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Beam Temperature

K-V has single value for the transverse Hamiltonian
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 Temperature in beam introduces thermal spreads
— Transverse Temperature
e Debye length
— Longitudinal Temperature
e Landau Damping
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Warm Beam Models

 Model beam as fluid with pressure scalar
e Bennet model for self-pinched beam in plasma

— Newton’s law for fluid mass in volume dV (no electric
field in plasma)

dv . L
mn?vdV =F =-VpdV +envxBdV
!
— In equilibrium
Vp =env x BdV
— Equation for magnetic field
lg(’”Be) = pyev,n(r)— B, = %szn(r')r'dr’
r or roce
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— Using the 1deal gas law the density solves

Bennet Profile

dn H€ ” AN
EkT:—nTovfj‘n(r )r'dr

-

— Bennet profile

— Beam size
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Beam Profile Long Solenoid

— Radial focusing in rotating frame

i =—nmaw;r

— Using the 1deal gas law the density solves

dn kT = —nma; r
dr

— Gaussian profile

n(r)=n, exp(—r2 /20,,2)

— Beam size
, kT
O .= >
ma)L
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Waterbag Distribution

STATE

 Lemons and Thode were first to point out SC field 1s
solved as Bessel Functions for the 2D adiabatic equation of
state (P/n? constant). Later, others, including my advisor
and I showed the equation of state was exact for the
waterbag transverse distribution.

2 2 2
H, = . (x'2+y'2)+ma)0 (x Y )+e¢SC

" 2m 2
4 :A®(Ho _HT)

2( 2, 2
_J.dex'dy'—ﬁb[lmwog);+y)@SCJ g=H,/e
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”wp X+ )dx'dy H l_ma)é(x2+y2)_¢sc
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Self-consistent potential solves

B 2( 2 2
n n )
\veY Oy _ ma, (x Y
SC 5
Ay & 2H,
P o, [gm H, B &, H,
D _ - 2/\ _ 2/\
@, e’n, m en,

Analytic solutions in terms of Modified Bessel Functions

mao, (x2 +y2)

e¢sc(r):_ 5

B =0 by boundary condition

—1

Debye Length

+ A(L,(r/ 2,)=1)+BK, (r/ 2p)
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A chosen so that solution without /, solution to inhomogeneous eqn.
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Equation for Beam Radius

Now

[1 0 8}7/2
——7 =2
ror or|?2

L A=mA] (2(05 — a)i)

At r =1, the density vanishes

H,=mk (20; - )(1-1,(r, / Ay))

a)z
1+ E—=1,(n/4,)
20)3—0); ?

n(r)zfz ]O(rb/iD)—]o(r//ID)
T I (nAy)-1
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Figure 5.4. Plot of the normalized density profile ny(r) /7y versus
r/rp obtained from Eq. (5.115) for the choice of equilibrium distribu-
tion in Eq. (5.109). Here, the three cases correspond to the choices
ro/Ap = 0.5, 7o/Ap = 5 and r/Ap = 10 [see Eq. (5.114)].
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Collisionless (Landau) Damping

e Other important effect of thermal spreads in accelerator

physics
e Longitudinal Plasma Oscillations (1 D)
on
—+V-v.n=0
ot
dv —e
z EZ
dt m
OoF_  —en
Oz &,
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Linearized
oon OO0V,
— +n, =0
ot Oz
dov, —e SE.
ot m
O0E. —edn
Oz &,
826;71 _en, OO0 FE_ _ e’n, Sn
Ot m Oz Egm
- e’n
57/1 o eila)pl‘ a)p _ 0
EgMm

In fluid limit plasma oscillations are undamped

Thomas Jefferson National Accelerator Facility
‘!effegon Lab USPAS, Knoxville, TN, Jan. 27 - Feb. 7, 2025

®\0H1G4¢

STATE

@ &



.!effegon Lab

Vlasov Analysis of Problem

F, (z,pz,z‘) = ”\P(z,f?)dpxdpy
(202002 g

82
T rap. )

Oth order solution
F;:Fo(pz)n @, =0
linearized

(g+v ijé‘F’e:_eaﬁg 85¢
ot Oz op., Oz

825¢
Oz*

_‘-5de
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Initial Value Problem

e Laplace in ¢ and Fourier in z

F(w)= I dte’F(t) Imao large enough to converge
0

F(t)= i J e ()

[dte™ L F (1) = —ioof ()~ F (1 = 0)
) dt

5¢(Z,l‘) _ i 5&(l,t)€2”ilZ/L

OF, (I,p.,o)=

iOF, (l,pz,t =0)

e2rxloF, / Op.

. L
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w—v_ (27l/L) +L(a)—vz (27Z'I/L))

_ez T ZEZaPz)(pz)/apz

jz & L(w—v,(271/L))
el

OF, (l,pz,z‘ =O)

5¢(1, )
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Dielectric function

STATE

e [andau (self-consistent) dielectric function
D(l,0)6¢(l,0)= N (l,w)

2 o0
D(l.o)=1+ (Zlej J . jljgv(z(?;);lc’ipz)
0 —o0 z

e Solution for normal modes are
D(l,w)=0

D(Lw)=1- e poz h (p.) _
gom =, (w-v,(271/L))

2po E)(pz)/no
e Z(a)—vZ(Zﬂ'l/L))z
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Collisionless Damping

e For Lorentzian distribution

e Landau damping rate
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Negative Mass Instability

STATE

e Simplified argument: assume longitudinal clump on
otherwise uniform beam

e Particles pushed away from clump centroid

e If above transition, come back LATER if ahead of clump
center and EARLIER if behind it

e The clump is therefore enhanced!

 INSTABILITY:; particles act as if they have negative mass
(they accelerate backward compared to force!)

5 &
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Longitudinal Impedance

STATE

d

& distance between exciting charge g and test charge

(5) = — f (Z,tq P é‘/,Bc)dz units V/C

rmg

longitudinal wake function

trailing partlcle (singly charged) picks up voltage per turn of

AV(E)z— /l(z ”(Z—E)dz

NI'—;S:

total energy loss

AU = eﬁ(?)dfu? A (2WV (z—F)dz

—00
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Frequency Domain
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I1(Z,t)= BcA(zZ.t) note the coordinate Z moves with beam

17 z—Zz
AV(E,t)z—EI](Z,t—I— e ”(Z—E)dz

Fourier Transform

A (@)=~ (@) [ €W (£)dz =2, (@)1 (@)
Z(w) = izeiwaﬁcm ($)ds

1 T iwz/ fc
WH(Z):E_‘-Q 7z (w)de

Loss factor

AU 2 % 2
k=—-= 2IRe[Z(w)]|I| (w)dew
q g %
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NMI Simple Analysis
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0, revolution frequency of particle

da) 80) Ow 00
dt ot 69 Ot
dow dwodE n.o, dE
dt  dE dt B°E, dt

d_E — qI/Zn & — _qZ”]n l(n@—Qt) &
dt 2 2
w = w, + a)nei(”e_gt) Q2 oscillation frequency of disturbance
Z1
w, (Q—nw,)=—i 91,0, %1,
27B° E,
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Linearized Continuity Equation

I =v_ prr =v._A
op O
—+—(V =0
or T oz )
oL 1 o

0OA 0OA 0ow
—tw,—+ A, ———=0
Ot o0 00

(Q—nw, )1, =w,nl,
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Oscillation Frequency

STATE

2

I

AQ? = (Q—na, )’ =—i L2020 7
277 E,

Re Z, # 0 — 1 mode has positive imaginary part

—> Instability
Resistive impedance has positive real part
"Resistive wall instability"
It ReZ, =0 (e.g. space charge impedance at long wavelengths)
stability/instability depends on sign of RHS
ImZ <0 (inductive, stable if 77, < O,unstable 1f 77, > 0)
ImZ >0 (capacitive, space charge is this way,
stable if 77, > O, unstable if 77, < 0)

Later case 1s negative mass instability
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NMI Growth time
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Impedance?
eﬂ,rz r<r, Lc FoeAr r<r, r,_g A
E = Zﬂiorb B, =+ 27”2
€ K€ Fy
271_80 r>r k,BC >r r>r, | N
A
E =— s, ~(1-p° ) (1+21n(r /7)) <
/1 o /1 ez(né’ Qt)
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Stabilization by Beam Temperature?
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Canonical variables 6,0 = Ap/ p,
ot o6 ole)
W =y, + Wnei(né?—a)nt)

S oy,
ei(né?—a)nt) BE)
oy, :a';”o Ow o oy,

0o Ow 00O
current perturbation is

i(w, —no)y, =

1, = qa, ]3 v,do
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Dispersion Relation

v, (8)=n.0,0,(w®)

: 1 . dE

5:77%@_(61;) (P°E)
q ‘wpn., ||j6d) / O
27z,3 E, 7 o —nw

recover before

®,=N,S(w—w,)/ 27

dw

N, n

dw = —

J‘@CDO / Ow

@, —nw 27z(a)n — na, )2
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Landau Damping

Use our favorite analytic distribution

1 @

D . (w)oc
o (@) 7Tc?)2+(a)—a)0)2

1= _ qwgncZn]on @ de
277 E, (o, —na))zﬂ(@2+(a)—a)0)2)
1= 6]7702”10” @,

® =nw, —ni®+~V +iU
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LD from another view
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Single Oscillator

i+ Q%u=Fe ™

—la)t 1 1
u(t)— 2w (Q—a)_§2+a)j

Many oscillators distributed in frequency simultaneously excited

W( )_ 1 dN
NdQ

N

Z“i
U:izl

N
U:Fe—’w [ 11 }dQ

2w Q—-w Q+w
for l//(Q) = l//(—Q)
U:F—za)t W(Q)

1) Q— a)
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Resonance Effect

Fe—ia)l‘
a

U =

[H-W(w)wy. [ dQ}

Q—w

U = Fe '™ |:7n,y (0)—iPV.[ % (£2) dQ}

Q—w
For our analytic Lorentzian
A
—it —iwt
=L L (A-iw)

—iAN—w A+
Energy goes in!

Where does it go?
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Inhomogeneous Solution

u(t):asith—l—

5 2sincol‘
A —w

Solution with zero initial excitation
16)) F
Q00—
UL, = il 5 [sin wt —Z sin Qtj
Q° —w Q
No energy flow

. _F sin wt
.uQ:w—Qz_a)2 { COs wt — -

Resonant particles capture energy and oscillation

generated out of phase
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Multipass BBU Instability

STATL

First Pass Deflected Cavity Beam Exits Pickup
Trajectory On Second Pass
Kick * —/\— Pick /
icker (J D iICKup
0ult) M® L M" | — S

f
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\xp(t)

f e T

O/

Recirculated Deflected

L Beam Enters

Kicker on
Axis

Trajectory
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Recirculation Path A yon
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BBU Theory
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following Krafft, Laubach, and Bisognano
k

R
VVtransverse (T) — (Ej HOMza) HOM e_a)HOMT/ZQHOM Sln a)HOM 4
HOM
Single cavity/Single HOM case

V(t) J transverse (t_t’)[(t’)d(t’)dt’
On the second pass

Vi(t—t,)

d _ 1),e

()=

With no initial displacement

V( )_ 7126 I transverse t_t,)](t’)V(t'_tr)dt’

Delay differential (integral) equation
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Beam current

I(t)= i I,t,6 (t—mt,)

m=—a0

Normal mode
V (ntO ) =V e "

Sum the geometric series for eigenvalue equation

(Ot — tn/2 .
[ eia)tr ela) 0o Dromto’2Qnom sin @,,,,,
— K ' > .
1+ (e e ) 2e"e COS Wy, Lo

Lo

K = (R / Q)HOM KroweTa Loty / 2

For 7, sin w,,,,,t, <0 —> K <1 at threshold
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Perturbation Theory Works

'@l e_wHOMfo/zQHOM - |:1 T l]2< REs :|e+ia)HOMt0

Growth rate

K sin (@0, )  @uon
2’lLO 2'Q[{OM
Threshold current

Im(w) = —

1 2000,

th
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Chromatic (Landau) Damping

When 7,, depends on energy offset o,

threshold current is modified to

— l 2'C()ILIOM
"o (R / Q)HOM QHOMinOM ‘le,eﬁf sin (COHOMZ‘F)
o _[7:(9)7(5)ds
[ f(8)ds
If &6 1, T, ,, — 0
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