p4ValdZHDlwDE5ACdjgHNTADWiAFsDgETyDV/BmPBkvxrvxMW9dMbKZI/AHxucP1FeZeg==</latexit>

Tx(s1) = M · Tx(s0) ·MT



A transfer matrix can also be written in terms of beginning and 
ending Twiss parameters, denoted by 0 and 1 respectively: 

Matrix from Twiss

12

<latexit sha1_base64="RSvWg84/n3XxL4Ow+s86ja3VP4c="></latexit>

M =

✓
M11 M12

M21 M22

◆
=

0

@

q
�1

�0
(cos + ↵0 sin )

p
�0�1 sin 

(↵0�↵1) cos �(1+↵0↵1) sin p
�0�1

q
�0

�1
(cos � ↵1 sin )

1

A

Note that this decomposition is not unique, because it depends on 
the initial Twiss to be defined. 

However, with a periodic system, the decomposition is unique.
<latexit sha1_base64="xJElgTKNJ4eqPBDEQQhaH1xivsU=">AAAB+3icbZDNSsNAFIVv6l+Nf7Eu3QwWwVVJRKrLohuXFWwtNCFMppN26GQSZiZiCX0VNy4UceuLuPNtnLZZaOuBgY9z7+XeOVHGmdKu+21V1tY3Nreq2/bO7t7+gXNY66o0l4R2SMpT2YuwopwJ2tFMc9rLJMVJxOlDNL6Z1R8eqVQsFfd6ktEgwUPBYkawNlbo1PyIahy6vm/7mGcjg6FTdxvuXGgVvBLqUKodOl/+ICV5QoUmHCvV99xMBwWWmhFOp7afK5phMsZD2jcocEJVUMxvn6JT4wxQnErzhEZz9/dEgROlJklkOhOsR2q5NjP/q/VzHV8FBRNZrqkgi0VxzpFO0SwINGCSEs0nBjCRzNyKyAhLTLSJyzYheMtfXoXuecNrNpp3F/XWdRlHFY7hBM7Ag0towS20oQMEnuAZXuHNmlov1rv1sWitWOXMEfyR9fkDxuCTpA==</latexit>

�0

↵0

<latexit sha1_base64="pTvEgqScVER2l2/1Hh+jZf9XkjY=">AAAB+3icbZDNSsNAFIUn9a/Gv1iXbgaL4KokItVl0Y3LCrYWmhAm05t26GQSZiZiCX0VNy4UceuLuPNtnLZZaOuBgY9z7+XeOVHGmdKu+21V1tY3Nreq2/bO7t7+gXNY66o0lxQ6NOWp7EVEAWcCOpppDr1MAkkiDg/R+GZWf3gEqVgq7vUkgyAhQ8FiRok2VujU/Ag0CT3ft33Cs5HB0Km7DXcuvApeCXVUqh06X/4gpXkCQlNOlOp7bqaDgkjNKIep7ecKMkLHZAh9g4IkoIJifvsUnxpngONUmic0nru/JwqSKDVJItOZED1Sy7WZ+V+tn+v4KiiYyHINgi4WxTnHOsWzIPCASaCaTwwQKpm5FdMRkYRqE5dtQvCWv7wK3fOG12w07y7qresyjio6RifoDHnoErXQLWqjDqLoCT2jV/RmTa0X6936WLRWrHLmCP2R9fkDyfOTpg==</latexit>

�1

↵1
<latexit sha1_base64="JzeGqJpo/nc4vOTsUGEfP6CmayI=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5Bqw8GHu/NMDMvTAQ31vO+UGltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nt7nffWTa8Fg92FnCAknGikecEptLg8TwYbXm1b0F8F/iF6QGBVrD6udgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMzp4xwFGtXyuKF+nMiI9KYmQxdpyR2Yla9XPzP66c2ug4yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr778l3Qu6n6j3ri/rDVvijjKcAKncA4+XEET7qAFbaAwgSd4gVck0TN6Q+/L1hIqZo7hF9DHNyfRjlU=</latexit>

 
<latexit sha1_base64="zEAW6iYTrlnGL/3K/+0e37+hKE0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ifjNw=</latexit>

M



Periodic Twiss from Matrix

13

The transfer matrix can also be used to define a periodic 
system. Setting beginning and ending Twiss to be the same 
in the previous slide gives:

<latexit sha1_base64="XYobV9OJQEXH0nS5KxnMqxLjIbg="></latexit>✓
M11 M12

M21 M22

◆
=

 
cos + ↵ sin � sin 

� (1+↵2)
� sin cos � ↵ sin 

!

<latexit sha1_base64="BtTCvY2lyX7EysXpeAFM3AxlEQg="></latexit>

� =
M12p

1� (M11 +M22)2/4

<latexit sha1_base64="e7Tq0Myvi/Y03eKK+hqoHpxELUc=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCRShJkOpGKLpxI1SwF2hCmEwn7dBJJsxMhBLyCm58FTcuFHHrzp1v47TNQlt/GPj4zzmcOX+QMCqVZX0bS8srq2vrpY3y5tb2zq65t9+WPBWYtDBnXHQDJAmjMWkpqhjpJoKgKGCkE4yuJ/XOAxGS8vhejRPiRWgQ05BipLTlm1UXcwndRFJ4Cd1QIJzZeebk1Vs/s+0cnkINjpOf+GbFqllTwUWwC6iAQk3f/HL7HKcRiRVmSMqebSXKy5BQFDOSl91UkgThERqQnsYYRUR62fSiHB5rpw9DLvSLFZy6vycyFEk5jgLdGSE1lPO1iflfrZeq8MLLaJykisR4tihMGVQcTuKBfSoIVmysAWFB9V8hHiIdi9IhlnUI9vzJi9B2ana9Vr87qzSuijhK4BAcgSqwwTlogBvQBC2AwSN4Bq/gzXgyXox342PWumQUMwfgj4zPHwsAm0E=</latexit>

cos =
1

2
(M11 +M22)

<latexit sha1_base64="uogz0I7G7rZrLZeWNiYT+nM74wU="></latexit>

↵ =
1

2

M11 �M12p
1� (M11 +M22)2/4

This is easily solved:

H1
Q Q
2

Q
3H

0 0.2 0.4 0.6 0.8 1.0
s (m)

0.6

1.0

1.4

β x
,β

y
)

m(

βxβy

There is a real periodic solution only if:

0.56682984     0.54276144 m  
-1.25046455     0.56682984 m

Example: FODO Cell

<latexit sha1_base64="R1MC0OY6Su1V9iIfkK7nNBb+49s=">AAACFXicbZDLSgMxFIYzXmu9VV26CRZBUMqkSHVZdONGqGAv0BlKJs20oZkLyRmhTOcl3Pgqblwo4lZw59uYXhbaeiDw8f/ncHJ+L5ZCg21/W0vLK6tr67mN/ObW9s5uYW+/oaNEMV5nkYxUy6OaSxHyOgiQvBUrTgNP8qY3uB77zQeutIjCexjG3A1oLxS+YBSM1CmcOb6iLCVZWs4cyX0Y3XZSQjJ8ig2UjahErw8j42HSKRTtkj0pvAhkBkU0q1qn8OV0I5YEPAQmqdZtYsfgplSBYJJneSfRPKZsQHu8bTCkAdduOrkqw8dG6WI/UuaFgCfq74mUBloPA890BhT6et4bi/957QT8SzcVYZwAD9l0kZ9IDBEeR4S7QnEGcmiAMiXMXzHrUxMTmCDzJgQyf/IiNMolUilV7s6L1atZHDl0iI7QCSLoAlXRDaqhOmLoET2jV/RmPVkv1rv1MW1dsmYzB+hPWZ8/HnCeKQ==</latexit>

1

2
|M11 +M22|  1



Twiss from Particles

14

<latexit sha1_base64="omvNmZUdHX+QIjMcnxYCce0gTJU=">AAACDXicbVDJSgNBEO1xjXGLevTSGAVPYSZI9KAS9OIxglkgE0NPpyZp0rPQXSMJIT/gxV/x4kERr969+Td2loMmPih4vFdFVT0vlkKjbX9bC4tLyyurqbX0+sbm1nZmZ7eio0RxKPNIRqrmMQ1ShFBGgRJqsQIWeBKqXvd65FcfQGkRhXfYj6ERsHYofMEZGqmZOXQl+Hjeu8+7SrQ7eEkvqAuxFtK4PdcDZM1eM5O1c/YYdJ44U5IlU5SamS+3FfEkgBC5ZFrXHTvGxoApFFzCMO0mGmLGu6wNdUNDFoBuDMbfDOmRUVrUj5SpEOlY/T0xYIHW/cAznQHDjp71RuJ/Xj1B/6wxEGGcIIR8sshPJMWIjqKhLaGAo+wbwrgS5lbKO0wxjibAtAnBmX15nlTyOaeQK9yeZItX0zhSZJ8ckGPikFNSJDekRMqEk0fyTF7Jm/VkvVjv1sekdcGazuyRP7A+fwAV35ua</latexit>⌦
x2

↵
= ✏x�x

<latexit sha1_base64="+zdyKlHE+qattSe9bfe8HqnMh3I=">AAACD3icbVA9SwNBEN3zM8avU0ubxeBHFe6CRAuVoI2lglEhF8PeZi5Zsnt37M5JQsg/sPGv2FgoYmtr579xE1P49WDg8d4MM/PCVAqDnvfhTExOTc/M5uby8wuLS8vuyuqlSTLNocoTmejrkBmQIoYqCpRwnWpgKpRwFXZOhv7VLWgjkvgCeynUFWvFIhKcoZUa7lYgIcKD7vZNKdCi1cYjekgDSI2Q1u4GLaYUa3QbbsEreiPQv8QfkwIZ46zhvgfNhGcKYuSSGVPzvRTrfaZRcAmDfJAZSBnvsBbULI2ZAlPvj/4Z0E2rNGmUaFsx0pH6faLPlDE9FdpOxbBtfntD8T+vlmG0X++LOM0QYv61KMokxYQOw6FNoYGj7FnCuBb2VsrbTDOONsK8DcH//fJfclkq+uVi+Xy3UDkex5Ej62SD7BCf7JEKOSVnpEo4uSMP5Ik8O/fOo/PivH61TjjjmTXyA87bJ0yAnDw=</latexit>⌦
x02↵ = ✏x�x

<latexit sha1_base64="4Di/k44XvoJrtFnQ4YMOUJohtks=">AAACEXicbVC7SgNBFJ31GeNr1dJmMIgpNOyKRAuVoI1lBGOEbAizk7vJkNkHM3clIeQXbPwVGwtFbO3s/Bsnj0KjBwYO55zLnXv8RAqNjvNlzczOzS8sZpayyyura+v2xuatjlPFocJjGas7n2mQIoIKCpRwlyhgoS+h6ncuh371HpQWcXSDvQTqIWtFIhCcoZEadt6TEOBpd5929zwlWm08p2f0wINEC2kCXY/JpM0a3YadcwrOCPQvcSckRyYoN+xPrxnzNIQIuWRa11wnwXqfKRRcwiDrpRoSxjusBTVDIxaCrvdHFw3orlGaNIiVeRHSkfpzos9CrXuhb5Ihw7ae9obif14txeCk3hdRkiJEfLwoSCXFmA7roU2hgKPsGcK4EuavlLeZYhxNiVlTgjt98l9ye1hwi4Xi9VGudDGpI0O2yQ7JE5cckxK5ImVSIZw8kCfyQl6tR+vZerPex9EZazKzRX7B+vgGQcuctA==</latexit>

hx, x0i = �✏x↵x

Twiss parameters can also be determined 
from particle distributions. To understand 
this, consider a distribution of particles with 
amplitude                and uniform distribution 
in phases: 

Transforming to physical coordinates:
<latexit sha1_base64="Ow4RbkPIXhwsGA40N0dsOxpzpDc="></latexit>✓
x
x0

◆
=

✓ p
� 0

� ↵p
�

1p
�

◆✓
a
a

◆

and averaging over phases reveals:

<latexit sha1_base64="j57F92PAczcuXbuHF5wO46dsre8=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EohfxVMF+QHcp2TTbhmaTJcmKZenf8OJBEa/+GW/+G9N2D9r6YODx3gwz88KEM21c99sprKyurW8UN0tb2zu7e+X9g5aWqSK0SSSXqhNiTTkTtGmY4bSTKIrjkNN2OLqZ+u1HqjST4sGMExrEeCBYxAg2VvLvrnyaaMal6D31yhW36s6AlomXkwrkaPTKX35fkjSmwhCOte56bmKCDCvDCKeTkp9qmmAywgPatVTgmOogm908QSdW6aNIKlvCoJn6eyLDsdbjOLSdMTZDvehNxf+8bmqiyyBjIkkNFWS+KEo5MhJNA0B9pigxfGwJJorZWxEZYoWJsTGVbAje4svLpHVW9WrV2v15pX6dx1GEIziGU/DgAupwCw1oAoEEnuEV3pzUeXHenY95a8HJZw7hD5zPHwN3kbE=</latexit>

J = ✏x

<latexit sha1_base64="nw4VxOJ44P0zUYMUr7yg4ZDePyY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi3iKYB6YLGF2MkmGzM6uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup76zSeujYjUPY5j7od0oERfMIpWeuiYR41pmdxOuoWiW3JnIMvEy0gRMtS6ha9OL2JJyBUySY1pe26Mfko1Cib5JN9JDI8pG9EBb1uqaMiNn84unpBTq/RIP9K2FJKZ+nsipaEx4zCwnSHFoVn0puJ/XjvB/qWfChUnyBWbL+onkmBEpu+TntCcoRxbQpkW9lbChlRThjakvA3BW3x5mTTKJa9SqtydF6tXWRw5OIYTOAMPLqAKN1CDOjBQ8Ayv8OYY58V5dz7mrStONnMEf+B8/gA4b5Cj</latexit>p
2J

<latexit sha1_base64="pnvvz6e0wuzEJJgtCoM4Ny5LONo=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoPgKcyIRA8qQS/iKYJZIBNCT6cmadKz0F0jhpCDF3/FiwdFvPoR3vwbO8tBow8KHu9VUVXPT6TQ6DhfVmZhcWl5JbuaW1vf2Nyyt3dqOk4VhyqPZawaPtMgRQRVFCihkShgoS+h7vcvx379DpQWcXSLgwRaIetGIhCcoZHadt6TEODptadEt4fn9Ix6kGghjXfftgtO0ZmA/iXujBTIDJW2/el1Yp6GECGXTOum6yTYGjKFgksY5bxUQ8J4n3WhaWjEQtCt4eSJEd03SocGsTIVIZ2oPyeGLNR6EPqmM2TY0/PeWPzPa6YYnLSGIkpShIhPFwWppBjTcSK0IxRwlANDGFfC3Ep5jynG0eSWMyG48y//JbXDolsqlm6OCuWLWRxZkid75IC45JiUyRWpkCrh5IE8kRfyaj1az9ab9T5tzVizmV3yC9bHN/zyl7M=</latexit>

hJi = ✏x

<latexit sha1_base64="yX2DR93WF88eBhvDLXz0zjz82is=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQrMJukGgjRG3EKoJ5QHYNs5PZZMjsg5m7YlhT+Cs2ForY+ht2/o2TZAtNPDBwOOce7p3jxYIrsKxvI7ewuLS8kl8trK1vbG6Z2zsNFSWSsjqNRCRbHlFM8JDVgYNgrVgyEniCNb3B5dhv3jOpeBTewjBmbkB6Ifc5JaCljrnnAHuA9FxnRvgMl52Y4+u7cscsWiVrAjxP7IwUUYZax/xyuhFNAhYCFUSptm3F4KZEAqeCjQpOolhM6ID0WFvTkARMuenk/hE+1EoX+5HULwQ8UX8nUhIoNQw8PRkQ6KtZbyz+57UT8E/dlIdxAiyk00V+IjBEeFwG7nLJKIihJoRKrm/FtE8koaArK+gS7Nkvz5NGuWRXSpWb42L1Iqsjj/bRATpCNjpBVXSFaqiOKHpEz+gVvRlPxovxbnxMR3NGltlFf2B8/gBRiZUC</latexit>

Area = 2⇡J2

geometric emittance:



Mismatch
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A beam is mismatched when its statistical Twiss 
parameters are not the same as the designed Twiss 
parameters. To quantify this, recall that the design Twiss 
parameters define the amplitude according to:

<latexit sha1_base64="lp06E1WJFwEp8cPF5SVrv8x9g1w="></latexit>

2J =

�
↵2 + 1

�

�
x2 + 2↵xx0 + �x02

<latexit sha1_base64="pHz2AZdN+EcjuLYqMdoMFEITWsI="></latexit>

h2J1i =
�
1 + ↵2

0

�

�0

⌦
x2
1

↵
|{z}
�1✏1

+2↵0 hx1x
0
1i| {z }

�↵1✏1

+�0

⌦
x02
1

↵
| {z }

(1+↵2
1)

�1
✏1

Labeling 0 for the design and 1 for the particles and averaging:

<latexit sha1_base64="i/GO5N2WlQ8BoVcMOPIR2rIQ+3A="></latexit>

=) Bmag =
hJ1i
✏1

=
1

2

 
�1

�0
+

�0

�1
+ �0�1

✓
↵1

�1
� ↵0

�0

◆2
!



Normalized Coordinates, Mismatched
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6D Phase Space Coordinates

17

Reference
Orbit

Actual
Orbit

Center of
Curvature

x

y
z

s

|g| = 1/ρ

s = 0

Particle

Reference
Particle

O
We will choose local phase space coordinates more 
suited for following a reference “particle”:
• The independent variable is s,
• Z is set to zero by construction in the local frame
• Often we write the relative momentum deviation:

Note that there are many conventions used. This is the 
convention used by Bmad.

<latexit sha1_base64="hKjysDs2Sz4kfaOD5vr4S2MquQc=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuiy6cVnBPqAJYTK5aYdOHs5MKjX2U9y4UMStX+LOv3HaZqGtBy4czrmXe+/xU86ksqxvY2V1bX1js7RV3t7Z3ds3KwdtmWSCQosmPBFdn0jgLIaWYopDNxVAIp9Dxx9eT/3OCIRkSXynxim4EenHLGSUKC15ZsUJgCuCHbjP2Ain3qNnVq2aNQNeJnZBqqhA0zO/nCChWQSxopxI2bOtVLk5EYpRDpOyk0lICR2SPvQ0jUkE0s1np0/wiVYCHCZCV6zwTP09kZNIynHk686IqIFc9Kbif14vU+Glm7M4zRTEdL4ozDhWCZ7mgAMmgCo+1oRQwfStmA6IIFTptMo6BHvx5WXSPqvZ9Vr99rzauCriKKEjdIxOkY0uUAPdoCZqIYoe0DN6RW/Gk/FivBsf89YVo5g5RH9gfP4A+EyT1Q==</latexit>

� ⌘ pz

<latexit sha1_base64="HWGOFUvmz1/Io4a3JoPsqnUafxM="></latexit> 0

BBBBBB@

X
Px

Y
Py

Z
Pz

1

CCCCCCA

| {z }
Lab frame

(t) !

0

BBBBBB@

x
px ⌘ Px/p0 ⇡ x0

y
px ⌘ Py/p0 ⇡ y0

z ⌘ ��c(t� t0)
pz = � ⌘ P/p0 � 1 ⇡ E/E0 � 1

1

CCCCCCA

| {z }
local frame

(s)



6D Thick Quadrupole Map

18

In these coordinates, the body field of a quadrupole 
(neglecting the fringe fields) has a well-known analytic 
solution. 

Here we see that the map varies with the momentum 
deviation (“chromatic”), red = -4%, blue = +4%:

From the Bmad manual



A system consisting of equally spaced quadrupole magnets 
with alternating field strengths is called a FODO lattice 
(“focusing, defocusing”). 

A system with a single period is called a FODO cell. Because 
of the periodicity, the cell could be defined to start anywhere, 
and repeated cells will yield periodic beta functions.  

FODO Cell and Lattice
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FODO Stability
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Scanning the focusing strength reveals average beta 
functions and stability for this thick quad system:

2D stability “necktie” plot

<latexit sha1_base64="B9PBKKAdsNCLUNSuZbDf/N/gGzE=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0HQJu5KiJZBGwuLCOYB2bDMTm7MkNkHM3fFsOQbbPwVGwtFbK3s/Bsnj0KjBy4czrmXe+8JEik0Os6XlVtYXFpeya8W1tY3Nrfs7Z2GjlPFoc5jGatWwDRIEUEdBUpoJQpYGEhoBoOLsd+8A6VFHN3gMIFOyG4j0ROcoZF8+8gTEdKB7x7qI9rV1JOgtRYhLdNjeuV7CPeYcZBy5NtFp+RMQP8Sd0aKZIaab3963ZinIUTIJdO67ToJdjKmUHAJo4KXakgYH7BbaBsasRB0J5u8NKIHRunSXqxMmQMn6s+JjIVaD8PAdIYM+3reG4v/ee0Ue2edTERJihDx6aJeKinGdJwP7QoFHOXQEMaVMLdS3meKcTQpFkwI7vzLf0njpORWSpXrcrF6PosjT/bIPjkkLjklVXJJaqROOHkgT+SFvFqP1rP1Zr1PW3PWbGaX/IL18Q3wF5xw</latexit>Z
k1(s)ds . 4/Lcell

Generally, there are stable solutions when:



FODO tracking 
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